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Preface

This monograph presents three main topics, only fragments of which are
otherwise covered in textbooks and research treatises: (a) construction
of the complete Hamiltonian for crystals, amorphous solids, and liquids,
(b) presentation of liquid dynamics theory based on this Hamiltonian, and
(¢c) comparison of theory and experiment over a broad range of properties
for crystals and liquids. The work is limited primarily to the elements,
but the same principles apply to alloys and compounds. Our presentation
is aimed at addressing questions along the lines of: What is our “best”
theory for a given property? How accurate is a good theory? What infor-
mation is gained by a comparison of theory and experiment? How accurate
is a good experiment? What small effects need to be accounted for in order
to extract the most accurate data from an experiment? The techniques dis-
cussed are those which the author has found useful in forty-three years of
condensed matter research, and which might be useful to other researchers
as well, both theorists and experimentalists.

The condensed matter Hamiltonian consists of four contributions which
represent, in order of strongly decreasing overall importance, the ground-
state energy with static nuclei, the motion of nuclei, excitation of electrons
from their groundstate, and interaction between nuclear motion and elec-
tronic excitation. The last two contributions are significant only for metals.
All the parameters of the Hamiltonian, the various potentials and interac-
tions, are defined in principle through electronic structure theory, and can
be obtained in practice from density functional calculations. Hence the
groundstate, and all the excited states, and all the equilibrium statisti-
cal mechanical properties, are encoded into a single Hamiltonian function
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(operator), all whose terms we know in principle how to calculate.

For a crystal, the Hamiltonian is transformed to a set of phonons, plus
phonon-phonon interactions (anharmonicity), excited electronic states, and
electron-phonon interactions. Once the phonons and electrons are defined,
their interactions are completely prescribed, by the unique total Hamilto-
nian. This internal consistency condition is sometimes of essential impor-
tance, but is hardly ever recognized. For elemental crystals, theory and
experiment are compared at the highest possible level of accuracy for many
properties, with special emphasis on phonon frequencies and thermody-
namic entropy. Quantum and classical regimes are identified, temperature
and volume effects are separated, anharmonic contributions are assessed,
and electronic-excitation and electron-phonon contributions are analyzed.

For a liquid, the underlying picture of the monatomic liquid state is
presented. This picture is derived from three properties deduced from ex-
perimental data: (a) the melting of an element falls into one of two classes,
normal melting in which there is no significant change in the electronic
structure, and anomalous melting which is otherwise; (b) the entropy of
melting at constant volume is very nearly a universal constant for normal
melting; and (c) the specific heat of the liquid at melt corresponds to nearly
harmonic motion of the nuclei. From these properties we infer that the po-
tential energy surface seen by the nuclei is composed of a very large number
of intersecting nearly-harmonic many-particle valleys, and the nuclear mo-
tion consists of oscillations within these valleys, and nearly-instantaneous
transits between valleys. The picture is confirmed by computer simulation
studies. Theory and experiment are compared for equilibrium statistical
mechanical properties of monatomic liquids, and liquid dynamics theory
is shown to be reliable and of respectable accuracy in zeroth order, with
well-defined higher order corrections remaining to be studied.

We live with an apparently never-ending debate over the interpreta-
tion of statistical mechanics. The author has survived discussions of such
questions as, “What is the temperature of an atom?” and, “How does
the reservoir interact with the systems of an ensemble?” But statistical
mechanics is not a mystery whose meaning we must divine, it is rather a
tool we make to do useful work. Here we present statistical mechanics in a
way that is direct, practical, and as rigorous as any other. We consider a
many-atom mechanical system with prescribed Hamiltonian and boundary
conditions, intended to represent a real laboratory system, and we calculate
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macroscopic properties by averaging over the system’s phase space, with a
weight function. The purpose of the weight function is to enforce con-
straints. We recover the standard partition-function formulation, in a way
that makes it easy to discuss the effects of boundary conditions, and to see
what is involved in comparing theory and experiment. We also derive clas-
sical statistics as a well-defined regime within quantum statistics, and we
discuss statistical averages for a molecular dynamics system. An approx-
imate extension of equilibrium statistical mechanics to metastable states
is presented. Equilibrium crystal-crystal and crystal-liquid phase transi-
tions are discussed, and an application to the glass transition is made, to
illustrate a nonequilibrium process.

Pseudopotential perturbation theory was developed in the early 1960s,
as an approximate electronic structure theory for nearly-free-electron met-
als. This theory taught the physics community that a quantitative under-
standing of every equilibrium property of a metal can be achieved through
its electronic structure. Though the modern electronic structure paradigm
is density functional theory, pseudopotential perturbation theory is still ex-
tremely useful. First, this theory is an excellent learning device, since it
presents a simple analytic description of all the essential metallic proper-
ties, namely Fermi statistics, electron response, exchange-correlation cor-
rections, the electron-ion interaction, the effective ion-ion interaction, and
excited electronic states. Second, when calibrated to density functional
calculations, or directly to experimental data, pseudopotential perturba-
tion theory gives a highly accurate overall description of a metal. The
one-parameter fit to the phonon dispersion curves of Al, done in 1969 and
shown in Fig. 5.1, is still a very good model. Fewer parameters means better
physics. Our 1968 model for Na is compared with experiment throughout
this monograph, to demonstrate what is achievable with a highly accurate
Hamiltonian. A detailed formulation of pseudopotential perturbation the-
ory is presented, and is used to illustrate various theoretical topics through-
out this work.

This book carries the subtitle A Guide to Highly Accurate Equations of
State. By equations of state, we mean the complete set of thermodynamic
functions for a given material, over a wide range of temperature and pres-
sure. From the analysis presented here, it is clear that we know in principle
how to calculate ab initio the equation of state of an elemental solid or
liquid, to an accuracy on the same order as the accuracy of experimental
data. We also know a great deal about the errors associated with vari-
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ous approximations, such as the neglect of anharmonicity, or the neglect
of electron-phonon interactions. This level of understanding will allow us
to construct condensed matter equations of state of the highest possible
accuracy, not only in regions where experimental data are available for
calibration, but also in regions where such data are not available.

This monograph is not an “update” of my previous book Thermody-
namics of Crystals (Wiley, New York, 1972; reprinted by Dover, New York,
1998), since a much broader scope of condensed matter theory is presented
here. On the other hand, Thermodynamics of Crystals contains much useful
information not included here, for example, lattice dynamics of nonprimi-
tive lattices. Here we shall often mention relevant information which can
be found in that book, citing only the title and location.

The experimental data tabulated in this monograph are of the highest
accuracy available today. Data from unreliable experimental techniques are
omitted from consideration. By way of notation, a number in parentheses
is a value which might be in error, not by a lot, but by a little more than the
other numbers in the same column. The parentheses appear because there
is a discrepancy in the experimental data base, or because we have resorted
to a slight extrapolation somewhere within the data analysis. References
to experimental data are generally not given here, but they can be found
in the publications cited here, where the data analysis was originally done.

Some comments on notation will be useful. We use the word structure
with two different meanings, namely (a) as in electronic structure, meaning
the wave functions and energy levels of the system electrons, and (b) as
in crystal structure, meaning any stable-equilibrium configuration of the
nuclei. To indicate atmospheric pressure we sometimes write P = 1 bar,
but usually write P = 0. On the order, or the symbol ~, means within a
factor of two or so, while approxzimately equal, or ~, means much closer,
and usually indicates an approximation based on a small parameter. The
symbol = is used here to denote a relation which we believe to be highly
accurate, almost exact.

It is amazing to realize how many people, whose names and faces I
remember, have had a positive influence on my work. Perhaps a mean-
ingful expression of appreciation can be achieved by acknowledging the
places where this work was carried on: the physics department at Iowa
State University, the research groups at Sandia National Laboratories, the
theoretical physics department at Ecole Polytechnique Federale de Lau-
sanne, the Commonwealth Scientific and Industrial Research Organization



Preface ix

in Sydney, the physics department at the University of Antwerp, and the
theoretical division at Los Alamos National Laboratory. Los Alamos has
supported this work for many years on the grounds that it leads to a better
understanding of the motion of particles in condensed matter systems, and
hence leads to improved equations of state for real materials. During the
preparation of this monograph, I have had the benefit of encouragement
and valuable insights from James N. Johnson, Brad Clements, John Wills,
and Eric Chisolm. Collaboration with Nicolas Bock and Dermot Coffey on
electron-phonon interactions has been very helpful. The work of transform-
ing my handwritten pages into book format was done with extraordinary
skill by Kay Grady. And always cheerfully, Jo Ann Brown has provided me
with communications services.

Duane C. Wallace

Los Alamos

September 2002
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Chapter 1

Condensed Matter Hamiltonian

1 NATURE OF CONDENSED MATTER

Structure of the Theory

Ultimately our goal is to understand, at the highest level of accuracy pos-
sible, the binding and the excitations of condensed matter systems. Con-
densed matter means solids and liquids, where solids can be crystalline
or amorphous. The excitations consist of two classes, (a) motion of the
nuclei, resolved into harmonic vibrational motion (phonons), plus correc-
tions which are characteristic of solids, or of liquids, and (b) excitation of
the electrons, modified through interaction with the nuclear motion. From
the outset the complete theory is developed, to include metals and insu-
lators, solids and liquids, within a single formulation. The accuracy and
generality of theory is determined by comparisons with experimental data
for real materials, and also by comparisons with computer simulations for
model Hamiltonians. Only highly accurate experimental data are used,
and those measurements which provide the most useful information in the
present study are the phonon dispersion curves and elastic constants, and
the thermodynamic entropy as function of temperature for solid and liquid
phases.

Our study is limited to the elements, where the most extensive and
reliable experimental data are available, and where the theory is as simple
as possible. The nature of binding and excitations, and of the equilibrium
statistical mechanical properties, is the same for alloys and compounds.

Our procedure is classic many-body physics. For a given material, all
our information is coded into its Hamiltonian. All the equilibrium prop-

1



2 Condensed Matter Hamiltonian

erties which can be compared with experiment follow in principle from
the Hamiltonian. Indeed, nonequilibrium properties follow from the same
Hamiltonian, but practical application of nonequilibrium statistical me-
chanics is not sufficiently developed to be helpful in our present study. On
the other hand, precise information gained here, about the Hamiltonian and
its equilibrium statistical properties, will help in developing the nonequi-
librium theory. As we shall see in the following sections, the Hamiltonian
for a condensed system of nuclei and electrons can be written

2
nH=3S Pk +@({rx}) + Hex, (1.1)
% 2M

where the nuclei are labeled by the index K and have momenta and posi-
tions px and rg respectively, and where M is the nuclear mass, ®({rx})
is the potential for the nuclear motion, and Hgx expresses electronic ex-
cited states. This form of H covers our entire program, but its appearance
is deceptively simple. It is necessary to use our deepest understanding of
condensed matter to express (1.1) in a form which is tractable even in lead-
ing order. This is illustrated by the example of a crystal, where we know
that the nuclei move only in the near vicinity of the lattice sites, so in
leading approximation the potential ® can be expanded to quadratic order
in displacements from equilibrium, and the electronic states can be evalu-
ated for the perfect crystal. In a similar way, a newly developed picture
of the motion of nuclei in a monatomic liquid transforms the Hamiltonian
of Eq. (1.1) into a tractable approximation for equilibrium liquid dynamics
(Chapter 5).

A condensed matter system is composed of nuclei and electrons, point
particles with only mutual Coulomb interactions. Fermi statistics is always
important for the electrons, just as in free atoms, while the nuclear ex-
change statistics is almost always unimportant because, in most solids and
liquids, the nuclei remain sufficiently well separated that exchange is virtu-
ally zero. Condensed matter systems where nuclear exchange is important,
such as helium isotopes, are not covered by our presentation. It is also
justified to treat condensed matter as a collection of rigid ions plus valence
electrons, where each ion is a nucleus with a closed-shell core of electrons,
and the valence electrons are those which participate in the binding and
the excitations of the system. The core electrons remain nearly the same
as the inner shells of a free atom, but the valence electrons occupy col-



NATURE OF CONDENSED MATTER 3

lective states of the whole system, whose energies are spread into bands.
Qualitatively, the binding of a condensed matter system is composed of an
attractive term and a repulsive term, expressing the same physics as the
binding of a molecule. The attractive term arises because, when a number
of free atoms are brought together, so that their electrons begin to overlap,
the electron density can move preferentially into spaces directly between
nearest-neighbor nuclei, thus lowering the Coulomb energy of the system.
The repulsion arises because, as a result of spin statistics, electron wave-
functions must be mutually orthogonal in real space, and this is achieved by
wavefunction oscillations, producing (positive) kinetic energy. This term is
also called Pauli repulsion. We shall now discuss how the various binding
types of solid and liquid elements result from different ways in which the
valence electrons can maximize the total binding energy.

Metals

For a metal, the valence band is broad and continuous in energy, and the
groundstate energy is lowered with respect to free atoms by putting the
valence electrons into the lower levels of the valence band (or bands). This
means there are empty electronic states immediately above the highest oc-
cupied states, hence the electrons can move around easily, and this gives rise
to the high conductivity of metals. For this reason the valence electrons, or
sometimes the most mobile of them, are called conduction electrons. The
high mobility of conduction electrons gives metals their strong screening
capability, so that the effective internuclear forces, or interionic forces, are
screened Coulomb forces. The presence of empty electronic states immedi-
ately above the Fermi energy also allows significant thermal excitation of
electrons, at all temperatures of interest in condensed matter physics, and
this gives rise to a free energy contribution present only in metals. These
properties hold for all metallic systems, elements and alloys in solid and
liquid phases.

An important subgroup of metals is the nearly-free-electron (NFE) met-
als, also called the simple metals. Their importance derives from two
factors: (a) experimentally, these are the most thoroughly studied of all
the elements in solid and liquid form, and accurate experimental data are
available for many properties under widely varying conditions, and (b) we
have a simple approximate electronic structure theory, and a corresponding
Hamiltonian of the form of Eq. (1.1), which give good theoretical accounts
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of the microscopic and macroscopic properties of the NFE metals. This
theory, pseudopotential perturbation theory, is presented in Sec. 5. The
corresponding interionic potential has the form

O({rx}) = Z¢ It —rrliV) + Z drrm +--- . (1.2)

KLM

Here (V) is large and negative, is the main contribution to the binding
energy, and depends on only the volume V', or more precisely on the volume
per atom V4. The pair potential ¢(r; V) depends on the ion positions, hence
controls the motion of the ions, and ¢(r; V') also depends explicitly on V,
because it works through the screening electrons. Three-ion interactions
¢y, and higher order interactions represented by +--- in Eq. (1.2),
are present in the theory, but are formally small and usually neglected.
Qualitatively for NFE metals at normal density, the magnitude |Sxr,¢x1|
is small compared to [2(V')|, and the depth of the attractive well in ¢(r; V)
is on the order of the melting temperature.

The theoretical pair potential for metallic Na is shown in Fig. 1.1. In
pseudopotential perturbation theory, ¢(r; V') has long range Friedel oscilla-
tions, but their magnitude is small compared to the accuracy of the theory.
Hence it is justified to damp out the oscillations, to achieve a short range
potential convenient for molecular dynamics simulations, as shown in the
figure.

Among the well-studied elements in the periodic table, there are 22 NFE
metals, 22 transition metals, 14 lanthanides, and a few actinides. Density
functional theory does well for the electronic structure of all metals, except
for the problem of localized f electrons (see the discussion at the end of
Sec. 2). For non-NFE metals, there are no general theoretical forms for
®({rk}), such as the NFE form given by Eq. (1.2), but much work is being
done in this area. We are aware of no exceptions to the two rules, that
solid metals melt to liquid metals, and that metals remain metals under
compression. Whenever we study the physical properties of an elemental
solid or liquid, we tend to compare them with the corresponding properties
of a representative metal, that is to say, metals are our reference condensed-
matter system.

The elements As, Sb, and Bi are metals with extremely small Fermi sur-
faces, corresponding to almost filled and almost empty bands, hence these
elements have very small conductivities, and are called semimetals. These
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Figure 1.1. The ion-ion potential for pseudopotential sodium at Va = 278a3, the
atomic volume of liquid sodium at melt. The original potential is from Wallace
(1968), and the damped potential is from Wallace and Clements (1999).

elements melt to ordinary liquid metals, which in reasonable approximation
are NFE metals, and as solids they are expected to become metallic upon
sufficient compression.

Van der Waals Forces

In a free rare-gas atom, the electrons fill a closed shell. The atomic charge
density, nucleus plus electrons, undergoes quantum fluctuations, all multi-
poles appear, but on average the charge density is spherically symmetric.
When two such atoms are present, the fluctuating electrostatic multipole-
multipole interaction can be treated in perturbation theory, and in sec-
ond order, where the interactions are squared before they are averaged, a
nonzero energy appears. The leading electrostatic energy is an attractive
dipole-dipole interaction, proportional to r—%, where r is the nuclear sepa-
ration. This is the van der Waals interaction, and is responsible for most of
the binding of a condensed system of rare-gas atoms. When two rare-gas
atoms are far apart, such that the transit time of a photon between them
is greater than the nominal charge-fluctuation time, then the electrostatic
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potential becomes retarded, and the interatomic potential goes over to an
r~7 dependence, and is a Casimir interaction (see Milonni, 1994, Chaps. 7
and 8; also Spruch, 1986).

When two rare-gas atoms are close enough that their electron densities
overlap, the Pauli repulsion appears, and is especially strong because the
electrons fill closed atomic shells. The ab initio theory of the forces be-
tween rare gas atoms, called dispersion forces, is under development still
today. Density functional theory, in the form currently applied to con-
densed matter, is unable to account for dispersion forces. An empirical
potential representing the interaction between two rare-gas atoms is the
Lennard-Jones (LJ) potential,

s =4e[() - (2)] 1

where ¢(r) passes through zero at » = o, and has a minimum of —e at
slightly larger r. Parameters in the LJ potential are determined by fitting
to experimental data (see Hirschfelder, Curtiss, and Bird, 1954; Guyer,
1969; Nardone et al., 1996; and Suni, 1997). Parameters determined by
fitting theoretical virial coefficients to experimental gas data are, from
Hirschfelder et al. (1954),

LJAr: ¢/k=1198K, o=3405A . (1.4)

We have used this potential in computer simulations, and it gives agreement
at the few percent level with thermodynamic data for crystal and liquid Ar.

For a rare-gas solid or liquid, with the LJ potential, or with any central
potential ¢(r), the total nuclear-motion potential is

d({rx}) = Z¢ rg —rz]) . (1.5)

The system is weakly bound, hence has large compressibility and large
thermal expansion. These properties are revealed in the scaled quantities
listed in Table 1.1, where the volumes Vj, V.,,, and Vj,, are respectively
the volume of the crystal at T' = 0, the crystal at melt, and the liquid at
melt. The relative expansion of the crystal from 7" = 0 to melt is larger for
van der Waals than metallic forces, and the relative expansion from crystal
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to liquid at melt is much larger for van der Waals than metallic forces. T},
and T, are respectively the melting and vaporization temperature, and the
last column shows that the van der Waals liquid at melt is barely bound. As
a consequence, rare-gas liquids at melt are in fact halfway between a liquid
and a gas (see Sec. 23 for a more precise characterization). On the other
hand, the strong binding of metallic liquids, shown in the last column of
Table 1.1, is due to the large contribution Q(V'), present in Eq. (1.2) but
not in (1.5).

Table 1.1. Scaled quantities showing weakness of binding in van der Waals
elements compared to metals, and showing the rigidity of covalent bonds relative
to metals. There are no covalent liquids among the elements we have studied.

Bonding type 7VC"{/;VO 7‘/””‘;‘/”" —T”; L
van der Waals 0.10 0.15 0.04
metal 0.07 0.04 1.5
covalent 0.02 — —

The LJ model for Ar has been a paradigm for liquid theory for many
years. The gaslike nature of this system was not recognized, and this inhib-
ited development of a physically realistic theory of liquid dynamics. Fortu-
nately, this problem does not appear when one studies liquid metals, which
possess thoroughly liquid properties. Meanwhile it was found that mod-
estly compressed Ar exhibits ordinary liquid behavior (see Fig. 23.1, and
the compression dependence of melting in Sec. 26). We expect that all rare
gases will be ordinary monatomic liquids when slightly compressed, and
that all will become metals under sufficient compression.

Covalent Bonding and Other Types

Covalent electron wavefunctions consist (approximately) of linear combina-
tions of atomic wavefunctions, split into bonding and antibonding orbitals.
Covalent bonds are strongest when the bonding orbitals are completely
filled, and the antibonding orbitals are completely empty. The hydrogen
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molecule bond, formed with two electrons having antiparallel spins, is the
prototype covalent bond. The diamond structure elements C, Si, Ge, and
a-Sn are covalent. We shall omit C from our study, since dia-C at low pres-
sure is metastable with respect to graphite, and graphite, also covalent, is
strongly two-dimensional in character. Very little data are available for B,
so the only covalent elements we can study are Si, Ge, and a-Sn.

Density functional theory does well for the electronic structure of the
diamond crystals. A first approximation for the electronic structure is
obtained from tight binding theory, with Bloch functions based on atomic
sp> orbitals. There is a gap between bonding and antibonding valence
bands, the lower band is filled, and the crystal is an insulator. The bonds
are oriented toward the corners of a tetrahedron, and are quite rigid, i.e.,
are hard to stretch and hard to bend. The rigidity gives rise to very low
compressibility and thermal expansion, and to high phonon frequencies.
The extremely low relative expansion of the crystal from T' = 0 to melt is
shown in Table 1.1.

Aside from C, column IVA of the periodic table consists of Si, Ge, Sn,
and Pb. Si and Ge are covalent to melt, a-Sn is covalent and transforms
at around 0.6 T;, to metallic 8-Sn, and Pb is metallic to melt. Liquid Si,
Ge, Sn, and Pb are all NFE metals. Upon compression, a-Sn, Si, and Ge
transform to the metallic phase with tetragonal (8-Sn) structure, and are
expected to remain metals with further compression.

The elements H, N, O, and the halogens condense to diatomic molecular
liquids and solids at low pressure. Also, P, S, Se, and Te have complicated
bonding and very little experimental data. These systems are omitted
from consideration in our study. All these elements are expected to become
metallic under compression, and as metals, our present analysis will apply.

Condensed Matter Regime

We need to specify a criterion for condensed matter, consistent with the
theoretical framework to be developed, and consistent with the conclusions
to be drawn on the nature of solids and liquids. In all the work presented
here, indeed in all our experience with solids and liquids, the essential
character of condensed matter is that of collective nuclear motion within
nearly-harmonic many-particle potential energy valleys. Correspondingly,
the dominant term in the nuclear motion Hamiltonian is H,, expressing
resolution of this motion into a set of independent quasiharmonic phonons,
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Figure 1.2.  Generic phase diagram for an element in 7" — p space, where g =
gas, £ = liquid, and ¢ = crystal. The dashed line through the gas + liquid region
indicates vaporization (or condensation) at constant 7" and P.

and the nuclear motion entropy or specific heat is approximately that due
to quasiharmonic phonons in quantum statistical mechanics. This property
of the nuclear motion entropy or specific heat will be our criterion for
condensed matter. When the nuclear motion is classical, which is usually
the case at temperatures above a few tenths of T,,, the quasiharmonic
specific heat is 3k per nucleus. In contrast, the nuclear motion specific heat
for an ideal gas is %k per nucleus.

Figure 1.2 shows a generic phase diagram for an element in temperature-
density space. Several crystal phases are usually present, but only one is
indicated. Density of the crystal at 7' = 0 and P = 1 bar is denoted py,
and the term normal density means any density in the vicinity of pg. At
any temperature, if density is decreased from normal density, the system
properties become more like a gas. When density is increased from normal
density, the system should remain ordinary condensed matter, as indicated
in the figure. At very high densities, our description will fail because the
system will ultimately become relativistic, where particles are created out
of the vacuum. This effect should be negligible to at least 10% or 10* g/cm?.

When the liquid is heated at 1 bar, thermal expansion carries it to
lower densities, and eventually it arrives at the gas-liquid phase boundary,
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where vaporization begins (see Fig. 1.2). The liquid might pass out of the
condensed matter regime before it reaches the gas-liquid boundary. On the
other hand, if the liquid is heated at constant density, it never vaporizes, and
it changes only continuously and slowly to a gas. We estimate in Sec. 23
that the condensed matter criterion holds at temperatures up to around
5T,, at a given density. At higher temperatures, higher nuclear kinetic
energy enables more gaslike motion. This effect, and other processes in
condensed matter at very high temperatures, is discussed in Sec. 25.

This monograph carries the subtitle A guide to accurate equations of
state. By equation of state, we mean the complete set of thermodynamic
functions for a given material, which can be obtained from the Helmholtz
free energy, which in turn is obtained from the canonical partition func-
tion. Through extensive comparison of theory and experiment, we shall
demonstrate that the condensed matter Hamiltonian is sufficiently well un-
derstood, and the statistical mechanical procedures are sufficiently well
tested, that we know in principle how to calculate ab initio the equation
of state of an elemental solid or liquid, throughout the condensed matter
regime, to an accuracy on the same order as the accuracy of experimental
equation-of-state data. In addition, much has been learned about the errors
associated with various simplifying approximations. Because it is physically
based, our equation-of-state formulation provides functions of the correct
form for fitting to experimental data, and provides the most reliable pre-
diction of thermodynamic properties whenever experimental data are not
available. Detailed discussions of the equation of state may be found in
Secs. 20 and 25.

2 DENSITY FUNCTIONAL THEORY

Many-Electron Problem

The condensed matter system is composed of a large number of atoms, or in
more detail, a collection of nuclei and electrons. The system is electrically
neutral. The first step in solving for the motion is to fix the positions of
the nuclei, and solve for the energy levels of the electronic system in the
presence of the nuclear potential. There are Z electrons, labeled a =1, - - -,
Z, and the position of electron « is r,. The total electronic kinetic energy
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is TE7
h*v?2
T = — @ 2.1
B o @)
and the total electron-electron Coulomb interaction is Qgg,
(2.2)
Z ‘ra - I‘5|

Each electron sees a potential V(r) due to the fixed set of nuclei, so that
the total electronic Hamiltonian is

He=Tp+ Qe+ Y _V(ra) . (2.3)

Equation (2.3) is the customary Hamiltonian for the electronic structure
problem. But notice there is a potential contribution that has not been
mentioned, namely the Coulomb interaction among the nuclei. Common
practice, followed here, is to include this interaction in ¥,V,, though it does
not actually depend on the electron positions. In this way, the Coulomb
divergences present in Qg and X,), sum to zero. Exact composition of
the total potential will be made explicit in the total Hamiltonian, Sec. 4.
Since there is no spin dependence in Hp, its eigenstates are spin degenerate.
Spin dependent density functional theory describes magnetic states, and
will not be treated in this monograph.

Let us briefly discuss the many-electron wavefunctions, for the purpose
of defining electron correlation effects. It will be necessary to include spin,
so that the spin states can be counted. An electron has position r and spin
o, where 0 = 1,2. A normalized wavefunction is ®(ryo1,---,rzoz) and
satisfies

Z/ / I'10'1, rzaz)q)(rlal, . I'Zdz)drl dI’Z =1 (2 4)
{o}

where the specified sum is over both spin states for every electron. The
one-electron density is p(r), the probability per unit volume of having an
electron at r

p(ry) ZZ/ /q> ® dry - - . (2.5)

{o}
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The normalization is
/p(r)dr =Z . (2.6)

The two-electron density is p(ry,ra) ,

p(ry,ro) = -1) Z/ /cp ® drs - . (2.7)

{o}

The normalization is
/p(rl, I‘Q)dI‘Q = (Z - 1),0(1‘1) . (28)

This normalization is consistent with liquid theory (Hansen and McDonald,
1986, Sec. 2.5). Parr and Yang (1989, Eq. (2.4.3)) insert a factor of 3 in
p(r1,r2). Positional correlations of the electrons are contained in p(ry,rs).
These correlations are isolated in the pair correlation function g¢(ry,rz),
defined by

p(ri,r2) = p(r1)p(r2)g(ri,ra) . (2.9)

The pair correlation function is a conditional probability: given an electron
at ry, the probability per unit volume of an electron at ry is p(r2)g(ry, ra).
At large separations, there is no correlation, so g(ry,rs) — 1 at large sep-
arations, and the local correlation is contained in the function h(ri,rs) =
g(r1,r2) — 1. The density p(r2)h(ri,r2) is the exchange-correlation hole
around an electron at ry, and from the above equations it follows

/p(rg)h(rl,rg)drg =-1. (2.10)

In words, if an electron is located at ry, then in the vicinity of ry the density
of the remaining electrons is deficient by one.

When the electronic system is in the state with wavefunction ®, the
total Coulomb energy (2.2) can be written with the aid of (2.7),

p(ry,r
:_// |r11 22| ridry . (2.11)
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This can be separated into the uncorrelated and correlated parts respec-
tively, as

—// PEDPEL) e +—// plro)plra)rxs) by (2.12)
|r1 - r2| |1”1 — 12|

The second term contains the positional correlations, and is the exchange-
correlation energy. This term reduces the total Coulomb energy, since the
electrons are always able to avoid one another to some degree, as indicated
by the minus sign in (2.10).

Many-FElectron Groundstate

This monograph is written primarily for individuals who are interested
in the elementary excitations in condensed matter, the phonons and elec-
trons, and the statistical mechanics of those excitations. The electronic
structure community is currently able to calculate the parameters of the
elementary excitations, through density functional theory. Here we shall
give a brief but rigorous outline of density functional theory of the many-
electron groundstate. Our intention is to assist communication between the
electronic structure community, and those who need to use the calculated
results of electronic structure theory. Thorough presentations of density
functional theory are provided by Parr and Yang (1989), and Dreizler and
Gross (1990).

The Rayleigh-Ritz variational principle tells us that the groundstate en-
ergy &, is given by the minimum value of (U|H g|¥), where the minimization
is over the space of normalized antisymmetric Z-electron functions. The
minimizing function is the groundstate wavefunction ¥,, and this wave-
function gives the groundstate multielectron densities, among them the
one-electron density p4(r). To convert this variational principle into den-
sity functional theory, it is only necessary to organize the variational process
into the constrained search described by Levy (1979), and discussed further
by Lieb (1982). Let ¥, be a normalized many-electron function which in-
tegrates to a specified one-electron density p(r). Then £[p] is a functional
of p(r), defined by

Elp] = min(V,[Hg|T,) | (2.13)

where the minimization is over all ¥, for the given p(r). Then from the
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Rayleigh-Ritz principle,
&y =min&[p| , (2.14)

where the minimization is over all p(r). The minimizing one-electron den-
sity is the groundstate density p4(r). For applications in the present mono-
graph, the electronic system will have a nondegenerate groundstate. In this
case, (2.14) establishes a one-to-one correspondence between &£, and py(r).
In the derivation leading to (2.14), the only restriction on the one-electron
density is that it be obtained from a normalized antisymmetric Z-electron
function. Such a density is called Z-representable (Levy 1979).

In Eq. (2.3), Hg is written as the sum of three terms. Each term con-
tributes to the right side of (2.13), hence each term corresponds to a func-
tional contributing to £[p]. Let ¥,(min) be the function which minimizes
(V,|HE|¥,). We then have the functionals

Telp) = (¥, (min) T ¥, (min)) . (2.15)

Qpplp] = (¥, (min)[Qpp|V,(min)) (2.16)

and the total energy functional is

Elo] = Tslo] + Qslo] + / POV (E)dr . (2.17)

Now in the minimization of (¥,|Hg|¥,), Eq. (2.13), p(r) is held constant,
hence the contribution [p(r)V(r)dr is also constant, so that the minimizing
function ¥,(min) is independent of the potential V(r). Hence Tg[p] and
Qpg(p] are universal functionals, independent of V(r). An important early
step in the development of density functional theory was the proof of the
existence of the universal functional F[p] = Tg[p] + Qer[p], by Hohenberg
and Kohn (1964). Through the Levy constrained search outlined above,
we now have equations for the universal functionals, albeit complicated
equations, namely Egs. (2.15) and (2.16).

Kohn-Sham Formulation

Kohn and Sham (1965) presented a formulation for the groundstate energy
of an interacting many-electron system, where the only restriction in princi-
ple is that p(r) be noninteracting V-representable (explained below). They
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first consider a noninteracting Z-electron system with Hamiltonian ¥,H?,,
where HJ, is the single-electron Hamiltonian

h?v2

2m

M, =

[0

+V3(ra) (2.18)

and where V*(r) is a fixed potential acting on an electron at r, with V*(r)
to be determined so as to facilitate the many-electron solution. The single-
electron Hamiltonian has a complete set of eigenfunctions vy (r), with eigen-
values Fx, A =1,2,---, which satisfy

HPa(r) = Extoa(r) (2.19)

/zbi(r)i/},\/(r)dr =d0w - (2.20)

In the groundstate, the Z lowest single-electron states are occupied. The
groundstate wavefunction is a Slater determinant of the occupied 1, and
the groundstate energy €7 and one-electron density p;(r) are respectively

zZ
£ = Bxr, (2.21)
A=1
zZ
o) = 3 U () - (2.22)
A=1

In sums such as these, it is understood that the i, (r) are present in de-
generate pairs, corresponding to the two spin states for each electron.

The next step is to forget the Schrédinger solution just presented, and
apply density functional theory to the noninteracting system. The con-
strained search program is the same as defined in Eqgs. (2.13) and (2.14), but
now the variational set of system functions is a single Slater determinant,
made up from Z orthonormal variational functions ¢,(r),A = 1,---, Z.
This means that the one-electron density, and the various energy function-
als, are less general than in the interacting electron system, because they
are defined on a restricted class of functions. The one-electron density is

Z
P = o) (2.23)
A=1
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and the energy functional (2.17) becomes

1) = T*[o"] + / POV @)dr | (2.24)

where

¢>\> : (2.25)

Density functional theory now tells us that the groundstate energy is £ =
min £°[p°], and the minimizing p*(r) is the groundstate density pg(r).
Kohn and Sham now assume that the groundstate density p4(r) for an
interacting system is noninteracting V-representable, which means py(r)
is identical to the density pf}(r) for a noninteracting system with some
V#(r). To appreciate the importance of this step, notice that the form
written in (2.23) is a very weak restriction on the one-electron density,
but if we were trying to solve the Schrédinger equation for the electronic
groundstate, limiting the wavefunction to a Slater determinant would be
a very serious restriction. The condition p,(r) = p;(r) implies that the
functional variations of both £[p] and £%[p] are zero at the same density:

5ele) _ o€y
op ép

With E[p] and £%[p] from (2.17) and (2.24) respectively, the above variation
leads to the equation for V*(r),

=0, atp(r)=py(r) . (2.26)

Vi(r) = V(r) +62/%dr/ + Vie(r) (2.27)

where V,..(r) is the exchange-correlation potential, given by

0Ezclp]
dp(r)

Vie(r) = , (2.28)

Pg
with (see problem 2.1)
Ezelp) = Tulp] — // |r — r’| )d dr’ . (2.29)

The groundstate energy of the interacting system is given by Eq. (2.17), as
&y = E[py]. Likewise the groundstate energy of the noninteracting system
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is given by Eq. (2.24), as £; = £°[p,]. By writing &, = & + (&, — &), it

follows (see problem 2.2)

= e? r)p,(r
gg = ;EAE// %drdr'wLEm[pg]/pg(l‘)vxc(r)dr . (230)

This expresses the groundstate energy of the interacting system in terms
of the Schrédinger solution (2.21) and (2.22) for the noninteracting sys-
tem, plus two small terms representing exchange and correlation effects.
Notice E.¢[p], Eq. (2.29), which is commonly referred to as the exchange-
correlation energy, contains the configurational exchange-correlation energy
from Eq. (2.12), and contains also a kinetic energy term specific to the
Kohn-Sham formulation.

Operationally, the Kohn-Sham procedure for calculating &, is as follows.
Initial information consists of the potential V(r) due to the nuclei, and
some approximation for the universal functional £,.[p], Eq. (2.29). A guess
is made for the groundstate density, p;(r), then V*(r) is calculated from
(2.27), the noninteracting-system equations (2.19) and (2.20) are solved,
and p;(r) is calculated from Eq. (2.22). The process is iterated to self-
consistency in pg(r), and then &, is evaluated from (2.30).

The equations which define &,.[p], starting with Eq. (2.13) for &£[p],
are hopelessly complicated. The utility of the Kohn-Sham formulation is
that the exchange-correlation terms in &;, Eq. (2.30), are small, so an
approximation is acceptable. The local density approximation consists of
writing the exchange-correlation energy in the form

Evelp] = / p(0)X (p(x))dr | (2.31)

where X (p(r)) is a function of p(r), not a functional. Then from (2.28), the
exchange-correlation potential V,.(r) also becomes a function of the local
density p(r),

_dlp(r)X(p(r))]
Vae(r) = T

(2.32)
Kohn and Sham (1965) pointed out that the local density approximation
is correct for a uniform electron gas, and in fact they limited their original
derivation to the local density approximation.
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Current Applications of Density Functional Theory

Density functional theory for the electronic groundstate of condensed mat-
ter systems has been under active development since the papers of Hohen-
berg and Kohn (1964), and Kohn and Sham (1965). The focus has been
to find a reliable approximation for the exchange-correlation functional,
and the work has been done through a great many studies in which theory
and experiment are compared for a wide variety of crystal properties. The
Kohn-Sham formulation in local density approximation (LDA) has become
the standard technique for band structure calculations, and currently pro-
vides respectable ab initio results for most crystals. The word “respectable”
here means that calculations agree with experiment to within a few times
the experimental error. In recent years, the theory has been extended be-
yond LDA, by means of the generalized gradient approximation (GGA),
which includes gradients of the local one-electron density. Often but not
always, GGA results are in better agreement with experiment than LDA
results.

The current status of density functional theory is illustrated by exam-
ples from the recent literature. Calculations of cohesive energies, equilib-
rium lattice parameters, and bulk moduli are common. Calculations for
various crystal structures of a given element almost always confirm the
experimentally observed stable crystal structure, and similar calculations
for elements under compression almost always confirm experimentally ob-
served phase transitions as function of pressure. Elastic constants and
phonon frequencies are calculated, as well as vacancy formation energies
and pressure-induced changes in c¢/a ratios. Spin-dependent density func-
tional theory is able to account for the crystal structures of Fe, Co, and Ni.
A current frontier in electronic structure theory is the f-electron metals, the
lanthanides and actinides, which are characterized by complicated crystal
structures, temperature-induced phase transitions, and the availability of
both localized and delocalized f-electron states. Calculations account for
the observed crystal structures and equilibrium volumes of the light ac-
tinides (Th, Pa, U, Np, and Pu), while the high-temperature phases of Pu,
and all crystal phases of the heavy actinides, are influenced by f-electron
localization, a process whose physical origin is currently under study. Many
results of density functional theory will be presented at appropriate places
in this monograph.

Work has also proceeded to extend density functional theory to excited



ELECTRONIC EXCITED STATES IN METALS 19

electronic states. Mermin (1965) gave a formal density functional theory
for the free energy of a system of interacting electrons in the presence
of a fixed external potential. Individual excited states have been studied
by Theophilou (1979), Gorling (1999), and Levy and Nagy (1999). These
papers make use of the stationary property of an excited state eigenfunction,
when it is restricted to be orthogonal to all lower lying eigenfunctions. But
the problem is extremely complicated, and we shall have to take an alternate
approach in the following sections, in order to construct a practically useful
condensed matter Hamiltonian.

The development of density functional theory was recognized by the
award of the Nobel Prize in Chemistry to Walter Kohn in 1998.

Problems

2.1 Starting from Eq. (2.26), derive (2.27) — (2.29).
2.2 Derive Eq. (2.30). Notice the first term on the right expresses &

3 ELECTRONIC EXCITED STATES IN METALS

What Kind of Theory is Needed

The essential characteristic of a metal is its unfilled conduction band. In
the electronic groundstate, one-electron states are filled up to the Fermi
energy, and are empty above the Fermi energy, hence there are many low-
lying excited states available to the electronic system. At finite temper-
atures, thermal excitation of the electrons will contribute to the thermal
energy and the entropy of a metal. This electronic-excitation contribution
dominates the energy and entropy at very low temperatures, and continues
to make a small to moderate contribution at higher temperatures, so that
it is almost always larger than experimental error in the measured thermal
energy and entropy. Therefore, we require a theory for the thermal excita-
tion of electrons in metals. The same theory will also apply to semimetals,
the main difference being that a semimetal has an unusually small density
of electronic states at the Fermi energy. On the other hand, in an insulator,
the lowest excited electronic states lie above the groundstate by a gap, of an
eV or so, hence the electronic excitations give a negligible contribution to
the thermal energy and entropy. Qualitatively, the same is true in a semi-
conductor. Nevertheless, one can use the same formal theory as we shall
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develop for metals, to calculate electronic excitation effects in insulators
and semiconductors, should it become of interest to do so.

If one could calculate the electronic groundstate, and the excited states
as well, for the nuclei located at a fixed configuration, one could then eval-
uate the electronic free energy with the nuclei at that configuration. The
free energy density functional theory of Mermin (1965) offers a technique
for doing this in principle. However, such an electronic free energy, even
if it could be evaluated for any configuration of the nuclei, and even if it
could be averaged over the nuclear configurations, does not in principle
give us the excitation free energy of a condensed matter system. This is
because, in a complete treatment of the system, one has to allow the nuclei
to move, that is to have kinetic energy, and this kinetic energy induces
transitions among the electronic states. In other words, the nuclear kinetic
energy perturbs the electronic states, and this perturbation is not present
in any calculation of electronic states where the nuclei are at fixed posi-
tions. The process just described, of inducing electronic transitions by the
nuclear motion, constitutes the nonadiabatic part of the system motion. To
treat the nonadiabatic part, one requires the complete system Hamiltonian,
expressing simultaneous coupled motion of the nuclei and electrons.

In this section, a tractable approximation is constructed for the elec-
tronic excited states in metals, when the nuclei are at arbitrary fixed loca-
tions. In Sec. 4, the coupled nuclear and electronic motion will be analyzed.

One-Electron Approximation: The Groundstate

The term one-electron approzrimation generally indicates a model in which
the system wavefunctions are constructed from single-electron functions. It
is applied to the electronic groundstate, by minimizing (¥V|Hg|¥), where ¥
is some variational representation of the total wavefunction. The Hartree
approximation results when W is a product of single-electron functions, and
exhibits kinetic energy, potential energy due to the external potential V(r),
and uncorrelated electron Coulomb energy. Hartree-Fock results when ¥
is a Slater determinant, and exhibits one additional term, the exchange
Coulomb energy. But the Hartree-Fock equations are complicated to solve
for condensed matter systems, so Slater proposed to replace the exchange
terms in the Hartree-Fock equations by a one-electron potential depend-
ing on the local one-electron density. Later, the local exchange potential
was modified with the intention of including correlation energy as well.



ELECTRONIC EXCITED STATES IN METALS 21

The latter procedure, with an arbitrary form for the exchange-correlation
potential, is presented in Thermodynamics of Crystals, Sec. 22, and will
be followed here. Excellent discussions of the one-electron approximations
may be found in Kittel (1963, Ch. 5), Slater (1974), and Harrison (1989,
App. A).

The starting point is an orthonormal set of one-electron variational func-
tions ¥, (r), A =1, ---, Z. The groundstate energy is supposed to be

Z / Vi(r [— v V(r)} W (r)dr
T3 Z//w,\ )y (r —|¢/\(T)¢,\/(r’)drdr’

AN

+Z / B X (0, (1)) r(r)dr (3.1)

where the groundstate one-electron density is

r) =Y di(r)ea(r) . (3.2)
A

n (3.1), the first term is kinetic energy, and V(r) is the potential each
electron sees due to the nuclei at fixed positions. The double sum is the
uncorrelated Coulomb energy, the same as the first term in (2.12), and the
last term is the exchange-correlation energy, where the function X (p(r))
will eventually be calibrated to get the result of density functional theory
for £,. Now the variation of &, is set to zero,

o0&
0Ey = g5 =0 3.3
S [ ot + grmeine]a=o . 63)
subject to the condition that the variational functions remain normalized,
5/¢§(r)w(r)dr=/[Wﬁ(r)w(r) +PX(r)da(r)ldr =0 . (3.4)

The last equation is multiplied by the real Lagrange multiplier Fy, and is
summed over A and subtracted from Eq. (3.3), to give

Z/ {aw}\ Eﬂ/’/\(r)} 093 (r)dr 4 complex conjugate =0 . (3.5)
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Since 1) (r) is an arbitrary complex function, then in (3.5) the coefficients
of both §95(r) and d9% (r) must vanish everywhere, and this gives the one-
electron wave equations,
0&,
a3 (r)

Since £, and E) are real, the complex conjugate equations contain the same

Exya(r)=0 . (3.6)

information.
Equations (3.6) are transformed to the one-electron Schrédinger equa-
tion with Hamiltonian & (see problem 3.1),

h?v?
b = |- 40| i = Basw) . @)
where V,(r) is the self consistent one-electron potential,
' dpy(r) X (py(r))
V,(r) =V(r +e2/ pg(r)dr’+ - . . 3.8
9( ) ( ) |I‘—I‘/‘ dpg(r) ( )

The system of equations (3.2), (3.7), and (3.8) have to be solved self consis-
tently. The total groundstate energy (3.1) can now be expressed in terms
of the one-electron eigenvalues Ey (see problem 3.2),

_ _e pg /
S SNty I

* dp,(1)X (py(1))
+;/wwhm®>—ﬁﬁm——mwwww>

The second and third terms on the right are corrections of the Coulomb en-
ergy and the exchange-correlation energy, respectively, for multiple count-
ing which appears in X, F’y. The above equations prescribe the groundstate
in the one-electron approximation, where the function X (p4(r)) is still ar-
bitrary.

One-Electron Approximation: Excited States

For crystal and liquid metals in the condensed matter regime, thermal
energy constitutes only a small perturbation in the electronic structure
problem. In particular, for any set of nuclear positions, the electronic charge
density at all temperatures of interest remains close to its value at zero
temperature. Hence the potential an electron sees, due to the nuclei and
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due to the the other electrons as well, is to first approximation independent
of temperature, and equal to its evaluation in the electronic groundstate.
This is the approximation we shall make, in treating the electronic excited
states in metals.

Suppose the self consistent one-electron groundstate has been obtained,
for a given external potential V(r), and for appropriate boundary condi-
tions. The process has given us a one-electron Hamiltonian h, defined
in (3.7), based on the potential Vy(r) defined in (3.8). We shall assume
that the excited electronic states are given in this one-electron approxima-
tion, with V,(r) fixed. Then h has a complete set of wavefunctions 1 (r),
A=0,1---, which satisfy

hpa(r) = Exiba(r) (3.10)

/W\(r)l/b\' (r) =dw - (3.11)

To enumerate the states of the Z-electron system, let us introduce the
occupation numbers fy, = 0,1. For any system state, the set of occupied
1y have f) = 1, the set of unoccupied ¥, have f) = 0, and the number of
occupied states is always Z, so that

dh=2. (3.12)
A

The Z-electron system now has energy levels £ = X fy E). But we want to
apply this description to the excited states only, and not to the groundstate.
Let us use a different symbol, namely g, = 0, 1, for the occupation numbers
when the system is in its groundstate. Then the system excited states have
excitation energies given by

£—& = Z(fA —9)Ex . (3.13)
X

The operator equivalent to (3.13), i.e. the Hamiltonian which has the
same energy levels, is the electronic excitation Hamiltonian Hg x, given by

Hex =Y h(ra) =Y giBx | (3.14)
«@ A

where h(r) is given by Eq. (3.7). For a prescribed set of nuclear positions,
Hex has a complete set of Z-electron states, each wavefunction is a Slater
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determinant, and the lowest lying state has zero energy. While Hpx is ex-
pressed entirely in the one-electron approximation, the groundstate energy
&y of the many-electron system is independent of Hgx, hence we are free
to find &; from the best theory available, or even from experimental data.

Calibration from Density Functional Theory

Through the introduction of the function X (p,(r)) in Eq. (3.1), the ground-
state energy in the one-electron approximation has been rendered an un-
controlled approximation, since it is no longer in the form (¥|Hg|¥) for
some wavefunction W. Hence &, is no longer an upper bound for the true
groundstate energy. The same property holds for the Kohn-Sham formula-
tion of density functional theory, whenever an approximation is made for
the unknown functional &,.[p] of Eq. (2.29). In fact, the common result
of Kohn-Sham calculations for a real material is to place the groundstate
energy below the experimental value. It is possible to calibrate the one-
electron approximation so that its groundstate energy, Eq. (3.1), is the
same as the energy obtained from density functional theory. Let us do this
here for the Kohn-Sham formulation in the local density approximation.
The calibration is accomplished merely by setting the function X (p4(r))
in (3.1) equal to the function X (p(r)) in (2.31) (see problem 3.3). Under
this condition, the one-electron Hamiltonian in (3.7), with potential given
by (3.8), is the same as the Kohn-Sham Hamiltonian (2.18), with potential
given by (2.27). Hence a Kohn-Sham calculation in local density approxi-
mation provides all the parameters, namely the groundstate potential V(r)
and the set of E, which appear in the electronic excitation Hamiltonian of
(3.14). We shall assume that these parameters are available for any metallic
system of interest, and will use them to construct the total system Hamil-
tonian, including both adiabatic and nonadiabatic contributions, in Sec. 4
below.

Regarding numerical aspects of electronic structure calculations, note
that one ordinarily uses a set of basis functions sufficient for a good repre-
sentation of the vy (r) which are occupied in the groundstate. This basis
set will normally give low-lying excited states accurately for a metal, but
at some level of excitation, the groundstate basis set will not be sufficient,
because every higher lying 1, (r) has to be orthogonal to all lower 1, (r).
Hence to find accurate values for the excited energies Fy, or what is equiv-
alent, for the electronic density of states above the Fermi energy, the basis
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set has to be augmented from that used for an ordinary groundstate cal-
culation. The same problem is encountered, and presumably solved, when
wavefunctions of electronic excited states are used to calculate optical prop-
erties of a crystal.

Problems

3.1 Derive Egs. (3.7) and (3.8) from (3.6). Note Opy(r)/0v5(r) = ¥a(r),
from Eq. (3.2).

3.2 Derive Eq. (3.9) from (3.1).

3.3 When X (pg4(r)) in (3.1) is the same as X (p(r)) in (2.31), show that
the two expressions (3.1) and (2.30) for £, are the same.

4 TOTAL HAMILTONIAN

Nuclear Motion Hamiltonian

Our condensed matter system is composed of N similar nuclei and Z elec-
trons. The nuclei have mass M, charge ze, and positions rx, with K =1,

, N, while the electrons have positions r,, with a« = 1, -+, Z, and
Z = zN. The Hamiltonian is the sum of kinetic energies and Coulomb
potentials:

H=Tn+Te+Q+NI |, (4.1)
where
h2v2
Tn =-S5 LYK .
N Z 2M ) (42)
K
K2v2
T = — o 4.
B==) St (4.3)

4.4
Z — "2 Z o (44)
and where [ is the total ionization energy of a single atom. The term

NT is included in H so that the system energy levels are measured with
respect to a set of infinitely separated neutral atoms. Though the above

fI‘L‘ *I'K| 7rﬂ|
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Hamiltonian explicitly represents an elemental material, the derivations
can be done as well for a mixture of atoms representing an alloy or a
compound. Finally, while one usually thinks of a system in a box with
periodic boundary conditions, other geometries and boundary conditions
are equally permissible.

For the electronic problem, discussed in Secs. 2 and 3, the nuclei are fixed
at their positions ry, making 7y = 0, and reducing H to Hg = 7 + Q.
The Coulomb terms in (4.4) for Q are respectively nuclear-nuclear, electron-
nuclear, and electron-electron. The first two terms in {2 combine to form
the potential 3,V (r,) written in (2.3), and the last term in Q is Qgg
of (2.2). Now the point of the whole exercise of trying to solve for the
electronic groundstate is this: the groundstate energy £,({rx}), the energy
of the entire system when the nuclei are fixed and the electrons are in their
groundstate, is an excellent approximation for the potential which governs
the motion of the nuclei. To this approximation, the nuclear motion is
described by the Hamiltonian

Hy =Ty + 3({rx}) , (4.5)

O({rx}) = &({rr}t) + NI . (4.6)

This is the nuclear motion Hamiltonian, where ®({rx }) is called the ground-
state adiabatic potential, or simply the adiabatic potential.

Suppose we have an exact solution for the many-electron groundstate
energy E;({rx}). By adding and subtracting &, to the total Hamiltonian
(4.1), and by using (4.5) and (4.6), it follows

H="Hy+(Hg—&,) . (4.7)

Obviously, the electronic part Hg — &£, expresses only ezcitation of the
electronic system from its groundstate. At this point, let us replace Hg—&,
by its one-electron approximation Hgx, Eq. (3.14), so that

H=Hy +Hgx . (4.8)

Now the nuclear motion Hamiltonian H contains in principle the exact
adiabatic potential ® = £; + NI. From all of our experience in studying
nuclear motion, illustrated by the evidence to be presented in the following
chapters, Hy is the most accurate nuclear-motion Hamiltonian we know
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how to make. On the other hand, the electronic excitation Hamiltonian
‘Hpx is intrinsically approximate, through its formulation in terms of the
one-electron approximation. Nevertheless, the evidence so far, also to be
reported in the following chapters, indicates that Hgx is accurate to the
same level as the overall experimental error in the thermal excitation prop-
erties of metals.

Electrons at the Reference Structure

A nuclear configuration is specified by the set of nuclear positions {rx}.
In the nuclear configuration space, the potential surface is ®({rx}), and
the forces are gradients of ®({rx}). An equilibrium configuration is one
where the force on each nucleus vanishes, and a structure is a locally stable
equilibrium configuration, i.e. the configuration at the bottom of a many-
particle valley. Structures are representative of the configurations found in
condensed matter systems. In a crystal the nuclei move in the vicinity of a
single crystal structure, while in an amorphous solid the nuclei move in the
vicinity of a single random structure. In a liquid the nuclei move among
many random valleys, but these valleys are all equivalent, and are repre-
sented by a single random structure. Hence for a given state of condensed
matter, one can choose a reference structure, where the electronic excita-
tions are representative of the excitations in all the most popular nuclear
configurations found in that state of matter. It will then be very useful
to split the electronic excitation Hamiltonian into a part evaluated at the
reference structure, and the remaining part which sees the motion of the
nuclei.

Positions of the nuclei in the reference structure are denoted Ry, K =1,
-+, N. The potential of an electron at r, due to the nuclei in configura-
tion {rx}, has been denoted V(r), and is more completely specified as
V(r;{rkx}). Let us write V’(r) to denote evaluation at the nuclear refer-
ence structure, so that V(r) = V(r; {Rk}). Then V(r) can be expanded
about the reference structure,

V(r) =V(r)+6V(r) , (4.9)
where this equation defines 6V (r), i.e.
SV(r) = V(; {ric}) — Vir {Ric)) (4.10)

In the same way the one-electron potential V;(r), which depends explicitly



28 Condensed Matter Hamiltonian

and implicitly on the nuclear configuration, can be expanded about the
reference structure,

Vy(r) = V7 (r) + 6V, (r) . (4.11)

Then in Eq. (3.7), the one-electron Hamiltonian becomes h = h? +6Vj;, and
the one-electron energies become Ey = EY 4+ dE). Let us finally expand
Hex, Eq. (3.14), about the reference structure:

Hex =HEx +0Hex (4.12)

where

Tx = h7(ra) = > gaES | (4.13)
a \

HEx = Z(Wg(ra) — Zg,\éE,\ . (4.14)
a A

At the reference structure, the one-electron wavefunctions are ¥{(r),
and each system wavefunction is a Slater determinant of the occupied ¥§(r).
Determinantal matrix elements can be used to express Hgx in the basis of
reference structure electrons. The result for H% y is

Tx =Y _EJ(CYCy—gn) , (4.15)
A

where C’;\' and C'y are respectively the creation and annihilation operators
for electrons at the reference structure. The eigenvalues of C;\"C’,\ are fy,
and the condition (3.12) that the total number of electrons is Z becomes

Y cten=z2 . (4.16)
A

The result for dHgx is

5HEX = Z(SVA)\’C;\FC)\/ — Zg)\(SE)\ s (4.17)
AN A

where

OV = (UX[6VgluRr) - (4.18)
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Notice once again that both Vi) and dF) depend parametrically on the
nuclear positions, and they also have an implicit dependence on the refer-
ence structure itself.

The total Hamiltonian (4.8) can now be written

H = Hy +Hx + 0HEx - (4.19)

This is a valuable result. First, since the nuclear positions do not appear as
variables in H%x, then Hy and H%y commute, which means there is no
interaction between the motion of the nuclei and the excitation of reference
structure electrons. Hence Hy and H%x represent two independent sys-
tems, and this simplifies the dynamics and statistical mechanics. Second,
speaking generally of condensed matter systems, the three terms on the
right of (4.19) are ordered in strongly decreasing importance. Hence the
interaction between nuclear motion and electronic excitation is isolated in
the smallest term in (4.19), and in the dynamics and statistical mechanics
of metals, this term can ordinarily be treated as a perturbation.

Notes on the Resolution of the Total Hamiltonian

The total Hamiltonian expressed in Eq. (4.19) will be the starting point for
all subsequent developments in this monograph. We need to discuss some
subtle points associated with this Hamiltonian, and for this purpose we can
limit our consideration to a metal crystal. The general idea is contained
in this observation: electron-phonon interactions are not defined until the
electrons and phonons are defined, and then, electron-phonon interactions
are uniquely defined, through the (unique) total Hamiltonian.

The smallest Hamiltonian contribution, dH g x, expresses the interaction
between motion of the nuclei and excitation of the electrons. In a crystal,
the nuclear motion is analyzed into phonons, and éHpgx constitutes the
electron-phonon interaction. In Eq. (4.17), §Hgx is expressed in terms of
reference structure electrons, for which the total electronic wavefunctions
are U({r,}, {Rx}). In the total system Schridinger equation, the nuclear
motion will give rise to terms which do not mix these electronic states, and
terms which do mix them. Let us define these terms respectively as adia-
batic and nonadiabatic. Their contributions to the free energy of a metallic
crystal will be studied in Sec. 18. A formal separation of adiabatic and nona-
diabatic effects for nonmetallic crystals, applicable in principle to metallic
crystals as well, is given by Born and Huang (1954, Appendix VIII). Born
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and Huang work with the electronic wavefunctions ¥({r,},{rx}), which
are valid for arbitrary positions of the nuclei, and they define adiabatic
(nonadiabatic) nuclear motion as that which does not mix (does mix) these
electronic states. Obviously the present definition of adiabatic and nona-
diabatic effects, in terms of the wavefunctions ¥({r,},{Rxk}), is nontriv-
ially different from the definition of Born and Huang. As a practical note,
working in the basis of reference structure electrons gives us the ability to
evaluate matrix elements of the electron-phonon interaction, which would
be virtually impossible in the representation of Born and Huang.

A still more subtle point arises. The “adiabatic” potential ®({rg}) is
Eq{rk}) + NI, and E;({rk}) is the electronic groundstate energy when
the nuclei are fixed at {rx}. But when the nuclei are moving, as they
are in all quantum states of the total system, §Hgx becomes an operator
in phonon space, hence §Hgx gives a small correction to the groundstate
energy, say 0&q({rx }). So the true groundstate energy is £,+0&,, and is by
definition adiabatic. Born and Huang (1954) recognize £, + d&, as the true
adiabatic groundstate potential. However, we do not include d&, in our
nuclear motion potential ®, because 6&, is extremely small and is virtually
impossible to calculate or to measure. Instead we keep all components of
the electron-phonon interaction, present in all electronic states including the
groundstate, in the Hamiltonian §H gx. Our procedure has the advantage,
both practical and aesthetic, of treating all contributions to 0Hgx on the
same footing.

Since the electrons, phonons, and all interactions among them are de-
scribed by one global Hamiltonian, there is a consistency condition among
them, namely that all their separate energy operators must add up to the
total Hamiltonian of Eq. (4.1), or Eq. (4.7). But in condensed matter
research, various excitations are almost always studied separately, and con-
sistency conditions implied by the global Hamiltonian are rarely observed.
Electron-phonon interactions are usually studied through Hg, but accord-
ing to Eq. (4.7) these interactions are contained in the operator Hg — &,
not Hg. The fact that the electron-phonon Hamiltonian must contain only
excited electronic sates, and not the electronic groundstate, is sometimes
crucial, but is almost always overlooked.

It is quite satisfactory to be able to present such a simple derivation
as that going from (4.1) to (4.19). The result here is identical to that ob-
tained from a much more tortuous procedure in Thermodynamics of Crys-
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tals. Present equations are the same as those in Sec. 24 of Thermodynam-
ics of Crystals, as follows: (4.7) is (24.13), (4.15) is (24.20), and (4.19)
expressed specifically for crystals is (24.22).

5 NEARLY-FREE-ELECTRON METALS

Pseudopotential Perturbation Theory

The nearly-free-electron metals can be represented approximately by a col-
lection of rigid closed-shell ions, plus their valence electrons, which interact
weakly with one another and with the ions. If these interactions were not
weak, the electronic structure problem would be intractable, and could
only be solved by computer. On the other hand, if the interactions were
neglected entirely, the valence electrons would be a free electron system,
possessing kinetic energy and Fermi statistics, and missing all the remain-
ing interesting properties of real metals. But by treating the interactions
in perturbation theory, the electronic structure problem is tractable, yet
exhibits all the important properties of real metals within a single unified
theoretical framework. Further, when properly calibrated, this theory will
give an accurate account of a wide range of experimental properties of met-
als. Extensive treatments may be found in Harrison (1989, Chaps. 15-17),
and in Thermodynamics of Crystals (Chap. 6 and Sec. 34).

The theory starts with the interaction of a valence electron with an
ion core. In an accurate electronic structure calculation, the complications
within the core, namely the deep Coulomb well and the orthogonalization
of valence electrons to core electrons, are handled numerically. Here these
complications are replaced by a weak local pseudopotential, allowing the
valence electrons to have the right energies, and to have wavefunctions
which are correct outside the core, but not inside the core. The interaction
of an electron at r with a spherically symmetric ion core centered at the
origin is represented by the bare pseudopotential wy(|r|). The interaction
of an electron at r with all the ion cores, located at r, is

Wy(r) = wy(jr — k) . (5.1)
K

The total potential seen by one electron is then

W (r) = Wy(r) + Wa(r) + Wae(r) (5.2)
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where the screening potential W(r) is due to the Coulomb interaction
with all the other valence electrons, and where the potential W (r) is
an approximation for exchange and correlation effects among the valence
electrons. The one-electron Hamiltonian is

_hPv?

h:
2m

+W(r) , (5.3)

and W(r) is considered a perturbation. W (r) will be evaluated self-con-
sistently in the electronic groundstate, so that W(r) = W,(r), and the
subscript ¢ will not be needed. Henceforth we shall refer to the valence
electrons simply as “the electrons”, and to W (r) as “the pseudopotential”.

The system is composed of N ion cores, each with charge ze, together
with Z = zN electrons, all in a cubical box of volume V', with periodic
boundary conditions at the box surface. A plane wave which satisfies the
boundary conditions is |p),

p) = —=e®T (5.4)

-

where the wavevectors p form a discrete infinite set. The plane waves are
orthonormal,

1 [
(p'|p) = V/el(p P = 8oy (5.5)

and they are complete in the space of functions which satisfy the boundary
conditions,

1 - /
d_Ip)pl =5 D et =d(x—x') (5.6)
P P
Planewave matrix elements of a function f(r) yield the Fourier transform,

@) = (o +alflp) = [ F)e T (57)

The inverse transform is obtained by applying the completeness relation
(5.6), to find

f(r) =) fl@)e” — # / flq)e™@Tdq . (5.8)
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The transformation to the integral uses that V/(27)? is the density of vec-
tors in g-space. Note the transformation between (5.7) and (5.8) is asym-
metric in the factors of 27. Finally, the convolution formula works out to
be

%/ﬁwwwngymmvm. (59)

Let us return to the electronic structure problem, defined by the Hamil-
tonian (5.3) and the periodic boundary condition. In zeroth order, the
solutions are free electrons,

h2V2 h2p?
|p> eplP) ep = ——

o (5.10)

With W (r) treated as a perturbation, the solutions are still indexed by the
wavevectors p, and they satisfy

}“/Jp = Epip <¢p"7/1p> = 5pp/ . (5-11)

The wavefunctions to first order, and the energies to second order, are

vp =) +Z/4W pta) (5.12)

(ep — €p+q)

W(q)*

el 19

Ep,=ep+W(q=0) +Z

qa

where the prime on E;l means to omit the g = 0 term. Since W(r) is real,
then W(q)* = W(—q).

Groundstate Electron Density

In the groundstate, the electrons occupy the one-electron states up to the
Fermi energy E'r. The Fermi energy specifies a constant-energy surface in
P-space, the Fermi surface. In zeroth order, the constant-energy surfaces
are spheres, and the Fermi energy is

h? f2
2m

ep = , (5.14)
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where f is the zeroth-order (free electron) Fermi wave vector. The Fermi
surface is at |p| = f. The Fermi sphere must contain exactly zN electrons,
and this determines f, according to

ov [/ V3
N=— dp = —— 1
: 83 /0 P= 32 (5.15)

where the factor 2 in the integral expression accounts for spin degeneracy.
The volume per atom is V4 = V/N, the average electron density is pg =
2/Va, and in these terms f is given by

32z

3 2

= =3 . 5.16

Fr= =3 (5.16)

The total kinetic energy in zeroth order is the total free-electron energy,

given by

oV [f 2 3h2 f2 3

— d =2zN =zN | = . 5.17

87r3/0 Pom —° ( 10m ) ‘ (5”’) (5.17)

The electron density at r is p(r),
(1) = gpUpX)ep(r) (5.18)
P

where as usual gp are the groundstate occupation numbers, and Y59, =
zN. When a sum is restricted to the occupied one-electron states, as indi-
cated by the presence of gp in ¥y, it is understood that a factor 2 for spin
is implicit in the sum. From Eq. (5.12) for the wavefunctions, p(r) to first
order is

= ng {1 +Z [ B W(f)eiq'r ]} . (5.19)

(ep — ep q) (ep — €p+q)
The q = 0 component is just the average electron density,
z

pla=0)=po= Vi (5.20)

For the q # 0 components, the two terms in (5.19) can be combined by
interchanging q with —q inside the sum, to obtain

Zp

ep+q) . q#£0 . (5.21)
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We only want to evaluate this to leading order, which means the ¥, after
transforming to an integral, needs to be evaluated only over the zeroth-order
Fermi sphere. The result is

q2

4me?

p(a) W(q)[1 - H(q)] , q#0 , (5.22)

where H(q) is the static Hartree dielectric function, given by

H(g)—1=

2me? f [1— (a/21)% | ‘H(Q/?f)‘ +1} (5.23)

n
mh*q® | 2(¢/2f) |1 (a/2f)
Equation (5.22) begins to reveal how the electrons respond to the potential

field, represented by W(q). The next step is to calculate the field self
consistently.

Screening and Exchange-Correlation Potentials

The screening potential is the Coulomb potential arising from the electron
density p(r),

Wy(r) :ez/ |rp(r2,|dr’ ) (5.24)

and this function obeys Poisson’s equation, so that

4e?
Wi(q) = Z pla) , q#0 . (5.25)

In the present formulation, the g = 0 component of Wy(q) is not defined,
and it need not be defined, since all “Coulomb divergences” sum to zero.
The theory could otherwise be constructed by replacing the Coulomb in-
teraction 1/r with e™""/r, with x small and positive, and then the de-
nominator in (5.25) would be ¢% + k2, and the q = 0 term is defined. In
physically meaningful quantities, the q = 0 terms will cancel and the limit
k — 0 will exist. Notice also that the nonphysical Coulomb interaction of
each electron with itself will be contained here in the total Coulomb energy
J p(x)Ws(r)dr. In a theory where the electrons are approximately plane
waves, this self energy is of relative order N~ in the total energy, hence is
negligible.
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By eliminating p(q) between (5.22) and (5.25), the screening potential
is simply related to the total potential,

Wi(a) = W(q)[l - H(q)] . (5.26)

This constitutes a solution for the screening potential, and is a key result
of electron response theory.

Let us write the exchange-correlation potential W,.(r), which appears
in Eq. (5.2), through its Fourier components, as a local field correction to
the screening potential,

4me?

Wae(q) = —Wi(q)Y (q) = — " p(@Y(aq) . (5.27)

As usual, all the intractable many-electron effects are represented by the
unknown function Y'(q). Here we shall take a simple model for Y '(q), which
will serve to illustrate the construction of the complete theory,

q2

Y(q) =Y(q) e (5.28)
where £ is a positive density-dependent parameter. Arguments for this form
are as follows. Since exchange and correlation operate to keep electrons
apart, they reduce the (positive) Coulomb energy, so that Wy + W, must
be less than W,. This accounts for the minus sign in (5.27). Further, W,
should go to a finite function of density as q — 0, and, as observed by
Hubbard (1958), exchange alone should make Y(¢) approach i at large
g. From Eqgs. (5.27) and (5.28), it is apparent that W,.(q) represents a
screened Coulomb potential. In fact £,., the total exchange-correlation
energy corresponding to W, is a functional of the electron density p(r),

Exe :/p(r)X(r)dr , (5.29)

where X (r) is also a functional of p(r),

e2 67/<|r7r'|
X(r)=—— /p(r’)idr (5.30)

e—r]

Because &, is quadratic in p(r), the exchange-correlation potential becomes
(see Eq. (2.28)

We(r) = 2X(r) . (5.31)
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The Fourier transform of W,.(r) is given by Egs. (5.27) and (5.28), with
k= Ef2

There are various ways to calibrate £&. As q — 0, the above equations
reduce to a local density approximation for a homogeneous electron system
at density pg. If we set £,.[po] equal to the exchange energy of the uniform
electron gas, then £ = 4/9. Instead, one can use the compressibility sum
rule, which expresses that the system compressibility must be the same
whether calculated from the velocities of long wavelength acoustic phonons,
or from homogeneous deformation (the derivation is given in Chap. 3).
From the compressibility of the uniform electron gas, one finds & = 2 for
exchange only, minus a small density-dependent correction for correlation
(see e.g. Wallace, 1968). On the other hand, the compressibility calculated
from density functional theory gives £ = 1.2 in a pseudopotential model
for Al (Straub et al., 1994). More sophisticated models for the exchange-
correlation contribution to electron response are discussed by Singwi and
Tosi (1981, Secs. 5 and 6), and by Mahan (1981, Sec. 5.5).

The total pseudopotential W(q) is now determined. From (5.26) and
(5.27), the screening and exchange-correlation contribution amount to

Ws(q) + Wee(q) = W(q)[1 — H(g)][1 - Y(q)] - (5.32)

Now since W = W, + W + W, the screening and exchange-correlation
contributions can be eliminated to find

Wy(q)
L+ [H(q) = 1][1 =Y (q)]

W(q) = (5.33)
So the total potential seen by any single electron is the bare potential from
all the ions, screened collectively by all the electrons, where the screen-
ing function is controlled by the Coulomb interaction and the exchange-
correlation effects among the electrons. If Y'(q) is set zero, then W(q)
reduces to Wy(q)/H(q), exhibiting the meaning of H(q) as a dielectric
function.

FElectron-Ion Interaction

The heart of our theory is the bare pseudopotential wy(r), representing the
interaction of one electron with one ion. The ion has charge +ze, so that
outside the ion core wy(r) is —ze?/r. Then the bare interaction can be
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written

wy(r) - + we(r) (5.34)

where the core potential w.(r) is localized to the core region. Inside the
core, an electron sees a strong negative Coulomb potential from the nucleus,
but the electron also has a large positive kinetic energy due to its orthog-
onalization to core electrons. The sum of these energies is represented by
a relatively weak local potential, hence the name pseudopotential. In this
monograph, w.(r) is viewed as a function to be modeled so as to achieve
a good overall theory for nearly-free-electron metals. The Harrison model
takes w.(r) proportional to a 1s electron density, so that we(r) = fe /"=,
where (§ and r, are positive parameters. The Heine-Abarenkov model is a
well of depth (3 inside the core, plus the ion Coulomb potential outside the
core:

2
wy(r)=—Florr <r, , wy(r) = 2 forr > Te . (5.35)
r

The Ashcroft empty core model results from setting 4 = 0 in the Heine-
Abarenkov model.

Since Wp(r) is a sum of single ion pseudopotentials, then W(q) factors
in an important way:

Wiq) — % / W (r)e— " dr

1 . )
= ¥ Z e 'ATK /wb(|r —rg|)e i ETTE) gy
K
= S(Qus(q) , (5.36)
where S(q) is the structure factor,

S(a) = % D emiari (5.37)
K

and wy(q) is the single-ion bare pseudopotential,

wy(q) = VLA /wb(r)efiq'rdr . (5.38)

Notice that S(q) is normalized to 1 at q = 0, and also that wy(g) is normal-
ized by the volume per atom Vy, which is appropriate since wy(r) belongs
to a single ion. The importance of the decomposition (5.36) is that all
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dependence of W,(q) on the ion positions ry is contained in the structure
factor S(q). Further, since W (q) is proportional to Wy(q), from Eq. (5.33),
then the factorization of Wy(q) carries over to the total potential, so that

W(q) = S(q)w(q) , (5.39)

where w(q) is called the screened-ion form factor, or simply the form factor,

)= wp(q)
1+ [H(q) —1][1 = Y(q)]

With the last two equations, it becomes apparent why pseudopotential
perturbation theory can treat a wide variety of properties in a simple uni-
fied formulation. First, the dependence on ion positions is reduced to S(q)
in the wavefunctions to first order, and to |S(q)|?
ond order. Hence the theory is ideal for calculating what happens when the

w(q (5.40)

in the energies to sec-

ions move around, and it easily handles configurations appearing in crystal,
amorphous solid, and liquid states. Second, again in the electron wavefunc-
tions and energies, the effect of all interactions appears in the form factor
w(q). And since screening and exchange-correlation effects are evaluated
in zeroth order, i.e. in the free-electron approximation, the functions H(q)
and Y (q) in Eq. (5.40) depend only on the mean electron density, through
the parameters f and &.

A characteristic property of metals, resulting from the long-range di-
vergence of electron Coulomb interactions, is that the dielectric function
diverges as ¢ — 0. This property is contained in H(q), Eq. (5.23), whose
small-g expansion is

2 2
Hg)—1=22) e (5.41)
Th°q®>  3mh°f
But wp(g) has the same divergence with opposite sign, because wy(r) has
an attractive Coulomb potential at large r, so that w(q), Eq. (5.40), has
the finite limit

;11% w(q) = —ger = . (5.42)

Electronic Groundstate Energy

The electronic groundstate energy in the one-electron approximation is
written in Eq. (3.9), specifically with exchange-correlation effects given by
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a local density approximation. The corresponding equation in pseudopo-
tential perturbation theory reads

g = Zp: 9pEp — % / p(r) W, (r)dr + / p(r)[X(r) = Wae(r)ldr . (5.43)

On the right side, the two integrals correct for what is “over counted” in
the sum of one-electron energies. We shall continue to use the exchange-
correlation model outlined in Egs. (5.27) to (5.31), so that

[ ) - Wacwldr = =5 [ poWoclo)ie . (5.0

Notice that the direct ion-ion interaction energy is still not contained in
Eq. (5.43), but will be added when the effective ion-ion potential is con-
structed below. With the aid of Eq. (5.13) for Ey, the sum of one-electron
energies is

ng ngep—i-zNWq 0) +ZZ e—q) . (5.45)

— €ptq)

The first term on the right is the sum of free electron energies, given by
Eq. (5.17) (see problem 5.1). In view of Eq. (5.21) for p(q), the last term
n (5.45) is

—VZp - ——Vp( =0W(q=0) . (5-46)

where the g = 0 term has been added and subtracted. With Eq. (5.44),
the two integrals in (5.43) combine to yield

__VZ/) + Wmc( )] . (547)

Then since W = W, + W, + W, the above contributions to £, become
&= 2N |2er+2Wa=0)| + 2V Y pl@Wi(~a) (5.48)

g — z 56F 2 q= 9 - plq b q 9 .

where we used p(q = 0) = pg, and Vpy = zN.
The only term in Eq. (5.48) which depends on the ion positions is the
last term, and that dependence can be made explicit through the structure
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factor S(q). This is done by using successively Eqgs. (5.22), (5.33), and
(5.36), to find

SV p@Wi(-a) = NS S@SC-a)Fa) . (549

where F'(q) is the energy-wavenumber characteristic, given by

*Va  [w(9)?1 — H(q)]

Fla) =gz T3 g - i = v ()]

(5.50)
Putting in for S(q), from (5.37), the right side of (5.49) is transformed to
1 /
52 Vina([tx —rL]) + Z F(q) , (5.51)
KL q

where

Vina(|r]) = %ZF(q)eiq'r : (5.52)

q

Here v;,,q is the indirect ion-ion interaction, arising from ion-electron-ion
interactions summed over intermediate electrons in the electronic ground-
state.

The above equations for £;, and for v,q(r), were derived in Thermo-
dynamics of Crystals, at a time when computer limitations required us to
split these functions into real-space and Fourier-space contributions. It is
now possible for computers to calculate all our functions entirely in real
space, or in Fourier space, and the new formulation is enormously simpler.
In the new algebra, the Coulomb divergences are handled differently from
before. The undefined (infinite) terms in the above equations are the g = 0
component of Wy in (5.47), and the q = 0 component of W}, in (5.48)
and (5.49). But these undefined components all appear inside sums, and
the sums can be transformed to integrals, which are finite. There remains
the bare Coulomb behavior 1/r at large r, present in v;nq(r), but this will
be canceled by the direct ion-ion interactions. It is possible to show that
Eq. (5.48) for &, is the same as Eq. (27.14) for Eg in Thermodynamics of
Crystals.
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Adiabatic Potential

The groundstate energy contribution still missing from Eq. (5.48) is the sum
of direct interactions among the ions. The ion cores are still considered
rigid, in particular nonpolarizable, so the Coulomb energy between two
nonoverlapping ions separated by r is 22e2 /r. The effective ion-ion potential
é(r) is therefore 222 /r + vina(r). Transforming (5.52) to an integral over
q, we have
¢(r~V)—ﬁ+Q " ()R 2y 5.53
Vi=——+3 ) q)qrqq. (5.53)
At large r, the leading dependence of the integral is —z2?e?/r, hence ¢(r)
does not exhibit bare Coulomb behavior at large r. The volume dependence
of ¢(r; V) comes from the explicit appearance of Vy, and also from the
volume dependences of &, f, and the parameters in w.(r).
The adiabatic potential ® is defined in Eq. (4.6), and for N rigid ions
whose ionization energy is I, it follows ® = £, + NI,. From Egs. (5.48)
to (5.53), we can write

O({rx}) = V) + 53 oler —rul V) | (5.:54)

correct to second order in the pseudopotential, where

3 1 Vo[
Q(V) = NI, + zN [SeF +5Wla= 0)] +53 / F(q)q*dq . (5.55)
0

According to Eq. (5.42), $W(q = 0) = —%ep. Except for the constant
N1, the indicated volume dependence of Q(V') is present in every term on
the right of (5.55), and includes the volume dependences of &, f, and the
parameters in w.(r). The ionization energy is positive and large, the term
in square brackets is positive and relatively small, while the major contri-
bution to (V) is the integral, which is negative and expresses the metallic
binding, dominated by the ion-electron Coulomb attraction. As pointed
out in Sec. 1, in connection with Eq. (1.2), the sum of effective ion-ion
potentials makes a relatively small contribution to ®({rx}) in Eq. (5.54).

The leading dependence of ¢(r) at large r turns out to be (see e.g.
Harrison, 1989, Eq. (17-12))

2
o(r) x cosrgfr , atlarger . (5.56)
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The cosine factor produces the Friedel oscillations, and results from the
discontinuity in the groundstate occupation of the electron states, at the
Fermi energy. The convergence of ¢(r) is sufficient to make the energy
%EKL¢(|I‘K —ry|) finite, that is, the energy ¢ = %ZLqﬁ(\rK —ry]) is finite
for every ion K. But if we take strain and volume derivatives of the total
energy, as in the calculation of stresses and elastic constants, and if we
take those derivatives inside the sum, as we do in Secs. 10 and 14, then the
derivative contributions arising from ¢y no longer converge in an infinite
system. This is a spurious effect, since the energy itself is always finite,
hence has finite strain derivatives. The problem is cured by cutting off
o(r) at some large r, such that the total energy is unaffected at the level
of accuracy of the theory. Friedel oscillations in nearly-free-electron metals
are generally smaller than a few yRy, or say 1K, and the whole theoretical
construction cannot be meaningful at this energy. Original and damped
forms of ¢(r) for Na are shown in Fig. 1.1.

FElectronic FExcited States

When we extend pseudopotential perturbation theory to electronic states
above the groundstate, we make the same “weak excitation” approxima-
tion as in Sec. 3, namely that the potential seen by an electron, in this
case the complete screened pseudopotential W (r), will retain its ground-
state evaluation, even as some electrons are excited out of the groundstate.
This is accomplished by using the groundstate evaluations of the response
functions H(q) and Y'(q).

Let us consider the excitation of reference structure electrons. As we
shall see in Sec. 7, the contribution to a thermodynamic function arising
from excitation of reference structure electrons is expressed in terms of the
electronic density of states, n(E?). In pseudopotential perturbation the-
ory, all the dependence on ion positions is in W(r) = W(r;{rx}). At the
reference structure this is W7(r) = W(r; {Rk}). Since W is a perturba-
tion, n(E?) will be the free electron value n(e), plus something small. In
fact, whenever pseudopotential perturbation theory is a good description
to begin with, then we expect the accurate n(E?) from density functional
theory to be reasonably well approximated by the free electron model. This
turns out to be the case. The situation is illustrated, and the computational
details are described, in Sec. 18.

When it comes to calculating interactions involving reference structure
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electrons, the situation is different, because here the electron wavefunctions
are needed. In some matrix elements, the perturbation part of the wave-
function can be as important as the free electron part. The Hamiltonian
0HEgx, describing interaction of the excited reference structure electrons
with the motion of the ions, and the corresponding contribution to the free
energy, are derived in pseudopotential perturbation theory in Sec. 18.

Finally, pseudopotential perturbation theory provides a conceptual sim-
plification in the resolution of the total Hamiltonian. The exact electron
excitation Hamiltonian is Hg — &, in Eq. (4.7), and this is approximated
in Eq. (4.8), when it is replaced by its one-electron approximation Hgx.
But in pseudopotential perturbation theory, the one-electron description
is exact in zeroth order, hence no separate one-electron approximation is
required.

Calibration of Pseudopotential Models

Pseudopotential perturbation theory is an approximate electronic structure
theory, and is most useful when calibrated, either to more accurate theoret-
ical results, or to experimental data. The general result for a real metal is
that a calibrated pseudopotential model accounts for physical properties far
beyond the data to which it is calibrated. The adiabatic potential expressed
in Egs. (5.53) to (5.55) produces an excellent total Hamiltonian for the al-
kali metals, when the exchange-correlation parameter ¢ is determined from
the compressibility of the uniform electron gas, and when the core potential
we(r) is calibrated to experimental data. This is the pseudopotential model
for Na whose effective ion-ion potential is shown in Fig. 1.1, and which is
utilized throughout this monograph to illustrate what is achievable with a
highly accurate Hamiltonian. The list of properties accurately accounted
for by this model for Na includes the binding energy, the compressibility
and elastic constants, thermal expansion, the phonon spectrum, the melt-
ing temperature, quasiharmonic and anharmonic contributions to thermo-
dynamic functions from 7' = 0 to melt, electron-phonon interactions, and
corresponding properties of the liquid as well.

In the old days, to test sensitivity to the form of w.(r), the parameters
were adjusted on Harrison and Heine-Abarenkov models to obtain a good
overall fit to the experimental phonon dispersion curves of Al (Wallace,
1969b). The best Heine-Abarenkov potential turned out to be an Ashcroft
empty core potential. Dispersion curves are virtually identical for the two



NEARLY-FREE-ELECTRON METALS 45

o (10%3/sec)

0

r X K r L

Figure 5.1.  Calculated phonon dispersion curves (lines) for fcc Al, compared
with experiment at 80K (points). In the theoretical curves, Kohn anomalies are
artificially sharpened to make them clearly visible.

models, and are compared with experiment in Fig. 5.1. The form factors
for the two models are compared in Fig. 5.2, and are seen to differ only
at ¢ = 2f. We conclude that the phonon frequencies are only weakly
dependent on w(q) at large q. Values of w(q) at the first two inverse lattice
vectors, extracted from experimental Fermi surface data by Ashcroft (1963),
are also shown in Fig. 5.2, and are in good agreement with our model form
factors. These models for Al also give good results for quantities related to
phonon-phonon and electron-phonon interactions.

However, these Al pseudopotential models give only qualitatively cor-
rect results for the binding energy and compressibility. This discrepancy
was recognized by Ashcroft and Langreth (1967), as a general property of
the theory, and was accounted for by adding another term into Q(V'), pro-
portional to V ! and representing the q = 0 component of contributions
from higher order perturbation theory. In a more recent study of Al, Straub
et al. (1994) calibrated a complete pseudopotential model, namely the core
potential w.(r), the exchange-correlation parameter £, and the total Q(V)
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Figure 5.2.  Screened form factors for the two pseudopotential models whose
parameters were determined to give the best overall fit to the measured phonon
frequencies for Al.

function, to density functional calculations of the static lattice potential
and a small number of zone-boundary phonon frequencies. In this way, the
pseudopotential perturbation theory serves as an interpolation formula for
the entire ®({rx }) surface, from just a few points on that surface calculated
from a much more accurate theory.

Since we are interested in the equation of sate of condensed matter, the
theory developed here is supposed to apply to metals under compression,
even under extreme compression. Considering the various effects which
are represented by the local core potential w.(r), mentioned in connection
with Eq. (5.34), and considering that the valence electrons are increasingly
forced into the core region as a metal is compressed, the parameters of
w,(r) must in principle vary with the system volume V. This property was
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accounted for in the Al model mentioned above (Straub et al., 1994), since
that model was independently calibrated to results of density functional
theory at a series of volumes. However, in our models for the alkali metals
(Wallace, 1968), we added an empirical Born-Mayer repulsion to ¢(r), of
the form ae™", intended to account for the Pauli repulsion when the ion
cores begin to overlap. As it turns out, the Born-Mayer term gives only
a small contribution to the physical properties, in all the comparisons of
theory and experiment presented in this monograph. Moreover, since the
whole model was calibrated to experimental data, the Born-Mayer repulsion
gives a proper empirical account of compression effects. Nevertheless, Born-
Mayer repulsion is not consistent with the physical basis of pseudopotential
perturbation theory. Instead, the pseudopotential parameters themselves
should vary with V', and when a metal is compressed to the point where ion
cores begin to overlap, the outer shell of core electrons should be removed
and included with the valence electrons.

Pseudopotential perturbation theory is still being developed as a de-
scription from first principles of the electronic structure of nearly-free-
electron metals. Ashcroft (1990) discussed effects in liquid metals, asso-
ciated with nonrigid ion cores, and with transient clustering of the ions.
Pollack et al. (1997) compared experiment and theory for zone-boundary
phonons and elastic constants from a local pseudopotential in second order,
and they also examined nonlocal and nonperturbative effects.

Problem

5.1 In arriving at Eq. (5.48), the sum of free electron energies in (5.45) is
evaluated over the zeroth order Fermi sphere. Is this the correct procedure?
Show that the true Fermi surface differs from the free electron surface in
second order in W(q), and both surfaces enclose the same volume. Hence
show the sum of free electron energies is the same to second order when
evaluated over either volume.
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Chapter 2

Statistical Mechanics

6 AVERAGING TECHNIQUES

Fluctuating Equilibrium State

Imagine a monatomic liquid in a container, maintained at uniform boundary
conditions, so that it is in an equilibrium state. For the moment assume
the motion of the atoms is classical, hence is determined by Newtonian
mechanics and the interatomic potential. Actually, the underlying Hamil-
tonian is that of Chap. 1, and the system corresponds to nuclei moving in
the adiabatic potential, but in the present section it will be more in line
with a century of statistical mechanics thinking to speak of atoms moving
according to their interatomic potential. Consider, then, the condition of
a particular atom in the interior of the liquid. This atom is in constant
motion, is constantly being pushed and pulled by its neighboring atoms,
which are also moving; in short, the atom can never rest. Through this mo-
tion, each atom explores all its accessible states of motion, and moreover,
the collection of atoms explore their collective states of motion, and this
constant motional exploration is perhaps the most important property of
the equilibrium state of matter.

For the moment let us ignore the world outside our monatomic liquid,
and ignore also the surface region of the liquid, where the motion is affected
by the boundary conditions, and ask about the statistical properties of the
atoms in the interior. Then, all atoms in the interior are equivalent, since
over a sufficiently long period of time, each atom will pass through the same
set of conditions as will every other atom in the interior. These conditions
are the atom’s kinetic and potential energy, its velocity and acceleration,

49



50 Statistical Mechanics

and so on. Hence, any single atom can serve as a statistical system, since
over time its single-atom properties will average to values corresponding to
the equilibrium state of the liquid.

Notice there are systems where all atoms are not equivalent, as for ex-
ample a crystal with inequivalent lattice sites. In such a case, the above
picture requires the trivial modification that each atom serves as a statis-
tical system only for its particular equivalence class.

Let us next consider the subsystem composed of the atoms within a
fixed subvolume in the interior of the liquid. The number of atoms in
the subsystem fluctuates, as atoms move in and out of the subvolume,
and indeed every property of the subsystem fluctuates, except its volume.
The instantaneous configuration of the subsystem continually fluctuates
away from the mean configuration of the equilibrium liquid, and with each
such fluctuation, restoring forces develop to drive the configuration back
toward the mean. Hence within the fluctuations of the equilibrium state,
there is information on the forces which drive the liquid to its equilibrium.
This is the physical basis for the fluctuation-dissipation theorem, and the
Green-Kubo formulation of linear response theory, in which the regression
of fluctuations in the equilibrium state provides a quantitative measure
of the irreversible processes which move a nonequilibrium system toward
equilibrium.

The same property of equilibrium fluctuations has an essential role in
phase transitions. For example, suppose the temperature of the liquid is
lowered. Small groups of atoms are constantly exploring all accessible con-
figurations, including the crystal configuration, and when the correct tem-
perature is reached, the atoms will choose to remain locally in the crystal
configuration. Local seed crystals will then grow, converting the liquid into
a polycrystalline solid. The physics of phase transitions will be discussed
further in Chapter 6.

So far we have discussed the motion of individual atoms in an equilib-
rium liquid. In many systems it is appropriate to express the equilibrium
motion in terms of approximate normal modes. This is true for crystalline
or amorphous solids, where the atomic motion is described by weakly inter-
acting vibrational modes. The normal mode description applies equally to
quantum or classical motion, and accounts for both quantum and classical
fluctuations. Quantum fluctuations express that an operator A can exhibit
<A2> #* <A)2 for expectation values in a single quantum state, while clas-
sical fluctuations express the same relation for averages over a distribution
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of quantum states. Quantum fluctuations dominate at low temperatures,
where they give rise to zero-point motion, while classical fluctuations dom-
inate at higher (classical) temperatures. Hence a many-atom condensed
matter system has many normal modes of excitation, with interactions
among them, so that each excitation fluctuates over its energy levels, and
the equilibrium motion is just as complicated in the normal mode descrip-
tion as it is in the single-atom description.

Laboratory Systems and Theoretical Systems

A laboratory system is a real N-atom system, with very large N, whose
equilibrium motion is determined by its Hamiltonian and applied bound-
ary conditions. Thermodynamic properties of the system are measured in
laboratory experiments, and are averages over its motion in equilibrium
states. Measured quantities might be V/N, the volume per atom, obtained
perhaps from x-ray measurements of the crystal lattice parameter, or the
internal energy U, whose increments are obtained from calorimeter mea-
surements. There are two classes of boundary conditions, namely (a) those
which fix certain thermodynamic variables, such as temperature and pres-
sure, information which is reported as part of the experimental data, and
(b) those which are merely surface effects, such as the surface-to-volume
ratio in a powdered x-ray sample, and the nature of the thermal contact
in a calorimeter. The latter information might be an important part of
the experimental technique, but is not part of the thermodynamic data
reported from an experiment, because surface effects vanish as N — oc.
There are also effects such as gravity, which are not surface effects, but are
still negligible in most thermodynamic experiments.

The program of equilibrium statistical mechanics is to construct a the-
oretical system, usually called a mechanical system, or just system, which
accurately represents the laboratory system, and to calculate averages over
the equilibrium motion of this mechanical system. In setting up the system,
there are again two classes of boundary conditions, which have entirely dif-
ferent roles in the theory. Certain boundary conditions fix certain mechan-
ical variables which are also thermodynamic variables, such as the number
of particles N, and the total volume V', or the crystal lattice parameters.
Often, but not always, the independent variables of theory are the depen-
dent variables of experiment, and vice versa. Other boundary conditions
are again surface effects, hence they do not determine thermodynamic vari-
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ables, but still they have an important role in the computational technique.
Once the mechanical system is constructed to have the desired values of in-
dependent variables N, V', and so on, then those boundary conditions which
contribute only surface effects can be chosen at will. One can choose to fa-
cilitate solution for the equilibrium motion of the system, in classical or
quantum mechanics, and one can also choose to minimize finite-IV effects.
For some mechanical systems, such as perfect crystals, it is possible to do
theoretical work in the limit N — oo, so that finite-N effects can be ig-
nored. For other systems, such as those used in computer simulations, our
theoretical capabilities are limited to small values of IV, and it is necessary
to account for finite- IV effects in order to compare calculated averages with
experiment.

Let us now describe a few simple mechanical systems, to illustrate the
preceding observations. Consider a system of N atoms in a cubical box
of volume V| with periodic boundary conditions. The periodic boundary
condition is equivalent to having space filled with identical boxes, with
N atoms undergoing identical motion in each box. Notice this is Hamil-
tonian motion from a periodic initial condition over all space. Since the
repeating periodic units each contain N atoms, it is believed the periodic
boundary condition causes effects of RO(N~1) at large N. The notation
RO(N 1) means of relative order N=1, i.e. for a quantity A of any order in
N, RO(N 1) means of order .A/N. With the periodic boundary condition,
total energy and total linear momentum are conserved under Hamiltonian
motion. Since we are interested in thermodynamic properties, the total
momentum is set zero. In a mechanical system where the momentum is
not a constant of the motion, but fluctuates, the mean momentum will be
set zero.

One can also consider a system of N atoms in a cubical box of volume V'
with perfectly reflecting walls, or N atoms in a condensed system with a free
surface. With reflecting walls, total energy and momentum fluctuate, while
both are conserved with the free surface. Either of the these boundary
conditions presumably produces effects of RO(N~1/3) at large N, much
larger than the effects of periodic boundary conditions.

A different mechanical system is the collection of atoms within a fixed
cubical volume V' in the interior of a larger system, the interior being the
region where the motion is indifferent to the boundary condition applied
to the larger system. For this interior system, the instantaneous number
of atoms fluctuates about the mean value N, and the total energy and
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total momentum also fluctuate about their mean values. These fluctuations
presumably contribute to statistical averages in RO(N~1) at large N. For
both the interior system, and the system with periodic boundary conditions,
motional correlations with wavelength up to the system size, but not larger,
should be properly contained in the solution for the motion.

Time Averages for a Molecular Dynamics System

In molecular dynamics, the mechanical system is replicated on a computer,
and its motion is calculated numerically. Because of the small size of molec-
ular dynamics systems, it is necessary to average over time to get highly
accurate average values. However, as we shall see, finite-N effects are still
present in time averages, even over arbitrarily long times. Since at present
most molecular dynamics calculations are classical, our treatment of time
averages is limited to classical statistical mechanics.

A dynamical variable A is a function of the instantaneous positions
and momenta of all the atoms in the system. The variables of interest are
those whose average represents a macroscopic physical property, as energy,
pressure, or temperature. The average (A) is the time average over the
system motion,

%
@®=$A¢WMt, (6.1)

where the time interval 6 is sufficiently long to yield an average of a spec-
ified accuracy. An estimate of accuracy is often an important part of the
specification of a calculated average. The dynamical variable expressing a
fluctuation is

SA=A—(A) (6.2)

and the averages (0.4%) and (§.A5B) are mean quadratic fluctuations, and
are often called simply fluctuations. The term “dynamical variable” alone
will not be used to mean a fluctuation, i.e. will not mean §.4, unless explic-
itly so stated.

The total energy is H = K+ ®, where K and ® are respectively the total
kinetic and potential energies. While H might or might not be a constant of
the motion, depending on the boundary condition, K and ® both fluctuate,
as the system exchanges energy between kinetic and potential components.
A graph of K/N wvs time for an equilibrium molecular dynamics system is
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Figure 6.1. Kinetic energy per atom for pseudopotential sodium in equilibrium
at 393 K and V/N = 278a3, the atomic volume of liquid sodium at T, = 371K.
One iteration is the molecular dynamics timestep, 7.00 fs, and N = 500.

shown in Fig. 6.1. Through its equilibrium motion the system samples a
distribution of /N, and a convenient way to represent a distribution is
through its moments. The first moment is the mean value of IL/N, and the
second moment is the variance, or mean fluctuation, which measures the av-
erage width of the distribution of /N in Fig. 6.1. A graph such as Fig. 6.1
is called a stationary time signal by statisticians, because averages such as
Eq. (6.1) are independent of where the zero of time is chosen. As a practical
note, successively higher moments require averaging for much longer times
to achieve a given level of accuracy, and correspondingly, moments beyond
the second are seldom considered in statistical mechanics.

If now the system size increases, such that N/V remains constant as
N increases, those effects which vanish as some inverse power of N, as
N — oo, are finite-N effects. To illustrate, consider the variable /N
graphed in Fig. 6.1. The mean of /N approaches a nonzero limit, the
thermodynamic limit, as N — oco. At finite N, the mean of /N differs
from its thermodynamic limit by a term going as some inverse power of N,
depending on the boundary condition. On the other hand, the mean fluctu-
ation of KC/N is itself a finite-V effect, since it goes to zero as some inverse
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power of NV, as N — oo. The only way to evaluate these finite-N effects is
numerically, by finding their dependence on N through calculations for a
range of V.

Let us relate the thermodynamic properties of a molecular dynamics
system to its time averages. For a fixed number of atoms N, the sys-
tem volume V is a variable, and the thermodynamic internal energy U is
the mean energy (H). Notice the custom in thermodynamics is to con-
sider a fixed large number of atoms N, so that V is the thermodynamic
variable, though the physically meaningful variable is actually the atomic
volume V/N. So U and V are determined, and these two variables specify
an equilibrium state. One more thermodynamic variable will fix the entire
equilibrium surface. Two points are important. First, there is no dynamical
variable whose mean will give the entropy. The situation here is precisely
the same as in experiment, where only increments of entropy are measured.
Second, every other thermodynamic function has a corresponding dynam-
ical variable, and the choice of which to use can be made on the basis of
convenience. Let us choose the temperature T'. From statistical mechanics
based on phase-space averaging, the dynamical variable corresponding to
temperature in classical statistics is K /N, according to the relation derived
in Eq. (10.8),

(K/N) = SkT | (6.3)

in the thermodynamic limit. With temperature determined, U(V,T) is
prescribed, and all thermodynamic functions are determined. For example,
since dU = T'dS — PdV, the entropy can be calculated up to a constant of
integration from dSy = T~ 'dUy. With entropy determined, the pressure is
P = —(0U/9V)g. Ultimately, the unknown entropy constant has to come
from phase-space averaging.

Phase Space Averages for a Single System

While the concept of an ensemble, being an infinite set of model systems
in contact with reservoirs, is widely used to support the logic of statistical
mechanics, the practical result of equilibrium statistical mechanics is the
recipe for calculating statistical averages, by means of the partition func-
tion, as averages over the phase space of a single model system. It is then
a separate assumption, or an hypothesis, that the averages so calculated
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should be the same as the measured thermodynamic properties of a lab-
oratory system. To test this assumption, one invariably applies the logic
that the model system, for which the partition function is to be calculated,
should match the laboratory system in its relevant properties, such as its
Hamiltonian, its mean density, or perhaps its crystal structure. Within this
logic, and through countless comparisons of statistical mechanical calcula-
tions with experimental thermodynamic data, the assumption in question
has become one of the most universally verified in all of physics. It is there-
fore possible to omit the concept of ensemble, and simplify the formulation
of statistical mechanics. The steps are as follows.

(a) Construct a mechanical system which accurately represents the lab-
oratory system.

(b) Calculate phase space averages from the partition function.

(c) Assume the phase space averages are the same in the thermodynamic
limit as averages over the equilibrium motion of the mechanical system, or
what is equivalent, assume the phase space averages are the same as the
measured thermodynamic properties of the laboratory system.

In phase space averaging, the role of the mechanical system is to de-
termine the phase space. Averaging over this space is then carried out
with a weight function, whose purpose is to enforce mean-value constraints.
Thermodynamic variables such as volume are fixed by the phase space,
while others such as the internal energy are fixed by the constraints. As
usual, boundary conditions which do not control thermodynamic variables
contribute finite-IV effects, and can be chosen at will. For example, for
a quantum system, periodic boundary conditions will condition the wave
functions, and will contribute finite-NV effects to all matrix elements. In the
customary formulation of phase space averaging, it is assumed that one is
working in the limit N — oo, so that finite-NV effects vanish. In principle,
finite-N effects can be accounted for if necessary.

The normalized weight function is the distribution of probability den-
sity over the phase space of the system, or simply the distribution. The
four commonly used distributions are the microcanonical, canonical, grand
canonical, and constant pressure distributions. In the thermodynamic limit,
as will be shown below, all distributions yield identical results for thermody-
namic functions, so ultimately the distribution can be chosen for mathemat-
ical convenience. The microcanonical distribution specifies the physically
realistic conditions that N, V| and the total energy H are constants. But
the constraint of constant H is difficult to work with, and it is much easier
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to use the canonical distribution, in which this constraint is eliminated in
favor of a Lagrange multiplier, which can be chosen to fix the mean energy
(H) at any desired value. The same mathematical convenience justifies
the grand canonical distribution, which removes the constraint of constant
N, and the constant pressure distribution, which removes the constraint of
constant V.

Let us construct the microcanonical distribution for a classical system
of N atoms in a cubical volume V. The atoms have positions rx and
momenta pg for K = 1,---, N, and the phase space is the volume V for
each rg, and all momentum space for each px. Let x represent a phase
space point {rx,px}. The microcanonical distribution must specify that
‘H(zx) has the constant value U. To accomplish this, phase space is divided
into incremental cells located at the points x,,, for n = 1,2, ---. Notice the
actual cell volume is unimportant, as long as it is small (see e.g. Reif, 1965,
pp. 215-216). The finite dimensionless weight function A(H(z) — U) is
defined to have the value A,, throughout cell n, where A, = 1if H(z) =U
anywhere in cell n, and A,, = 0 otherwise. The total volume of cells
containing the constant energy surface is [ A(H(z) — U)dz. The average
of a dynamical variable A(z) is

A(x)A(H(x) — U)dzx

_J
(A = [ A(H(z) — U)dz

This equation confirms (H) = U.

The thermodynamic quantity which has no corresponding dynamical
variable, and which therefore cannot be calculated from the averaging pre-
scription (6.4), is the entropy. But for the entropy we have the Boltzmann
correspondence, that the entropy of a closed system is k In 2, where (2 is the
number of microstates accessible to the system. The phase space volume
accessible to the system is just the denominator of (6.4), so the question
now is, how much of this volume is to be associated with each microstate?
The answer is h3Y, a result which obviously has to come from quantum
mechanics, and will be derived in Sec. 9, e.g. in Eq. (9.21). So the number
of accessible microstates is h ™3V [ A(H(z) — U)dz. However, this counts
all states equivalent by the N! particle permutations in the N-atom system,
and what one wants is the number Z(N,V,U) of distinguishable accessible
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microstates, or

1
This function is the classical microcanonical partition function, and the
Boltzmann entropy is given by

S=klnZ . (6.6)

At this point, all thermodynamic quantities are determined, since they
follow from the state function U(V,S). For example, since dU = TdS —
PdV, the temperature and pressure are given by

oUu oU
T=— P=——— . .
aS)V ’ aV>s 67

Internal Consistency

If the total system energy is F, then in quantum or classical mechanics,
the canonical weight function is e #F the density of energy levels is Q(E),
and the canonical partition function is [ Q(E)e PPdE. As functions of
increasing E, Q(F) is strongly increasing, e #¥ is strongly decreasing, so
the integrand has a sharp peak. The important property is that the width
of this peak is proportional to the mean fluctuation (§E?), and goes to zero
in RO(N~!) as N — oo. This property tells us how to relate different
phase space distributions, as follows.

The discussion applies equally to classical mechanics, where the sys-
tem phase space is the space of atomic positions and momenta, and to
quantum mechanics, where the system phase space is its complete set of
quantum states. The point is, several different distributions are commonly
used, where each has its fully equivalent classical and quantum forms. Each
distribution specifies the phase space probability distribution of a few dy-
namical variables, say one or two, hence various distributions are different
in the variables which they allow to fluctuate. Consider the dynamical vari-
ables A/, V, and ‘H. In the microcanonical distribution A/, V, and ‘H are
constants, while H fluctuates in the canonical distribution, both A" and H
fluctuate in the grand canonical distribution, and V and H fluctuate in the
constant pressure distribution. So in each partition function, the integrand
has widths in various directions in phase space, and each width is propor-
tional to the fluctuation in that particular direction, and since the mean



AVERAGING TECHNIQUES 59

quadratic fluctuations all go to zero in RO(N~1), then all phase space inte-
grands collapse to the same thermodynamic equilibrium surface as N — oc.
Hence all four distributions are the same in the thermodynamic limit. That
mean fluctuations are of RO(N~1) is demonstrated in Secs. 7 and 10.

To compare averages from different distributions, one first has to specify
a common equilibrium state, say at given V and U. Then, in the thermo-
dynamic limit, every distribution will give the same value of the entropy,
and of every other thermodynamic function as well. At finite IV, the en-
tropy and the dependent thermodynamic functions will differ in RO(N~1)
among different distributions. An equation for the differences in averages
of a given dynamical variable is given in (10.50).

There is a point to make regarding consistency between thermodynamics
and statistical mechanics. In the microcanonical distribution, for example,
the quantities V', U, and S can be obtained as independent data, according
to Egs. (6.4) — (6.6). These data completely specify the equilibrium sur-
face, so that all other thermodynamic quantities are dependent data. There
are two ways to calculate dependent quantities: they can be calculated by
thermodynamic relations, from the function U(V,S), or they can be cal-
culated by averaging dynamical variables. But these two ways must give
the same results in the thermodynamic limit, and this condition determines
the dynamical variable corresponding to a given thermodynamic function.
From Eq. (6.3), for example, the dynamical variable corresponding to kT is
%IC /N in classical statistics. Additional examples will be derived through-
out this chapter. Because of the equivalence of different distributions, the
dynamical variable for a given thermodynamic function is the same in all
distributions. The conclusion is that, with properly constructed dynamical
variables, thermodynamics and statistical mechanics are consistent in all
distributions, to RO(N~1).

In the time averaging technique, V', U, and T can be obtained as inde-
pendent data, so that all remaining thermodynamic quantities are depen-
dent. But to find temperature, we have to use the classical phase space
relation between (IC/N) and T', Eq. (6.3). To justify this procedure, we
make the kinetic-energy quasiergodic hypothesis: At given V and U, the
phase space average of K/N and the time average of K/N are the same
in the thermodynamic limit. Then T is the same function of V and U in
both averaging techniques, hence the complete set of thermodynamic func-
tions is likewise the same, except for the constant of entropy, which is still
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undetermined in time averaging. The conclusion is that, under the stated
hypothesis, time averaging and phase space averaging are consistent, again
to RO(N—1).

7 QUANTUM STATISTICAL MECHANICS

Canonical Distribution

The quantum mechanical system is described by its Hamiltonian and bound-
ary conditions. To be definite, we are considering the condensed matter
Hamiltonian derived in Chap. 1, for a system of N atoms, reduced to N
nuclei and zN electrons, in a cubical box of volume V', with periodic bound-
ary conditions. The Schrédinger equation has presumably been solved for
the complete set of states n =1,2,---, by

Hwn = nwn 5 <'(/)n’|wn> = 6’rm’ . (71)

The solution is supposed to be highly accurate, exact in principle. The
system phase space is the complete set of states, and for phase space aver-
aging, each state is assigned a weight factor f,,. The f,, are supposed to be
normalized,

d fa=1, (7.2)

so that they constitute a probability distribution over the set of states. The
average of a dynamical variable A is therefore given by

It is understood in quantum mechanics that dynamical variables are oper-
ators.

Turning to the entropy, the basic ideas are found in the work of Boltz-
mann, and of Gibbs (for a historical review see Bailyn, 1994, Chaps. 10
and 11). Boltzmann thought of entropy as a measure of the distribution
fn of a closed classical system over its microstates, and he included all
distributions, both equilibrium and nonequilibrium distributions. An ap-
proach to equilibrium means the distribution becomes more uniform, until
at equilibrium the distribution is perfectly uniform, all microstates have
the same probability f,, = f, and the equilibrium entropy is S = —klIn f.
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Gibbs generalized this equilibrium entropy to S = —k3, f, In f,, for all
three canonical ensembles. Let us now consider a quantum system, let the
normalized distribution over its quantum states be f,,, where the hat signi-
fies the distribution is completely general, equilibrium or nonequilibrium,
and define the corresponding entropy S as

S=-k) fulnf, . (7.4)

Then following the logic of Boltzmann, under all variations of the distri-
bution fn, subject to its normalization and any other constraints, S is
maximum at equilibrium, and is the equilibrium entropy S. So by properly
choosing the phase space distribution, we have more than a prescription
for evaluating the averages in Eq. (7.3), we have the great advantage of a
formula for the entropy.

The canonical constraints on the distribution are that the average en-
ergy is the thermodynamic internal energy U, and that the distribution is
normalized, i.e.,

S Eifou=U, > fu=1. (7.5)

To maximize S, its variation 65 is set zero, and subject to the above con-
straints, the result is

—k> 0fa(lnfo+1+A+BE,) =0 , (7.6)

where A and [ are Lagrange multipliers. Since each § fn is now arbitrary, its
coefficient in (7.6) must vanish, and this yields the normalized equilibrium
distribution f;,,

¢~ BEn

fn= . Z=) e PP (7.7)

Z

where Z is the canonical partition function. The remaining Lagrange pa-
rameter 3 is determined by the value of U, from

U=> Eunfn . (7.8)
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and the equilibrium entropy is

S=—kY falnfn . (7.9)

The thermodynamics of the system is now completely specified, through
the known function U(V,S). The volume dependence is contained in f,,
through E,, = E,(V), and through the density of states contained in the
Y, in Z.

There is a simple relation between the distribution parameter 8 and the
temperature T', namely

1

P =G

(7.10)

This will be derived shortly, as soon as we get into thermodynamics, but
meanwhile it is needed to examine the T' — 0 limit of the entropy. This
limit corresponds to 8 — oo, where all f,, — 0 except for the ground-
state probability f,;. Now the groundstate must be nondegenerate, hence
it follows f, — 1 from Eq. (7.7), and the entropy goes to zero:

S— —kfylnfy—0 ,asT —0 . (7.11)

As a final note, system states related by continuous symmetries, such
as uniform translations or rotations of the whole system, are considered
indistinguishable, hence are counted only once in statistical mechanics.

Thermodynamics

The internal energy U(V,S) is a thermodynamic state function, since all
thermodynamic quantities can be derived from it. The combined first and
second laws of thermodynamics is dU = TdS — PdV. From this, the de-
pendent variables T" and P are given by

oU oU
T = ——_ P=—-—— . 12
), 7). (712

The first equation now fixes the relation between T and the distribution
parameter 5. From Eq. (7.8) we have dUy = X, E,df,, since E,, = E,(V),
from Eq. (7.9) we have dSy = kX, E,df,, where the normalization condi-
tion X, df,, = 0 has been used. Comparing these results with dUy = T'dSy,
from Eq. (7.12), one immediately finds 5 = 1/kT, as written in Eq. (7.10).
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In practice it is often more convenient to work from a different thermo-
dynamic state function, the Helmholtz free energy F(V,T). The two state
functions are related by

F=U-TS . (7.13)

Entropy and pressure are given by the two independent first derivatives of
F

)

oF oF
pP=__" . .14
5 8T>‘, ’ 8V)T (7.14)

Since U and S are given as phase space sums by Egs. (7.8) and (7.9), then
F' can be constructed as a phase space sum from Eq. (7.13), with the help
of (7.14) for S, and the result is

F=—-kTlhZ . (7.15)

This equation is the most universally used connection between statistical
mechanics and thermodynamics.

Several important thermodynamic functions, useful in our work, are as
follows.

oS
Cp = T — : specific heat at constant pressure,
or )
a8 .
Cy = T — : specific heat at constant volume,
a1 ),
P
Bs = -V 6— : adiabatic bulk modulus,
v )g
oP .
Br = -V — : isothermal bulk modulus,
ov ),
1
a = v %) . : thermal expansion coefficient,
OP VB
vy =V @)V = aCVT : Griineisen parameter. (7.16)

The following relations among functions are also useful in our work.

Cp Bg
P _ 25 1 fary . 7.17
Cv = Br +aly (7.17)
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Finally, thermodynamic stability requires

Cp>Cy >0 s
Bs>Br>0 . (718)

The above relations are discussed in more detail in Sec. 1 of Thermodynam-
ics of Crystals (see also problem 7.1).

As mentioned in Sec. 6, once the complete equilibrium surface is de-
termined, through the function U(V,S) say, or through F(V,T), then all
remaining thermodynamic functions and their corresponding phase space
operators are dependent variables. Let us take pressure as an example, and
see how its phase space operator is determined. P is determined from Z,
through F, by Eqgs. (7.14) and (7.15), and since Z = Tre %M we have

_ Y (M e\ [
P = ZTT(dVe ) <dV> . (7.19)

Hence the operator whose mean value is P is —dH/dV. A similar but
more extensive analysis, giving the complete stress tensor, is carried out in
classical statistics in Sec. 10.

Fluctuations

The dynamical variable (operator) representing a fluctuation is 6.4 = A —
(A}, and the mean quadratic fluctuation of A and B is

(5A0B) = (AB) — (A) (B) . (7.20)

Common terminology is quite imprecise, since the term fluctuation can
mean a variable 0.4, or a quadratic variable § A088, or its mean value as
written above. Normally the meaning is clear from the context. The result
to be shown here is that (§ASB) is of RO(N™!), meaning it is of order
N—1(A)(B). This is the result which ultimately leads to the conclusion that
operator mean values, obtained by averaging with different distributions,
differ only in RO(N~1), as described in Sec. 6.

Let us denote by N the number operator in a quantum many-particle
system. In the microcanonical distribution, denoted MC|, the energy is
fixed at H = U, and the particle number is fixed at A/ = N. This means
that all fluctuations involving H or N vanish in the microcanonical distri-
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bution:
<5N2>Mc = (ONOH) 0 = <5H2>Mc =0 . (7.21)

Notice N and H commute, so the ordering in N §H makes no difference.
For operators A and B which do not commute, the symmetric average
5(6A6B + 6B8.A) is usually taken to define the quadratic fluctuation.

In the canonical distribution, denoted C', H fluctuates about its mean
value (H) = U, and N is fixed at N. Hence any fluctuation involving A/
vanishes in the canonical distribution:

(6N?) = (ONEH) =0 . (7.22)

The fluctuation of H is ¢H = H — (H), and from the canonical partition
function Zc = Tre P one finds (0H?)c = 0%InZc/0B%. Then since
In Zo = —fF, the fluctuation may be written (see problem 7.2)

(0H?), = kT*Cy . (7.23)

Now the total Hamiltonian is of order N, hence both (H) and Cy are of
order N, so the last equation tells us (§H?)¢ is of order N~1(H)?2, or is of
RO(N—1).

In the grand canonical distribution, denoted GC', H fluctuates about
(H) = U, and N fluctuates about (N) = N. Each mean-value constraint
requires one Lagrange multiplier, and the grand canonical partition function
becomes

Zao = Tre PHefrN (7.24)

Again § is 1/kT, and p is the chemical potential, the same in a one-
component system as the Gibbs free energy per particle. The thermo-
dynamic significance of the grand canonical partition function is shown by

PV = kT Zao . (7.25)

Useful thermodynamic relations are (see problem 7.3)

oP

v - 7.26
3U)Nv v, (7.26)
ON )y N



66 Statistical Mechanics

Notice the first equation is the same as the canonical expression for « in
Eq. (7.16). Finally, the fluctuations are calculated in a manner similar to
the derivation of Eq. (7.23) for (§¥H?)c, and the results are (see problem
7.3)

N2kT
(ON?)ae = VB, (7.28)
(ON6H) e = M(U + PV —aTVBr) , (7.29)
VBr
(0H*)go = KT?Cy + Vk g (U+ PV —aTVBr)? . (7.30)
T

In these three equations, all terms on the right are of order IV, so that once
again each quadratic fluctuation is of RO(N~1).

In all the above fluctuation formulas, when results are compared for
microcanonical, canonical, and grand canonical distributions, and ignoring
the cases where zero is compared with zero, it is seen that a given mean
fluctuation differs in RO(1) in different distributions. Therefore, when a
mean fluctuation is written, it is necessary to specify the distribution in
which it is evaluated.

Trace Formulation and Particle Fxchange Symmetry

The canonical partition function is expressed in Eq. (7.7) in terms of the
energy levels E,, and since E,, are the eigenvalues of H, according to the
Schrodinger equation (7.1), then the partition function can be written in
terms of H,

Z = (nle M) = Tre 71 (7.31)

n

By operating with H, the sum yields Eq. (7.7) for Z. But the sum is over a
complete orthonormal set, hence the sum constitutes a trace, as indicated.
In a similar way, the average of A expressed in Eq. (7.3) can be written

(A) = %TrAe*fm : (7.32)

The useful relation TrAe " = Tre=PM A is easily verified.
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An important property of a quantum many-particle system is that the
wavefunctions must satisfy particle exchange symmetries. Specifically, ev-
ery wavefunction must be symmetric under the exchange of two identical
bosons, and antisymmetric under the exchange of two identical fermions.
These symmetries are supposedly built into the wavefunctions ,,. This
means the same symmetry restrictions apply to any basis in which the
trace may be evaluated. For suppose a linear transformation is made from
the set 1, to another complete orthonormal set ¢, and the traces are then
expressed in the forms

Z = za}qbale‘ﬁ”m) , A= %;<¢aAe—ﬁH|¢a> . (7.33)

Since the ¢, form a basis for the v, then each ¢, must have the same
particle exchange symmetries that are contained in the ,,. The general
statement is that the traces in statistical mechanics have to be evaluated
in a complete orthonormal set of appropriately symmetrized functions.

In condensed matter systems, exchange symmetries apply separately to
the nuclei, and to the electrons, never to “atoms”. Generally speaking, the
importance of exchange decreases as the particle mass increases, as the in-
terparticle separation increases, and as the temperature increases. In most
solids and liquids the nuclei never approach one another very closely; this
characteristic is apparent in the several graphs of pair correlation functions
shown in Chap. 5. Because of this large internuclear separation, nuclear
exchange effects are utterly negligible in most condensed matter systems.
An exception is liquid helium, for which the nuclear exchange symmetry
gives rise to superfluid behavior. On the other hand, because of their small
mass, exchange symmetrization is of crucial importance for electrons in
condensed matter systems.

Quantum Particle Statistics

Real quantum particles, such as the electrons in a metal, are conserved
in number. On the other hand, quantum ezxcitations, such as the nuclear
vibrational normal modes in a crystal, the phonons, are not conserved in
number. But excitations are also called particles, and in calculating the
energy levels of a system of quantum particles, conserved or not conserved,
the only difference is the presence of a constraint in the case of conserved
particles, requiring their total number to be fixed. The practical way to
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enforce this constraint is to first extend the distribution to cover all pos-
sible particle numbers, weighted by means of a Lagrange multiplier, then
determine the multiplier so that the mean number of particles is the correct
number or particles. The corresponding distribution is the grand canonical
distribution. The procedure is standard, and we shall provide merely an
outline, sufficient for obtaining the results needed in this monograph. For
further details see e.g. Reif (1965, Chap. 9), or McQuarrie (1985, Chaps. 3
and 4).

Consider a system of noninteracting particles in a box of volume V.
The particles occupy single-particle states labeled A\, A =1,2,---, and each
state has energy E\(V). The number of particles in state A is f) = 0,1 for
fermions, and f\ = 0,1,2,--- for bosons. The total number of particles is
Y fx, the total system energy levels are 3y f\ F, hence the grand partition
function is the product Iy Zy, where

Zy(V, B, Bp) = Y e IErelnin (7.34)
I

Here 3 and ([ are Lagrange multipliers, and the eventual comparison of
statistical mechanics with thermodynamics will tell us

1
= — Nu= .
B=15 . Nu=G, (7.35)
where G is the Gibbs free energy,
G=U-TS+ PV . (7.36)

The identification Ny = G means that p is the chemical potential. The
mean number of particles in state X is fy = (fa),

- olnZz 1
= - 7.37
AT 9 >Vﬁ efEn—m) 1 7 (7.37)

where the upper (lower) sign is for fermions (bosons). The mean number
of particles in total is IV, the mean total energy is U, and these quantities
are obviously given by

N=Y fr, (7.38)

U=> fHEx . (7.39)
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When the theory is to be applied to a system with specified N, or with spec-
ified particle density N/V, Eq. (7.38) has to be solved for the corresponding
value of [Bu.

With the grand canonical distribution, one has PV = kT In1l\Z,, or

PV =%kTY In (1 + e—ﬂ%—ﬂ)) . (7.40)
A

Now Eq. (7.36) can be solved for the entropy, and with G = Ny, and the
above equations for N, U, and PV, the entropy is expressed as follows. For
fermions:

S=—kY [Alnfi+(1—f)n(l—-fr)] (7.41)
A

Here every term is positive, since 0 < fy < 1. For bosons:

S=kY [(A+1)(fi+1)—ilnfa] . (7.42)
A

Here the contribution for every \ is positive, since fy > 0. All thermody-
namic functions can be derived from the preceding results. The Helmholtz
free energy is ' =G — PV, or

F=uNFKTY In (1 + e—B(EA—W) . (7.43)
A

Notice at the beginning, in the partition function (7.34), if we set u = 0,
then Zx(V, ) is the canonical partition function for nonconserved quantum
particles. Hence all the above results apply to nonconserved quantum par-
ticles, by setting p = 0.

Ezxcitation of Reference Structure Electrons

The Hamiltonian for the excited states of reference structure electrons was
derived in Sec. 4, and is written in Eq. (4.15). Here we shall adopt a more
streamlined notation: for a set of Z independent electrons, the excitation
Hamiltonian is H,;,

Ha =) e(CyCr—g\) (7.44)
A
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where

Z = Z cyoy . (7.45)
A

Here )\ labels a one-electron state whose energy is €y, %y is over all such
states, and as usual X is understood to include two degenerate spin states
for each A. C; and C) are respectively fermion creation and annihilation
operators. The eigenvalues of C;\LC)\ are fy = 0,1, so that the system en-
ergy levels are Yyex(fx — gn), and the total number of electrons is ¥ fy.
In any metallic system, solid or liquid, element or alloy, H,; is independent
of the rest of the system Hamiltonian, so that the corresponding statistical
mechanics can be done independently of other statistical mechanics con-
tributions. The free energy for this set of conserved fermions is therefore
given by Eq. (7.43), plus the groundstate correction —Xye)gy contained in
Eq. (7.44).

In practice, the spectrum of one-electron energies €), as determined for
example from a density functional calculation, is expressed through the
density of one-electron energy levels n(e), also called the density of states.
A sum X, transforms to an integral [ de, according to the formula for any
function Gy = G(ey),

S Gy = / n(e)Gle)de . (7.46)
A

Then with the Fermi distribution denoted f(e),

= 1

fle) = Bl 1 (7.47)

the equation for Z, which determines u, is
z- / n()f(e)de . (7.48)

From previous equations, the primary thermodynamic functions can be
written as follows:

Fog=uz— /en(€)g(e)d€ — kT/n(e) In (1 + 675(57“)> de , (7.49)

P = —(0F./0V), | (7.50)
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Ua = /en(e) [f(e) — g(e)] de , (7.51)

Su = —k / n(e) [Flnf+(1— Pln(l - )] de |, (7.52)
where in the last equation f stands for f(e). All these thermodynamic
functions vanish at T' = 0, as they must because they express only thermal
excitations. While we shall apply this formulation only to metals, it is valid
also for nonmetals.

The chemical potential at T' = 0 is denoted pg, and this is also the Fermi
energy er. The nature of electronic excitations is controlled by the one-
electron states in the vicinity of pg, specifically those states within a few kT
of pg. For metals, the Fermi energy lies in a near-continuum of electronic
states, hence there are thermal excitations of electrons at arbitrarily low
temperatures. The Sommerfeld expansion is the low temperature expansion
of electronic excitation properties for metals, and is quite useful since the
leading term is always accurate to tens of Kelvin, and is often accurate to
thousands of Kelvin. If we set the zero of energy so that the lowest € is
zero, then the prototypic expansion is (see e.g. Wilson, 1954, App. Ad4;
also Thermodynamics of Crystals, p. 283-285)

dG(e)
de

e} o 2
f = nle €)ae 7T— 2’[’L 0
| n@ieGde = [ a6+ T ET i) T

Ho
(7.53)
where + - - - represents terms of order (K7)* and higher. The leading low
temperature term in the excitation free energy, Eq. (7.49), is then (see
problem 7.5)

2

1= =5 (KT)n(uo) - (7:54)

The corresponding entropy and internal energy are

Fe

2
Ser = ?k; Tn(uo) (7.55)

Ug = %z(kT)%(uo) : (7.56)
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Because S,; is linear in T, the electronic specific heat Cy; satisfies Cg; = S,;.
Ultimately, as we shall see in Sec. 18, electron-phonon interactions will
modify the coefficients, but not the leading temperature dependences, of
the low-temperature electronic excitation properties.

The Sommerfeld expansion is developed from a Taylor series for n(e)
about ep. However, in density functional calculations, n(e) is commonly
found to have significant variations over small ranges of €, i.e. n(e) has
fluctuations. For this reason we generally use only the leading term of
the Sommerfeld expansion, and when temperature is sufficiently high that
this leading term becomes inaccurate, we then use the complete integral
formulation written in Eqs. (7.49)—(7.52).

Perturbation Expansion of the Free Energy

Here we shall derive a useful perturbation expansion of the free energy
of a many-particle system. The perturbation is defined through a small
parameter, and the Hamiltonian is expanded in powers of that parameter,
as

H=HO + HD) + H(2) N (7.57)

Ordinary perturbation theory is used to find the energy levels to second
order, giving

E,=E9 +EDN +E® | (7.58)

With this, the canonical partition function (7.7) is expanded to second
order, then the Helmholtz free energy (7.15) is expanded to second order,
and the result is (see problem 7.6)

F= PO (B0) 4 [(B2) - JHOEDR] (@)

where

FO = _kTInz©® = —kT ane_ﬁESLU) ; (7.60)
n

W
(BW) = =2t for v =12 ; (7.61)
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(OED)?) = ([BD — (BW)2) . (7.62)

Notice that the mean fluctuation ((§E(1))?), being of RO(N~1), is of order
N, so that every perturbation term on the right of (7.59) is of order N, as it
must be so that F' is of order N. Hence the perturbation expansion of F' is
a cumulant expansion. Notice also that by working with the energy levels
(7.58), one avoids the commutation algebra associated with expansion of
the operator e =A™,

The nuclear motion free energy is the total free energy for insulators,
and remains the dominant contribution for metals. For crystals, the leading
term of this free energy represents independent phonons, and the pertur-
bation expansion in powers of phonon-phonon interactions is discussed in
Sec. 17. Electron-phonon interactions are also treated in perturbation the-
ory, in Sec. 18. In both these problems of many-particle interactions, the
Hamiltonian H(Y) has no diagonal elements, so that (E1)) vanishes, and the
leading free energy contribution arising from the perturbation is of second
order, according to Eq. (7.59). Further, both theories are extremely compli-
cated beyond second order, and both are examples of our general conclusion
regarding such theories: In any practical calculation where terms higher
than second order are important in the free energy, one is well advised not
to proceed to higher-order perturbation theory, but rather to search for a
more accurate zeroth-order description, or else a nonpertubative numerical
calculation.

Problems

7.1 In Eq. (7.16), given the first equality as the definition of ~, derive
the second equality by ordinary thermodynamics manipulations. Derive
the two equalities in Eq. (7.17).

7.2 Follow the outline preceding Eq. (7.23) to derive that expression for
(0H?)c-

7.3 Derive the Eqgs. (7.26) and (7.27). Notice you can derive them with
the grand canonical distribution, or you can derive them from canonical
thermodynamic relations, such as (7.16). Then verify the grand canonical
fluctuation formulas (7.28) — (7.30).

7.4 For a system of independent fermions or bosons, equations one
should derive if one hasn’t previously done so, are (7.37) for fy, and (7.41)
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and (7.42) for the entropy.

7.5 From Eq. (7.49) for F;, use the Sommerfeld expansion (7.53) to
derive the leading low temperature expression (7.54) for Fy; (not a trivial
calculation). From Eq. (7.54), it is trivial to verify the following equations
for Sel and Uel-

7.6 Derive Eq. (7.59) for the perturbation expansion of F. Work out
the corresponding expansions of S and U. Demonstrate the result for U is
consistent with U = (H).

8 THERMOELASTICITY

Thermoelastic State Functions

For completeness of the present monograph, thermoelasticity will be pre-
sented in outline form. A more extensive account of the historical devel-
opment, and of the analysis of laboratory experiments, can be found in D.
C. Wallace (1967, 1970). We consider a continuous homogeneous material
whose equilibrium states depend only on the configuration, denoted by x,
and the temperature T or the entropy S. The material can be a liquid, an
isotropic solid, or a solid with any prescribed crystalline symmetry. When
T is an independent variable, the convenient state function is the Helmholtz
free energy F(x,T), and dependent variables include the stresses and en-
tropy. When S is an independent variable, the convenient state function is
the internal energy U(x,S), and dependent variables include the stresses
and temperature. FEven though it is customary in elasticity to work with
energy and entropy per unit mass, because mass is conserved during elastic
stains, while volume is generally not conserved, we shall nevertheless con-
tinue to write extensive functions for a system of NV atoms in a volume V,
to maintain consistent usage throughout this work. In a partial derivative
with respect to a given strain component, it is understood that all other
strain components are held fixed.

We begin with a system in an initial equilibrium state, having configu-
ration X in the presence of an applied stress. The applied stress is constant
over the system surface, is therefore constant throughout the material, and
surface effects are considered negligible. It is not necessary for the initial
state to be obtained by elastic deformation from a state of zero stress. The
theory can describe, for example, a crystal under pressure, which has un-
dergone a phase transition during the application of the pressure. Now
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from the initial configuration X, the system undergoes a finite strain to
a final configuration x. If the final configuration is obtained by applying
a small additional constant stress to the system, then the strain from X
to x is homogeneous, i.e. constant throughout the material. If the final
configuration corresponds to a wave (or several waves) propagating in the
material, the strain from X to x is nonuniform in space and in the time ¢,
and the equations derived below are local in X and t.

Let us extend the meaning of our notation: The position of a given ma-
terial particle in the initial configuration is X, and in the final configuration
is x. The deformation from X to x is specified by either of two sets of nine
independent deformation parameters. The transformation coeflicients c;
are

o = 0x;/0X; , where z; = z;(X,t) . (8.1)
The displacement gradients u;; are
u;j = Ou; /0X; ,where z; — X; = u;(X,¢t) . (8.2)

The indices i, j represent Cartesian coordinates, and each goes over three
values. The two sets of deformation parameters are related by

Qi = 5ZJ + ug; - (83)

The symmetric finite-strain parameters of Murnaghan (1951), also called
Lagrangian strains, are

1 1
771’1‘ = 5 Zakiakj — 52-]- = 5 (uij + Uji + Zukiukj> . (84)
k k
We treat the 7;; as nine independent variables, but always make sure the
calculations are consistent with 7;; = 7. If two material particles are
separated by the vector AX in the initial configuration, and Ax in the
final configuration, and if 7;; are constant over the region of AX, then

[Ax|* — [AX[]* =2 " AXGAX; (8.5)

]

This is the important property of the Lagrangian strains, that the distances
between all pairs of material particles, and hence the relative positions of
all material particles, are completely specified by the initial configuration
X and the 7;;, for constant 7;;.
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Concerning the configuration, the state functions can depend only on the
relative positions of all the material particles. Specifically, this requirement
applies over distances of the order of the range of interactions within the
material, and if the n;; are essentially constant over such distances, then U
and F' can depend on x only through X and the 7;;:

U(x,5) = U(Xunij7s> , F(x,T)= F(Xunij7T) : (8.6)

This dependence is necessary and sufficient to insure rotational invariance
of U and F', for any initial configuration X. These relations are valid only
when the strain is essentially constant over the range of interactions within
the material. For wave propagation, for example, the wavelength must be
long compared to the range of interactions. If the wavelength is noticeably
shorter, dispersion occurs, and the atomic nature of the material has to be
taken into account, as we shall do later in the theories of lattice dynamics
and liquid dynamics. Because thermoelasticity treats only very long wave-
length strains, it sees no formal difference between an isotropic polycrys-
talline solid, and an isotropic atomically-random solid, though these two
isotropic solids have significantly different atomic vibrational properties.

Stresses and Elastic Constants

Let us first consider the initial equilibrium state at configuration X. For
a continuous material, the mechanical equilibrium condition is that the
net linear force, and the net torque, on each mass element must vanish.
This requires that the Cauchy stress tensor, whose components are 7;;, be
constant throughout the material, and be symmetric. The combined first
and second laws of thermodynamics is dU = TdS — d@W, where dW is
the work done by the material against the applied stress, in changing the
configuration from X to X + dX. This is the strict analog to @aW = PdV
for the usual pressure-volume variables. Evaluation of @ W for stress-strain
variables leads to (see e.g. Thermodynamics of Crystals, p. 16-17)

AU =TdS+ V> 7idn;; . (8.7)
j
Since F'= U — TS, the differential of F is

dF = =SdT + V> 7ydn;; . (8.8)

j
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Expressions for the dependent variables follow directly from these equa-
tions. For the internal energy,

7 =V N OU/Oij)s . T =(0U/0S), , (8.9)
and for the Helmholtz free energy,
75 =V Y OF/Ony)r , S =—(0F/dT), . (8.10)

These equations for stresses, temperature, and entropy are the thermo-
elastic generalization of the usual thermodynamic equations for pressure,
temperature, and entropy, as given for example in Egs. (7.12) and (7.14).
Notice that T" and S are now given by derivatives of U and F, respectively,
at constant configuration, denoted constant 7, and not merely at constant
volume. The difference in sign in the equations for 7;;, and the equations
for P, is due to a sign convention: A positive stress is exerted outward on
a material mass element, while a positive pressure is exerted inward.

Let us now consider the final state as one of equilibrium at the con-
figuration x. In view of the functional dependence of the state functions,
given by Eq. (8.6), and since the strains from X to x are small but not
infinitesimal, the state functions may be expanded as

1
U(X,mj,S) =UX,S)+ VZTijmj + §VZC’£Mmjnkl +-- 0, (811
ij ikl
1
F(X,1i;,T) = F(X,T) + V'Y 7imij + §Vzcgkz7hj77kz +o L (812)
ij ikl

That the first order coefficients are the stresses, evaluated at X, follows
from the dependent-variable equations (8.9) and (8.10). The second order
coefficients are defined as the second order elastic constants, evaluated at
the (arbitrary) configuration X, where the adiabatic and isothermal con-
stants are respectively

Chim = V10U /0ni;0mm)s (8.13)

Ci:;kl = V=Y O*F/onionk)r - (8.14)
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Succeeding terms in the strain expansions, represented by -+ - - - in Egs. (8.11)
and (8.12), are of higher order in the Lagrangian strains, with higher order
elastic constants as coefficients.

In view of their definitions, elastic constants of all orders have complete
Voigt symmetry. Voigt symmetry means invariance under the interchange
of 7 and j corresponding to a strain 7;;, and invariance under the interchange
of ij with £l corresponding to strains 7;; and n;. For the second order
elastic constants, Voigt symmetry is

Cijkt = Cjirt = Cijue = Chuij - (8.15)

It is convenient to use Voigt notation, in which a pair of Cartesian indices
is replaced by a Voigt index «, according to the scheme

ij = 11 22 33 320r23 3lor13 21 or 12
a = 12 3 4 5 6 (8.16)

Voigt symmetry is Cog3 = Cgq, and so on for higher order elastic constants.
Here and in the following, statements expressed without superscripts S or
T are valid for either case.

Stress-Strain Relations

In order to derive an equation for the variation of stress with strain, one has
to evaluate 7;; at two neighboring configurations, and subtract one stress
tensor from the other. The calculation, for a state at arbitrary configu-
ration X, corresponding to an arbitrary applied stress, may be found in
Thermodynamics of Crystals (p. 20 — 21). The result is

(0735/0m)s = By (8.17)

(073 /0ma)r = Bljiy (8.18)
where the stress-strain coefficients Bisj «1» for adiabatic variations, are given

by

1
stjkl =3 (Titdjk + Tj10ik + Tindj1 + TR — 27i50k1) + ngjkl , (8.19)

with a corresponding equation for isothermal variations. The symbol Bj;
is introduced because these coefficients are complete generalizations of the



THERMOELASTICITY 79

coefficients defined by Birch (1947), for the particular case of isothermal
variations for a cubic crystal under isotropic pressure.

The stress-strain coefficients are generalized thermoelastic stiffnesses,
and components of the inverse tensor are generalized thermoelastic compli-
ances (generalized to the condition of applied stress in the initial state). The
physical meaning of these various coefficients is both obvious and important:
The stiffnesses relate variations in the stress, due to imposed variations in
strain, and the compliances relate the inverse process. The stiffnesses de-
termine the bulk modulus, and the compliances determine its inverse, the
compressibility. Notice the applied stress appears explicitly in these coeffi-
cients, as for example in Eq. (8.19) for Bisjkl.

Since the B;ji; are symmetric in their first two indices, and also in their
last two, as may be seen from Egs. (8.17) and (8.18), they can be written in
Voigt notation, as Bfﬂ, or Bgﬂ. In other words, all the independent B;;x;
are contained in the set of B,3. However, Bog # Bg. in general. Only
when the applied stress vanishes do the stress-strain coefficients reduce to
the elastic constants. A mathematical point regarding inverse matrices
appears in problem 8.1.

If the applied stress is isotropic pressure P, so that

Tij = —P57;j 5 (820)
then the stress-strain coefficients simplify to
B = —P (6161 + 0udji — 0ij0m) + Ciipy (8.21)

with a corresponding equation for isothermal variations. Now the right side
has complete Voigt symmetry, for arbitrary P, so that B,3 = Bg,. Please
notice the important property that, when the tress tensor does not satisfy
(8.20), then pressure is not defined. We make this point because in the
literature the average diagonal element f%Zim is often incorrectly called
“the pressure”. For when the stress is isotropic pressure, an increment dP
gives rise to a unique dV (say at constant T'), while with a nonisotropic
stress there is no unique relation between —%Zidm and dV (see problem
8.2).

For a cubic crystal under isotropic pressure, there are only three inde-
pendent second order elastic constants, namely C1y, C12, and Cyy in Voigt
notation, and the B,g are given by

B11:B22 = BBB = Cll_P )
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Big=DBy3 = B3; = -+ = Cia+P ,
Biy = Bss = Bgg = Cyu— P . (822)

The bulk modulus, defined in Eq. (7.16) as the volume derivative of pres-
sure, is given by

oP 1 1
B=- W) = 3 (Bll + 2312) = 3 (011 +2C12 + P) . (8.23)

These cubic-crystal relations can also be applied to an isotropic solid, or to
a liquid, by including the following symmetry conditions:

1
By = 3 (B11 — B12) , for an isotropic solid,

1
By = 5 (B11 — B12) =0 , for a liquid. (8.24)

Wave Propagation

Let us now consider the propagation of small-amplitude long-wavelength
thermoelastic waves. The initial configuration X still represents a homoge-
neous material in the presence of applied stress, but the strain from X to x
is now explicitly dependent on time ¢ and location X. The linear equation
of motion for a stressed material was derived from a mechanical energy
density by Huang (1950) and by Toupin and Bernstein (1961), and from a
thermodynamic potential by Green (1962). The derivation is presented in
Thermodynamics of Crystals (Sec. 3), and the result is

pii = Aijir (0%21,/0X;0X1) (8.25)

jkl

where p is the (constant) density of the initial configuration, and A;jx; are
the propagation coefficients. For adiabatic propagation one uses

A = b + Cipr (8.26)
and for isothermal propagation one uses
Az;‘kz = Tj0i + Cg;kl } (8.27)

The symmetry of the A;j; follows from the symmetries of 7;; and Cjj.
The propagation coefficients do not have sufficient symmetry to be written
in Voigt notation, unless the stress vanishes. The lack of Voigt symmetry
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of the A; ;1 led Huang (1950) to conclude that elastic constants can only be
defined at zero applied stress. This untenable view has been circumvented
by the development of thermoelasticity of stressed materials, where the
elastic constants are defined by Eqgs (8.13) and (8.14).

Solutions of the equation of motion (8.25) are planewaves. Consider the
displacement

x—X=wsink -X —wt) , (8.28)

where k is the wave vector, w is the frequency, and w specifies the direction
and magnitude of the displacement. With k a unit vector in the direction
of k, and with v the wave velocity,

k=K/k|, v=w/k| . (8.29)
the equation of motion is
pv2wi = ZAijkl]%jiflwk . (830)
jkl
This is an eigenvalue-eigenvector equation, which has three solutions, de-
noted by s = 1,2, 3, for each direction of k. We define the real symmetric

3 x 3 propagation matrix L(k) by
Lix = ZAijklifj]%l . (8.31)
jl
The eigenvalues and eigenvectors of L are pv? and w respectively, and the
equation of motion which determines these solutions is

pvfwis = Z Ligwrs . (8.32)
k

The eigenvectors are chosen to be normalized, and since L is real symmetric,
the eigenvectors are orthonormal and complete. The diagonalization of L
is expressed by

Z Wis Lijwjsr = pv2se (8.33)
ij
Notice the applied stress appears explicitly in the wave propagation
coefficients, according to Egs. (8.26) and (8.27). The A;jx; also appear in
expansions of the state functions in powers of the displacement gradients
(see problem 8.3).
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Again there are simplifications when the initial stress is isotropic pres-
sure, when Eq. (8.20) holds. From Eq. (8.31), only the symmetric combina-
tion A;jk + Aix; contributes to the propagation matrix. When the stress is
isotropic pressure, this combination of propagation coefficients equals the
same combination of stress-strain coefficients, so that A;;x; can be replaced
by Biji; in the propagation matrix. Moreover, B;;j; can then be replaced
with elastic constants from (8.21), to find

Ly, = Zcijkll;j];l — Péy, . (8.34)
jl
Hence, through the diagonalization (8.33), the initial applied pressure ap-

pears explicitly in the thermoelastic wave velocities of a material under
pressure.

Thermoelasticity Extension Notes

Stability of a material requires the energies of all its long-wavelength ther-
moelastic waves to be positive, i.e. [ws(k)]2 > 0 for all k and s. This is the
same as the requirement for stability against static homogeneous strains.
That the initial applied stress appears explicitly in the stability condition,
through its appearance in the propagation coefficients, was observed in
Thermodynamics of Crystals (p. 38-41). Recently, Wang and coworkers
(1993) have carried out molecular dynamics calculations for stressed crys-
tals, to compare the stability condition from Thermodynamics of Crystals
with the Born condition involving only elastic constants, and have verified
that the applied stress actually does appear in the stability limits.

The thermoelastic waves which actually propagate in condensed matter
are sound waves, and are very nearly adiabatic. Apparently, isothermal
waves do not exist. The stability condition of positive energy for adiabatic
waves is therefore the condition for stable sound waves in a real material.
The stability condition for isothermal waves has no corresponding interpre-
tation. Nevertheless, the isothermal stability condition does have physical
significance, since as mentioned above, it is also the condition for stability
against isothermal homogeneous strains.

The thermoelastic waves studied here travel without attenuation. This
is a good approximation for most real crystals, and most solids and liquids
in general, since the lifetime of a sound wave is generally very long compared
to its vibrational period. Of course, there are always higher-order elastic
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effects which cause interactions among the waves, and there are dissipative
effects which cause attenuation, so that sound waves are never purely har-
monic, and never perfectly adiabatic. An interesting property of liquids is
that, while both of the static shear coefficients B4 and %(Bn — Bj2) vanish,
as indicated in Eq. (8.24), shear stresses can be established for very short
times, so that shear sound waves will propagate at very high frequencies.

The relation of thermoelastic waves to long wavelength acoustic phonons
will be discussed in Sec. 14. Topics discussed further in Thermodynam-
ics of Crystals (Secs. 2 and 3), and in Wallace (1970), include the crys-
tal symmetry classes, thermodynamic functions in stress-strain variables,
adiabatic-isothermal differences, transcription of finite initial stress effects
to higher order elastic constants at zero stress, and experimental determi-
nation of third- and fourth-order elastic constants. A discussion of ther-
modynamics in stress-strain variables is also given by Barron and White
(1999, Sec. 2.8). In order to construct the theory of dynamic deformation
processes in materials, thermoelasticity is combined with continuum me-
chanics and irreversible thermodynamics, a theory presented for solids and
liquids by D. C. Wallace (1985).

Problems

8.1 The strain-stress relation is (07;;/07mk) = Sijki, where the 9 x 9
matrix [S;;r] is the inverse of [B;jx;]. Show that if one writes S;;z; in Voigt
notation, the resulting 6 x 6 matrix is not the inverse of [Byg]. Define the
matrix [Sag] as the inverse of [Bygl, and find the relations between Syg
and Sijkl-

8.2 Consider a crystal of prescribed symmetry, say cubic, tetragonal,
etc., at zero stress, or in the presence of a nonzero stress consistent with the
crystal symmetry. Show that there exists a continuous range of increments
inP = —%Eﬂn‘ for which the increment in V' is unique, in other words show
that 9P /0V is not defined. Show that 9P/0V is unique when 7;; = —PJ§;;.

8.3 Expand the free energy in displacement gradients, as

1
F(X’uij7T) = F(X,T) =+ VZA”U” =+ §VZAZ;MUMUM + .-
(%) ijkl

Use Eq. (8.4) to transform to 7;;, compare with Eq. (8.12) to find A4;; = 7,5,
and to recover the relation (8.27) between Agkl and Cgkl.
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9 CLASSICAL STATISTICS: DERIVATION

Partition Function for Quantum Nuclear Motion

In this monograph, the term classical statistical mechanics will refer only
to the nuclear motion. The system consists of N similar nuclei in a cubical
box of volume V', the nuclear motion is governed by the adiabatic potential
®({rkx}), and is constrained by periodic boundary conditions at the surface
of the box. We shall denote the Hamiltonian by H, in place of Hy, when
it is clear that only nuclear motion is considered:

h’V2
2M

H=T+® , T=-) (9.1)
K

The nuclei may be either bosons or fermions, and additional degrees of
freedom, such as spin, are not considered explicitly. Our objective in this
section is to construct the partition function in quantum statistical mechan-
ics, and then transform this in the appropriate high-temperature regime to
the classical partition function. Our hope is to clarify the following impor-
tant points.

(a) How classical statistics emerges as a high temperature limit of quan-
tum statistics.

(b) How the normalization of the classical partition function comes
about, and therefore how the entropy is determined in classical statistics.

(¢) What is the contribution of particle exchange symmetry in classical
statistics.

(d) What is the contribution of the interaction between electronic exci-
tation and nuclear motion in classical statistics.

A clear understanding of these matters can only be obtained by following
through the algebra of the derivation. The key steps of the derivation will
therefore be presented.

Let us first develop notation. The set of nuclear positions {rx} is or-
dered from ry to ry. {Prg} is a permutation of the ordered set. There
are IN! permutations, including the identity, and Xp is the sum over all
permutations. P operates on particle positions, so Pf({rx}) = f({Prk}).
The set {q} is all wavevectors allowed by periodic boundary conditions,
including q = 0, and the set {q} is ordered. {qx} is an ordered fi-
nite subset qi, -+, qy. Only distinct subsets are considered, which means
only one set out of the N! permutations of qi,---,qy. In {qx}, each q
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appears ng times, ng = 0,1,---, N, and the ng are constrained by the
condition ¥qnq = N. An unnormalized one-particle planewave is e’@~.
These planewaves satisfy the orthogonality and completeness relations of
Egs. (5.5) and (5.6). An unnormalized N-particle planewave is denoted

op,
p({ax}; ri-ry) = HeiPC’K'rK . (9.2)
K

A normalized symmetrized eigenfunction of the operator 7 is 1,
1
v(ax} ri-rv) =5 zp:(il)quP (fax}; ri---ry) (9.3)

where +1 is for bosons and —1 is for fermions, and D is the normalization
factor. Two such functions are orthogonal unless they have the same set
{ax} of wavevectors, and normalization requires (see problem 9.1)

2=VNNIY ng! (9.4)
q

Notice for fermions, if any two q vectors are the same, i.e. if any ng > 1,
the wave function v vanishes.

Let us write the canonical partition function as a trace in the basis of
the wavefunctions v,

Z = Z/ /w e P dry - dry (9.5)

{ax}

where the sum is over all distinct subsets {qx }. The next step is to insert
the symmetrized planewave expression (9.3) for +, and then to replace the
restricted wavevector sum by a set of independent sums over all wavevec-
tors. The result is (see problem 9.2)

Spp(£1)PHF .
2= = Ne O VN(ND2 Nl Z Z ¢pre " pp dry---dry . (9.6)

The last step is to transform sums to integrals, with the general relation
Sq — (V/87%) [dq from Eq. (5.8), and then change variables from the
wavevector q to momentum p = hq. The partition function becomes

Spp(£1)PHF

Z= (N‘ 2h3N

/ /¢ e Mpp dpy---dpy dri---dry . (9.7)
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Notice A3V in the denominator comes from the change of variables from q
to p. The quantum partition function is now expressed in the appropriate
form to find the classical limit.

Ezxpansion in Quantum Corrections

This expansion follows the work of Kirkwood (1933), by means of a different
algebraic path. The two quantum effects in (9.7) for Z are (a) the noncom-
mutation of 7 and ® in H, and (b) the particle exchange symmetries in the
permutation sums. In the classical limit, all commutators become negligi-
ble, and all permutations except P’ = P give negligible contribution. The
expansion to make is therefore in powers of commutators, and in powers
of pair permutations. The formal expansion parameter is 7, and the result
will also turn out to be a high-temperature expansion.

An expansion of e #" can be achieved from the Baker-Campbell-
Hausdorf formula (see e.g. Sudarshan and Mukunda, 1974, pp. 204 and
220). That formula can be manipulated into the form

et =eele?, c=—L[b,a] — i[2b+a,[b,a]] +--- . (9.8)

The expansion we need is therefore

o~ BH _ o=BT+®) _ ,cp—B®,—BT

9

e =1+ 167,09+ 1T, 0 — 13°20 4+ T,[T,®)] +--- . (9.9)

There are various ways to proceed. Here we shall calculate e #*¢p, by
operating to the right on ¢p. Notice

7
Viop = ﬁpldbp e T gp = e PPKPK/2M g (9.10)

It remains to calculate ee ?®¢pp. To do this, commute e¢ through e~ 7%
and keep terms to order h2¢p, to order h3VK¢p, and to order h4VKVL¢p.
The result is

ee " op =" opg({pr}) (9.11)

where

4m

; 2 292
oip)) = 1- 20 pe Ve - LS ke
K K
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h253 h2
+—— Y (Vi) + — ZpK Vipr - Vi@
K

6m 6m
2B
“ gz 2 Px - V®) (pr Vi) . (9.12)
KL

This equation agrees with Kirkwood’s Eq. (16). At this point the partition
function has the form

Xppr il Par = 2M ,—p® -
W/ /¢ e~ AERPISIM =B g ({pic}) I dpxdrx
K=1
(9.13)
Now the momentum integrals can be done, and this has the effect of
replacing g({px }) by its canonical average (g({px})). Terms linear in pg,
average to zero, terms in pr.pr, average to zero, and the only surviving

7 =

terms contain

(PLaprz) = METSk1, (9.14)

Let us first evaluate the permutations having P’ = P. There are N! such
permutations, and the contribution to Z becomes

1 h2 2
W//{ s [vre - 2 wor] }
’ K

X HdedrK \ (9.15)
K

where H is the classical Hamiltonian function, given by

2

H = 2M K | o({rg}) . (9.16)

In the end, it will turn out that both terms in the Xk in (9.15) have the
same (3 dependence.

Next there is a series in pair permutations, another series in three-
particle permutations, and so on. The leading term at small 3 is from
pair permutations. Let us set P = P’ + Py, where Pk interchanges
rg and rp. The Xp reduces to Y%, where the prime means to omit the
term K = L, and the Xp/ gives a factor N!. Also, the leading term in
the expansion of e #" Eq. (9.9), is just e¢ = 1. To this order the pair
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permutation contribution to Z is

NlhBNZ/ / 7QH¢*PKL¢HdedrK . (9.17)

Notice both Pk and Ppi are counted in the sum. Again the momentum
integrals can be evaluated, and the last expression is transformed to

+1 2 2
W / ce / €7ﬂHZ/€7MTKL/'Bh H dedrK s (918)
’ KL K

where ri = |rx —rp].
Let us collect the leading quantum corrections from (9.15) and (9.18)
into the function f({rx}), and write

Z = W/"'/e_m{ [1+f({rK})]1;[dedrK , (9.19)
where
212
f<{rK}) = _7132?\4- |:V%( ﬁ (VK(b :| 4 Z e —Mri /BR? . (920)
K KL

These results agree with Kirkwood’s Eq. (21), where Kirkwood also keeps
the first commutator correction within the pair permutation contribution.
Kirkwood does not have the N! normalization constant appearing in Eq.
(9.19), presumably because he considered each nucleus to move in a single
local region. In (9.19), the N! cancels the complete set of particle permu-
tations which are present in the N spatial integrals over the box. This N!
is common in liquid theory (see e.g. Hansen and McDonald, 1986). On the
other hand, in classical lattice dynamics, each nucleus can be located per-
manently in the vicinity of its own lattice site, and the N! can be removed
from Eq. (9.19).

Nuclear Motion Free Energy

The classical partition function Z¢ is the leading term of Eq. (9.19),

; / /_ -
l s dpgd (9.21)
e || Pkdarg .
17,3N
N!h
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and the corresponding free energy is
Fél = —kTlnz . (9.22)

These equations constitute the foundation of classical statistical mechanics.
The expression for Z¢ could have been derived much more simply by merely
setting [7, ®] = 0, and by neglecting the particle exchange symmetries in
the wave functions. However, that procedure would not give us the quantum
corrections. In Eq. (9.21), the normalization factor k3N appears when
changing from N integrals over wavevectors, where those integrals express
the trace in quantum mechanics, to IV integrals over classical momenta.
The ultimate source of this A3V factor is the de Broglie relation p = hq.
The normalization of (9.21) correctly determines the entropy in classical
statistics. We used this normalization in advance of deriving it, to construct
the classical microcanonical partition function in Eq. (6.5).
Let us next consider the leading quantum corrections. Notice that

/---/V%e*ﬁq’dm---dr;\/ =0, (9.23)

since the volume integral becomes a surface integral by Green’s theorem,
and the surface integral vanishes because of the periodic boundary con-
dition. This allows us to combine the two terms in gradients of ®, in
Eq. (9.20), to write

h2 52 . 2
f{rx}) = 24M2vﬁ<@ize MricL/Bh® (9.24)

The total partition function (9.19) can be written
7= 291+ (f({rrh)] (9.25)
where (f) is the classical canonical average,

[ [ f{rk})e P Hgdpgdrk

= 9.26
) = e o (9.26)

Then the leading order expansion of the free energy is
F=F'—kT(f({rg})) = F' + F9 | (9.27)

where the second equality defines the leading quantum correction F'¢. While
the magnitude of F° increases with temperature, approximately as T'In T,
the above equations tell us that F'¢ decreases approximately as 7~'. Hence
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Fe° is indeed the high temperature limit of the free energy. The most
valuable property of the expression for F'?, in Eq. (9.27), is that it can tell
us how accurate the classical approximation is. This is useful in connection
with purely classical computer simulations, such as molecular dynamics
calculations.

To further analyze the quantum corrections, let us approximate the
adiabatic potential as a sum of central potentials:

O({rg}) = Z $(|rx —rL]) = Z bKL - (9.28)

The results will also be valid for the form ® = Q(V) + 3% k1, derived
in Sec. 5 for nearly-free-electron metals. Then

o N —Mr2., /BR?
f({rK})=; [—vaqbKLie ML } : (9.29)

The summand is a function only of the distance |[rx — rp|, and for any
function Ok = O(|rx — rr|), the relation holds

oo
Z/ (Okr) = NpA/ 0(r)g(r)dmridr (9.30)
KL 0

where pa = N/V is the particle density, and g(r) is the pair correlation
function. The algebra associated with this transformation is presented in
more detail in Sec. 21. The leading quantum contribution to the high
temperature free energy now takes the form

Fi1= NkTpA/ O(r)g(r)dnridr , (9.31)
0

where

h2V2¢(r) - o~ Mr2kT/h?

o) = ST (9.32)

This very simple formula applies to monatomic systems in any condensed-
matter phase, Le. crystal, amorphous solid, or liquid.

For all condensed matter systems we shall consider, the nuclear motion
in first approximation consists of vibrations within one or more nearly-
harmonic many-particle potential energy valleys. For this motion, a mean
vibrational frequency (w) is defined, and the first term of 6(r) in Eq. (9.32)
becomes proportional to (A{w)/kT)?2. In the vibrational approximation, and
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at the temperature kT = hi(w), F9 is approximately 2% of F'. Roughly, the
characteristic temperature hi{w) is around room temperature for elements
in condensed phases.

Again for the condensed matter systems we shall consider, the closest
distance of approach of two nuclei is around 0.75R;, where Ry is the mean
nearest-neighbor distance. From Eq. (9.32), the exponential argument in
the exchange term of §(r) at r = 0.75Ry, is approximately (R;/A)?, where
A is the thermal de Broglie wavelength, given by

A2 — omh?
T MET

(9.33)

Hence exchange effects are negligible when A? << R?. At the classical
temperatures kT 2 h(w), the exchange correction is utterly negligible for
materials of interest to us. For Li at kT = fi{w), the exchange contribution
to F9 relative to F is approximately one part in e?°°. The fact that
the nuclear wave functions have virtually zero overlap will keep exchange
negligible down to T' = 0. For this we have to thank the Pauli repulsion
among valence electrons, which keeps the nuclei well separated in condensed
matter systems.

Electronic Excitation plus Nuclear Motion

In the present derivation, we need the complete notation of Chap. 1, since
both nuclei and electrons are treated. The total Hamiltonian is written in
Eq. (4.8),

H=Hy+Hex , (9.34)

where H describes the nuclear motion, and Hgyx expresses the electronic
excited states in the one-electron approximation. Calculation of the par-
tition function is complicated by the fact that My, specifically 75, does
not commute with Hgx, because Hgx depends on the nuclear positions.
In calculating the total free energy in quantum statistical mechanics, this
complication will be handled by expanding Hgx about the reference struc-
ture, as in Eq. (4.19), and by treating the difference as a perturbation.
This procedure will be carried out in Sec. 18. When the nuclear motion
approaches classical, however, the noncommutation of 7 becomes a quan-
tum correction, and this provides a different way to expand the electronic
excitation contribution, as follows.
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In evaluating the nuclear motion partition function, from the beginning
of Sec. 9, commutators involving 7y and ® are considered a quantum cor-
rection. A similar procedure can be used to treat the electronic excitations.
Here we shall evaluate only the leading term, obtained by neglecting en-
tirely the commutators between 7y and the electronic sector. In the first
step, we commute 7y and Hgx to write

Z = Tre PN HHEX) = Tre=FHN =FHex (9.35)

The trace can be factored to TrnTrg, where T'rg is over all electronic states
with the nuclei fixed at some positions, and Ty is over the eigenfunctions
of Ty for all nuclear positions, as in Eq. (9.5). We commute the electronic
wavefunctions through the operator 7, and write

—BHex — o=BFex

Trge , (9.36)

where Frx is the free energy for the electronic excitations, and is a function
of the nuclear positions. Then

Z = Trye PHve=Flex (9.37)

The derivation is only consistent with setting [Zn, Frx] = 0, hence the
complete partition function corresponds to a system of nuclei moving in
the “effective potential” ® + Frx. This result was derived by Zwanzig
(1957). Of course, the function ® + Frx is temperature dependent, and
does not correspond to the potential appearing in any Hamiltonian (see
problem 9.3).

The result of the last paragraph is interesting, but Eq. (9.37) is still
much too complicated to evaluate for any physically realistic model. Let
us therefore expand once again about the reference structure, where now it
is only necessary to expand the function Fgx, and not the operator Hgx.
The excitation free energy in the one-electron approximation was written in
Eq. (7.49), for reference structure electrons, and the same formula is valid
here, when the nuclear positions are arbitrary,

Fpx =pZ =Y gaBx— kT In(l4e PP (9.38)
A A

where E) = E\({rk}). The one-electron energies are now written as

Ex({rx}) = EX + 0EA({rx}) , (9.39)
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where as usual the reference structure electron energies are EY = Ex({Rk}).
Then, to leading order in 6 E) the free energy (9.38) is

Fex =Fgx + > (fx—9gx)0Ex . (9.40)
A

With this, the partition function (9.37) is expanded to leading order in d Ey,
and the total free energy F = —kT In Z becomes (see problem 9.4)

F=Fn+Fgx+ Z(fA — g )(0EN) (9.41)
)

where (0E) ({rx})) is the classical canonical average over nuclear positions,
as shown in Eq. (9.26).

Recalling our discussion at the end of Sec. 4, the interaction between
nuclear motion and electronic excitation, as contained in dH gy, has both
adiabatic and nonadiabatic components. Each component makes a contri-
bution to the free energy, and in Sec. 18 we shall derive detailed formulas for
these separate contributions. In Eq. (9.41), on the other hand, 0 E'y belongs
to a specific one-electron state, namely the state A, and since the average
(0E)) is only over the nuclear motion, electronic states are not mixed in
Ya(fr—9gx){(0Ey). We have therefore shown that, when the nuclear motion
is classical, the free energy contribution due to interaction between nuclear
motion and electronic excitation is purely adiabatic. Our current estimate
for elemental metals is that this purely adiabatic contribution is small com-
pared to F'7 v, the free energy arising from excitation of reference structure
electrons, at all (classical) temperatures of the condensed matter regime
defined in Sec. 1. But this is only an estimate, and further study is needed.

Notes on Classical Statistical Mechanics

Classical statistical mechanics is not a theory which stands alone, it is
merely quantum statistical mechanics at sufficiently high temperature that
the motion is classical. In condensed matter physics, there is a well defined
regime in which the nuclear motion is classical, hence classical statistical
mechanics applies, and indeed is very useful. For the elements, this regime
includes most crystals and liquids, at all temperatures above a few tenths of
the melting temperature. More precise specification of the classical regimes
for individual elements will be provided in Chaps. 4 and 5. Notice on the
other hand that electrons are never classical in condensed matter physics.
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A classical regime does exist for electrons, but that is in plasmas, at very
low densities, and/or at very high temperatures.

Recall that h appears as a normalization factor in the classical parti-
tion function (9.21). Any multiplying constant in the partition function,
classical or quantum, appears as an additive constant in the entropy, and
appears in no other thermodynamic function. From Eq. (9.21), the classi-
cal entropy contains the additive term 3Nk1Inh, and this is the only place
in classical thermodynamics where h appears. Of course, h is ubiquitous
in thermodynamic functions at quantum temperatures, but terms in A all
vanish at classical temperatures, except for the entropy constant. So this
measure from quantum mechanics, the entropy constant containing Inh,
remains at all temperatures, and remains important at all temperatures,
even to the interior of stars, because it determines the entropy.

Problems

9.1 Verify the normalization constant in Eq. (9.4).

9.2 Carry out the steps mentioned before Eq. (9.6), to verify that result.

9.3 “Temperature-dependent Hamiltonians” are currently popular. A
genuine Hamiltonian H satisfies two equations, namely Z = Tre= ", and
U= (H). If H="H(B), show these two equations are inconsistent, hence
that H(3) is not a Hamiltonian.

9.4 Starting with Eqs. (9.37) and (9.38), derive (9.40) and (9.41).

10 CLASSICAL STATISTICS: APPLICATIONS

Canonical Distribution

The system consists of N similar nuclei in a cubical box of volume V', with
classical motion governed by the Hamiltonian H. The total kinetic and
potential energies are K and ® respectively, so that

H=K+o= %m)({m}) . (10.1)
K

Cartesian coordinates are indicated by subscripts i, j, k, I, where each
stands for z, y, or z. Coordinates of the total system momentum are M,

M, = ZpKi . (10.2)
K
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The classical canonical partition function is written in Eq. (9.21), and
when the momentum integrals are done, the partition function reduces to

VNQ
NIA3SN
Here A is the thermal de Broglie wavelength, given by Eq. (9.33), and @ is
the configuration integral,

szl—N/---/e_ﬂéll_{[drK . (10.4)

The factor VV was multiplied and divided in Z, merely to make @ dimen-
sionless, so that In @ is defined. The dynamical variable A({px,rx}) has
mean value defined by

(A) = m/'"/A({perK})e_ﬁH]}_([dedrK ) (10.5)

Z = (10.3)

If A is a function only of the nuclear positions rg, then (A) reduces to

(A = V%Q / / A({rK})e"@@l;[drK . (10.6)

Two useful mean values are calculated by doing the momentum integrals
indicated in Eq. (10.5):

(M) =0, (10.7)
(Ky =3NkT . (10.8)

The mean momentum vanishes by symmetry of the phase-space distribu-
tion, but the total momentum still fluctuates, as we shall see. The relation
between mean kinetic energy and temperature is important in classical
statistics. This relation was used in Eq. (6.3), to relate thermodynamics to
time averages over the system motion.

By differentiating the mean value (A) in Eq. (10.5), one finds

_ oA
(0ASH) = 5 (10.9)
Applying this to (H) = U leads again to Eq. (7.23), since
(0H?) o = _ov kKT?*Cy (10.10)



96 Statistical Mechanics

where Cy = (OU/IT)y is the constant-volume specific heat, defined in
Eq. (7.16). Here is a list of important classical canonical fluctuations.

(6KHe = gN(kT)2
(6KsD)e = 0
e = Noo? (G- 3)
(MSH) e =
(CMiM)e = (MiM;)e = NMETS,;; . (10.11)

Here (§K?)¢ is calculated by doing the momentum integrals, (66®)c van-
ishes because K depends only on momenta while ® depends only on posi-
tions, and (§®?)¢ is calculated by differencing from (§H?)c. The momen-
tum fluctuations in the last line exemplify a special case where 6 A = A
because (A) = 0. The quantity (6 M;0M,)¢ is still a fluctuation, and pos-
sesses the properties of one, even though the equal form (M;M,)c might
not look like a fluctuation. Finally notice the above formulas again demon-
strate that average fluctuations are of RO(N~1).

Stresses and Elastic Constants

For this derivation we need to simplify the form of the potential ®({rx}),
so that we can maintain insight into the physical content of the theory. Let
us take the form appropriate for nearly-free-electron metals, Eq. (5.54),
derived from pseudopotential perturbation theory,

®({rx}) = Z S(ricL;V) (10.12)

where rx = |rx — rz|, and let us continue to speak of nuclear motion,
though this potential was in fact derived for rigid ions. It is convenient to
abbreviate the sum over pairs as

%Z/qs(rm; V) =36(3V) . (10.13)
KL
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Expressions for the partition function and configuration integral, Egs. (10.3)
and (10.4), are
e BN

7 — NN (10.14)

0= %/.../ef’&i’];[drf( . (10.15)

The system is supposed to be large enough that surface effects are negligible.
The next step is to evaluate the first two strain derivatives of In Z.

Define a uniform lattice of integration points located at s) throughout
the volume V, with A = 1,2,--- T, where the volume per point is V/T". To
represent the coupled integrals in @), nucleus K is summed over integration
points k, nucleus L is summed over integration points A, and so on to the
last nucleus M which is summed over points p. Then

Q- FLN Y S emey) (10.16)
KA 2

where s stands for s,y = |s; —sa|. Consider two patterns of the integration
lattice, the initial pattern with lattice-vector components 5,;, and the final
pattern with lattice-vector components s,;. The two patterns are connected
by a homogeneous deformation, represented by the transformation matrix
a?

Ski — Zaiﬁﬁj s (1017)
J

and distances in the final pattern are related to the initial pattern by

Sexn = Z (20i5 + 6i5) Suxidrnj (10.18)
]
where 7;; are the Lagrangian strains. For definitions and properties of ho-
mogeneous strain parameters, see Sec. 8 on thermoelasticity. Strain deriva-
tives of any function of s and V' can be calculated with the aid of Eq. (10.18).
For example,

OP(s; V) _ 0¢ sis;
oni; s |s|

99
av

Vb . (10.19)
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In view of Eq. (10.16) for @, strain derivatives of In Q) can be put into the
form of statistical averages, according to

onQ 3 <8Z¢(5;V)>
omij i

(10.20)

The next strain derivative 6% InQ/ O0n;jOng is straightforward.
The stresses 7;; and the isothermal elastic constants Ci:gkl are defined
in Egs. (8.10) and (8.14), as strain derivatives of F' = —kT'In Z,

Vrij = —kT (aan> ; (10.21)
Mij ) 7
?lnZ
vCckh,, = —kT (—) . 10.22
M O ) (10.22)

The following abbreviated notations will be used.

¢ = ¢(r;V) ¢" =V(9¢/0V)

¢" = r(0¢/or) ¢ =V*(0Pp/0V?)

" = r*0%¢/or?) QF =V (dQ/dV)

o = rV(0P¢/oVor) Q= V(d*Q/dV?) (10.23)

Cartesian components of the unit vector between two nuclei are #; = r;/r,
and the following tensors are defined:

bij = ¢ 0y + Ty
Gijit = (@™ + &%) 0i0k — @ (8ixdj1 + ddjk)
+ q/)/* (&jf'k:f'l + 5klfifj) + (glﬁ” — (25/) fifjfkfl . (10.24)

Then with all derivatives evaluated at 7;; = 0, the stresses and elastic
constants are given by (see problem 10.1)

V1ij = (Q° = NET) 045 + (X¢i5) (10.25)
VO = (% + Q%) 610k + (NET — Q) (601 + 665k
+8{(X¢ij) (Edm) — (Edi; o)} + (SBdijr).  (10.26)

The terms in NkT arise from the nuclear kinetic energy. Both stresses and
elastic constants contain averages of sums linear in ¢(r; V'), and in addi-
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tion, the elastic constants contain fluctuations in the canonical distribution,
namely those terms in the curly brackets.

Two separate procedures are available for calculating elastic constants:
(a) calculate the stress tensor as a function of strain, from Eq. (10.25),
and numerically differentiate to obtain the stress-strain coefficients BiTjkl,
defined in Eq. (8.18), or (b) evaluate (10.26) for C’gkl directly. If a distri-
bution other than canonical is used to evaluate (10.26), then the calculated
fluctuations have to be corrected from that distribution to the canonical.
Such fluctuation corrections will be studied in the remainder of this section.

Equations similar to (10.25) and (10.26) were derived by Squire, Holt,
and Hoover (1969). Their derivation is restricted to a crystal having & =
%E’KLgé(rKL), and in order to calculate strain derivatives of (), they as-
sume the nuclear trajectories scale uniformly with strain. As seen from
our derivation, this assumption is unnecessary. The present derivation was
given by Wallace, Schifer]l, and Straub (1984), where in a fit of excessive
caution, it was said that the expansion of @ in powers of 7;; would not be
reliable for a crystal having strain-induced sublattice displacements. How-
ever, the expansion is correct in principle, and should be valid for any
monatomic system, crystal, amorphous solid, or liquid. A still different
derivation was given by Greeff and Moriarty (1999). Equation (10.26) was
evaluated by molecular dynamics to calculate elastic constants vs tempera-
ture from pseudopotential models for bee Na (Schiferl and Wallace, 1985),
and for hep Mg (Greeff and Moriarty, 1999).

Stress Fluctuations

In Egs. (7.21) — (7.30), mean quadratic fluctuations of the operators A
and H are calculated in quantum statistics for the three canonical distribu-
tions. These fluctuations are easy to calculate, because they are explicitly
specified by the phase space distributions. In the canonical distribution,
for example, N is fixed at the value N, and therefore does not fluctuate,
while H has the specified distribution proportional to e=#*. On the other
hand, reverting now to classical notation, the fluctuation of an arbitrary
variable A({px,rx}) is difficult to calculate, since this requires evaluation
of the phase space integral of [J.A({px,rk})]?>. Here we shall carry out this
evaluation for classical stress fluctuations, following the theory presented
by Wallace (2000).

Our procedure is a continuation of the analysis leading to Egs. (10.25)
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and (10.26). Two limitations will be imposed to simplify the presentation,
without losing any essential features of the theory. First, the applied stress
is isotropic pressure, which means the shear stresses 7;; for ¢ # j vanish,
and

Tij = —Pdi; . (10.27)

Then Eq. (10.25) tells us
1
PV = —Q" + NkT — <2 <¢>* + §¢’)> . (10.28)

Second, the system will have cubic or isotropic symmetry, so the Cartesian
directions x, y, and z are equivalent. This means the system will be a cubic
crystal, an amorphous solid, or a liquid. Notice an amorphous solid is atom-
tcally random, and occupies a random potential energy valley, as described
in Sec. 23 on liquid theory. When it comes to fluctuations, a polycrys-
talline solid is not equivalent to an amorphous solid, and the polycrystal is
specifically omitted here.

The stress energy tensor is defined as —V'7;;. The corresponding dy-
namical variable is o;;,

1

/
ij = =6+ MY vicivic — 52 (¢kdij + Sk rikLitkr;) 5 (10.29)
K KL

where v = px /M. This is derived in Eq. (10.25), except for the kinetic
term, whose average appears in Eq. (10.25). The usual derivation of the
kinetic term is through the microscopic equation for conservation of linear
momentum (e.g., Irving and Kirkwood, 1950). By taking the average and
comparing with Eq. (10.28), it follows

<O'ij> = PV(SU . (1030)

With our standard abbreviated notation, the shear components of o;; are
expressed as 04y = M3v,v, — L¢yy. From Eq. (10.30), (04,) = 0. To
calculate the fluctuation ((0,,)?), we use the canonical averages (only the
first equation is restricted to cubic or isotropic symmetry):

<(2Mvzvy)2>c — N(kT)? , (10.31)

(BEMvgvy) (Xday))e =0 (10.32)
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and we solve for ((X¢yy)?)c from Eq. (10.26) for the elastic constant
CZy:vy = C},. The result is

Bllowy))e = NKT VB, + = (5(¢" +49') (10.33)

where the stress-strain coefficient B}, is CJ; — P, from Eq. (8.22). The
average on the right side can be transformed to an integral, weighted with
the pair correlation function g(r), according to the general relation (9.30),
leading to

Bl(oas)?he = NKT = VBL + - Npa [ 167(0) +46/0)] g%
’ (10.34)
For an isotropic solid, Bf, = (B} — Bi,), and B{, = 0 for a liquid. Also
we shall find shortly, in Eq. (10.62), that this particular fluctuation is the
same in every distribution.
The dynamical variable representing the isotropic stress energy is

1
3 ZO’ii =Q=PV , (10.35)

where the first equality defines @, and the second defines the microscopic
pressure variable P. From Eq. (10.30), (Q) = PV, hence (P) = P. From
Eq. (10.29) for oy, it follows

2
Q=-Q"+ glC -W (10.36)
where K is the total kinetic energy,
1
K= EMZ’UQ , (10.37)

and W is the generalized virial,
1
W=2 Z Sy (10.38)

Note that Q* in (10.36) does not contribute to fluctuations in Q, since
02" = 0. The fluctuating variables are

0Q = Q-PV= %5IC75W ,

6K = K-—3NkT

W = W—(S(¢" +3¢")) . (10.39)
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Now (6K?)c = 2N (kT)?, from Eq. (10.11), and (K6W)c = 0 because K
is a function of velocities while W is a function of positions, so that

(6Q%)¢ = %NW)Q W0 (10.40)

Equations (10.25) and (10.26) can be written for the combination of elastic
constants

1
VBr =2V (B, +2B,) = -V (Cf, + 201, + P) (10.41)

1
3
and this equation can be solved for (§WW?)c to obtain

B = QF —VBr+ gNkT

+2§N pA / Oo[9¢**(r) +60™(r) + ¢ (r) — 2¢' (r)]g(r)r®dr .
0
(10.42)

Thus we have found the expression for isotropic stress energy fluctuations in
the canonical distribution. It is equivalent to pressure fluctuations, through
the identity V2(0P?)c = (6Q%)¢

An extensive account of linear response in a quantum fluid, specifically
of the relation between response to an external perturbation and time de-
pendent correlations in the equilibrium fluid, was presented by Puff and
Gillis (1968). They derived formulas for fluctuations among hydrodynamic
variables in the grand canonical distribution, and when all the theoretical
differences are accounted for, their results are in agreement with our classi-
cal equations for ((04,)%)c and (§9%)c. The present theory also resolves a
number of inconsistencies in pressure fluctuation formulas, which have per-
sisted many years in the literature (for details see Wallace, 2000). Finally
we note that the thermodynamic fluctuations of Landau and Lifshitz (1938,
Sec. 40; 1980, Sec. 112) are not derived from a phase space distribution,
and hence they differ essentially from statistical mechanical fluctuations, a
difference not recognized in theoretical research for over 60 years (again see
Wallace, 2000).

Relation Between Different Distributions

This derivation is within classical mechanics, and is based on the work of
Lebowitz, Percus, and Verlet (1967). The theory can be extended to quan-
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tum mechanics, by accounting for the noncommutation of operators repre-
senting dynamical variables. Let x represent a phase space point {px,rx},
and let V' = {V,} be a set of extensive variables, for « = 1,2,---. The un-
normalized probability density, or statistical weight, at a given = and V
is W(z|V'). In the canonical distribution, for example, the given {V,} are
the number of atoms and the system volume, and W (z|V) is e #"(*) The
partition function W (V') is defined by

_ / W(a|V)dz (10.43)

and the mean value of the dynamical variable A(z) is defined by

[ A@)W (z[V)dx

(AlV) = W)

(10.44)
Now perform a Legendre transformation to a set of intensive variables X =
{X.}, where X, and V,, are conjugate, and let X -V = ¥,X,V,. The
statistical weight W (z|X) and partition function W(X) are defined by

W(x|X):/W(m|V)e*X'VdV , (10.45)

_ / W(z|X)dz . (10.46)

The mean value of A(z) is first defined, then transformed, as follows,

J A(x)W (2| X)dx f<A|V>W(V)e_X'VdV
W(X) W(X) 7

(A|X) = (10.47)
where the transformation is derived with Eqgs. (10.45) and (10.44).

The next step is to make a fluctuation expansion of the mean value
of a dynamical variable. In the distribution W (z|V'), the mean value of
the set of extensive variables is (V|X), and is abbreviated V = {V,}, and
the corresponding fluctuations are 6V = {6V, }. Notice (§V|X) = 0. The
fluctuation expansion of (A|V) is

<A|V> P*(AV)

(AIV) = (A|V) +Z§V i

+z Z&V 5V 4+ . (10.48)
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With Eq. (10.47), this is transformed to

o
(AIX) = (A7) + 5 S (6VeaV1) G
af @

(10.49)

The fluctuation term on the right side is small, and the remaining terms
are smaller still (see problem 10.3), and will be neglected. The expansion
can be inverted, and (A|V) can be replaced by (A|X) in the fluctuation
term, to write

_ 1 0?(A|X)
= X)— = Xy—=" . 10.
(V) = (A1) = 5 S0 ) G (10.50)
A further transformation is possible to (see problem 10.5)
_ 1 X
(AV) = (AX) + 0_9AX) (1051)

0X, 0OV,

The last two equations relate the means of A(x) in two different distri-
butions, namely one where the extensive variables are fixed at the values
V, the left side, and one where the extensive variables fluctuate about the
same mean values, the right side. It is apparent from these equations that
the two means of A(x) differ in RO(N~1), i.e. that (A|V) — (A|X) is of
order N71{A|X).

It is now possible to find the relation between mean quadratic fluctu-
ations in different distributions. The mean of § 468, with V fixed at V,
is

(SASB|V) = (AB|V) — (AV)(B|V) . (10.52)

This is to be evaluated with Eq. (10.50), where in the leading fluctuation
term, (AB|X) can be replaced by its zero-fluctuation value (A|X)(B|X).
The result to leading order is

o A(A|X) d(B|X)
<5A56|V)_<6A56|X>—§<5Va5vﬂ|x> o oV,

(10.53)

where the omitted higher-order terms are of RO(N~'/2) (see problem 10.4).
Again a further transformation is possible to (see problem 10.5)

A|X> O(B|X)

(6ASB|V) = (5 A6B|X) +Z o (10.54)
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The last two equations relate the mean of §.A0B in two different distribu-
tions, one at V = V on the left, and one at fluctuating V' on the right,
and these equations demonstrate that (SASB|V) — (§ASB|X) is of RO(1).
Another general result of these equations is that if either (A4]|X) or (B|X) is
constant, then the derivatives on the right side vanish, and the fluctuations
(8ASB|V) and (8.AB|X) are equal.

Three Canonical Distributions

The three distributions are defined in Sec. 7. Equation (10.50) gives the
relation of canonical averages, and of grand canonical averages, to micro-
canonical averages, as follows.

We = (e — 2oy LA (10.55)
(ue = {Aec - %<5N2>G0822A% - %<5H2>Gc—a2é?2gc
_<‘W5H>GC% : (10.56)

Notice the theory does not provide a direct relation between (A)c and
(A, and to find this relation, one has to eliminate (A)y;c between the
above two equations.

Mean quadratic fluctuations in the three canonical distributions can be
related by applying Eq. (10.53), with the following results.

(5AB) pc = (ASB) ¢ — <5H2>Ca<6“‘(‘]>0 ag@c , (10.57)
(BAB) e = (8ASB)Ge — <5N2>Goa<“84%‘9<§%
(BN TH)Go a<-(/94]>VGC 6<§[>]GC n 3<:;%Gc 5’(5;\?:0
—(0H*) ce 8<§2.GC 8(?500 (10.58)

Every term in these two equations is of the same order, namely of order

N=1{AV(B).
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Evaluation of the various terms in the above relations among different
distributions is accomplished with the aid of standard thermodynamic and
fluctuation formulas, such as Egs. (7.21) — (7.30) in quantum statistics, and
Egs. (10.7) — (10.11) in classical statistics. Classical canonical fluctuations
in kinetic and potential energy are listed in Eq. (10.11), and transforming
these to microcanonical fluctuations, by means of Eq. (10.57), gives

(0K*) mo = (0K*) o — % = gN(kT)Q <1 - %) ., (10.59)
(60%) pro = gN(kT)2 (1 - %) 7 (10.60)
(SK6®) pre = —;N(kT)Z’ (1 - %) (10.61)

For a physically realistic condensed matter system, the potential energy & is
nonzero, hence Cy > %N k, and the squared fluctuations above are positive.
Notice that (6K0P) ¢ acquires a nonzero value, even though (SICIP) ¢ in
Eq. (10.11) is zero (see problem 10.6). Finally, since H = K 4+ ®, and
since 6H = 0 in the microcanonical distribution, then 6® = —dK in the
microcanonical distribution, so we must have (6K?)yc = (69%) ¢, and
(§H?)prc = 0. These fluctuation properties are indeed satisfied by the
above three equations.

Classical canonical stress energy fluctuations are evaluated in Eqgs. (10.34)
and (10.42). For the shear components, since (o) = 0, it follows from
Eq. (10.53), or from (10.54), and the remarks following Eq. (10.54), that
((04y)?) is the same in every distribution:

((029)*) 10 = {(02y))c = ((0uy)*)cO - (10.62)

For the isotropic stress energy fluctuations, Eqgs. (10.57) and (10.58) are
worked out to find

(6Q%) mo = (0Q%) ¢ — kT*¥*Cy (10.63)

(69*ve = (09%) o — KTV Br — kT?*¥*Cy (10.64)
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where 7 is the Griineisen parameter, defined in Eq. (7.16). So stress energy
fluctuations, or equally stress fluctuations, can be calculated in the canon-
ical distribution by Eqgs. (10.34) and (10.42), and can be transformed to
microcanonical and grand canonical distributions by Egs. (10.62) — (10.64).

Problems

10.1 Derive Eqgs. (10.25) and (10.26) for the stresses and elastic con-
stants. Useful intermediate results are (these need to be extended to second
derivatives):

811’1V> _ 5kl_277kl+'” ,
Okl
o0
= Q*(S’L )
3%‘) !
81nQ>
= —[B{X¢d;i) .
o B(S i)

10.2 Carry out the algebraic steps which are omitted in the text, to
derive the fluctuation formulas (10.34) and (10.42).

10.3 Show that the leading omitted term in Eq. (10.49) is of RO(N—3/2),
i.e. is of order N~=3/2(A).

10.4 Show that the leading omitted term on the right of Eq. (10.53) is
RO(N~/2), i.e. is of order N~'/2(5 A6B|X).

10.5 Derive the equation

av., vy
(Va0V5| X) = 3%, = X,

Hence verify Eqgs. (10.51) and (10.54).

10.6 Explain why (6K0®)c must be zero, and why (§IC6®)prc must
be nonzero in any system other than an ideal gas (for the microcanonical
fluctuation, argue from the relation 0H = 0K + 6P).

10.7 Derive Egs. (10.63) and (10.64), relating (§Q?) among the three
canonical distributions.
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11 INTERPRETATION OF STATISTICAL MECHANICS

Summary of the Formulation

For all phase space distributions, the entropy and other thermodynamic
functions are the same in the thermodynamic limit. Because time averag-
ing does not provide a direct way to calculate entropy, phase space averaging
is the more fundamental technique. If we make the kinetic-energy quasier-
godic hypothesis, that at given V and U the phase space average and time
average of IC/N are the same in the thermodynamic limit, then in classical
statistics T'(V,U) is the same in both averages. Hence in both averages,
all the thermodynamic functions are the same, except that the constant of
entropy is still undetermined in time averaging. To compare these statisti-
cal averages with experimental data, a second fundamental assumption is
required, for which we choose the following entropy hypothesis: At a given
V and U, the entropy calculated in phase space averaging in the thermo-
dynamic limit is in principle the same as the experimental entropy. Then
theory and experiment are in principle the same for all thermodynamic
functions.

Fluctuations are not covered by the above remarks, since they are a
finite-N effect; in particular, in phase space averages, (0.408) is of order
N=HAY(B) as N — oo. As a result, a mean quadratic fluctuation nor-
mally differs in RO(1) in different distributions, though examples where
differences are smaller than RO(1) can be found. However, this strong de-
pendence of fluctuations upon the distribution does not present us with an
essential difficulty, because it is always possible to calculate thermodynamic
functions from dynamical variables, without resorting to fluctuations. If one
nevertheless chooses to work with fluctuations, two observations become
important. First, for purely theoretical work, it is straightforward to calcu-
late the differences of mean fluctuations between different distributions, as
illustrated in Sec. 10. Second, when it comes to comparing theory and ex-
periment for mean fluctuations, a careful analysis is required. An example
relating to elastic constants is discussed below, under the interpretation of
molecular dynamics.

There are situations where the standard phase space averaging technique
will fail to give the correct statistical properties of a system. One is near
the critical point, where fluctuations remain important as N — oo, so
that phase space integrands fail to sharpen, and the mean value is not the
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most probable value, in the thermodynamic limit (see e.g. Callen, 1985,
Chap. 10). This case is not treated here. Another example is the glassy
state, where the condensed system samples only a limited region of phase
space during the time of an experiment. This state is characterized by
rate-dependent response, and requires a nonequilibrium theory, for which
a model is presented in Sec. 27.

Meaning of Entropy

Boltzmann’s system was a classical ideal gas, where the only energy is the
kinetic energy of each atom. He divided single-atom kinetic energy space
into bins, and defined a microstate of the system as a specific placement of
the atoms into bins. Boltzmann argued that, subject to the constraint of
constant total energy, the equilibrium system has equal a priori probability
to be found in any microstate, hence the equilibrium entropy is kln {2,
where €2 is the number of accessible microstates. An excellent review of
Boltzmann’s entropy theory is given by Bailyn (1994, Chap. 10).

Of course, () is a number, and in classical mechanics there is no way
to count the number of microstates, or what is equivalent, there is no way
to find the correct energy bin size. This problem is solved in quantum
mechanics, where every system, every subsystem, every independent par-
ticle or normal mode, has a discrete countable set of allowed states. A
system microstate is now a quantum state v,, in which every quantized
degree of freedom is given a specific occupation number. The probabil-
ity of finding the system in state 1, is f,, and the entropy is given by
the Gibbs formula S = —k 3, f,In f,,. But in the thermodynamic limit,
Gibbs’ formula is the same as Boltzmann’s. In the canonical distribution,
for example, phase space integrands narrow in the thermodynamic limit to
a single energy level E,,, all the corresponding f, are equal and have the
value 1/Q, where € is the number of states at E,, so the Gibbs formula
becomes S = —k X, f, In(1/Q) = kIn Q.

A profound fact of nature is that Boltmann’s entropy has been found
to agree with the measured thermodynamic entropy for every equilibrium
system for which the comparison has been made. There is no doubt about
the meaning of entropy: it is a measure of the number of quantum states ac-
cessible to, and therefore occupied by, a mechanical system in a fluctuating
equilibrium state.

It is of interest to illustrate the role of entropy in equilibrium processes.



110 Statistical Mechanics

Consider a system in equilibrium at volume V' and internal energy U, being
uniformly distributed over the 2 states on the energy surface. If the energy
is increased by dU at constant V', the system promptly redistributes itself
over the 2 + dQ2 states at U + dU, and the entropy therefore increases by
dS = kdIn€). Hence the universal law relating 2 with U at constant V is
dlnQ = dU/kT. Also, the balance between energy and entropy is decisive
in certain equilibrium phase transitions. Suppose a many-atom system can
move within a single crystalline potential energy valley, or can move among
a large number of random valleys located at some higher potential energy.
At low temperatures, states of lowest energy are stable, so the system moves
in the crystal valley. Upon increasing the temperature, when the system
has sufficient energy to roam freely among the random valleys, then it will
spend all its time among the random valleys, simply because they are so
numerous. This is why a crystal melts. Phase transitions will be studied
in more detail in Chap. 6.

Interpretation of Molecular Dynamics Calculations

Classical statistical mechanics for nuclear motion was derived in Sec. 9,
and applies to any system in which the nuclear motion is classical. For real
condensed matter, the nuclear motion approaches classical at high tem-
peratures, and classical statistical mechanics applies, with small quantum
corrections. On the other hand, for a molecular dynamics system, the
nuclear motion is pure classical at all temperatures, hence pure classical
statistical mechanics applies at all temperatures, even down to 7" = 0. To
alleviate confusion here, one can think of mean kinetic energy in an equi-
librium system, in place of temperature. Then for all values of the mean
kinetic energy, equilibrium phase space averages for a molecular dynamics
system are expressed through the classical partition function Z¢, written
in Eq. (9.21), or in Eq. (6.5).

Compared to laboratory systems, computer systems are notoriously
small, and have much larger finite-N effects. Experimental data for en-
ergy and entropy, for example, are usually accurate to around one part in
10*. So that terms of RO(N~1) are on the same order as experimental
error, one therefore has to work with a molecular dynamics system having
N = 10* or so. To eliminate terms of RO(N~1/3) from molecular dynam-
ics results, a numerical extrapolation for N — oo is required. As long as
finite-N effects in molecular dynamics calculations are negligible, or are
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eliminated by extrapolation, then boundary conditions can be chosen at
will. Periodic boundary conditions are popular because they are easy to
apply, and because they are presumed to give finite-N effects of RO(N~1).

Let us consider the entropy constant, which remains undetermined in
molecular dynamics calculations. There are two reasons for needing this
information, either to test a model theory for entropy, or else to calculate
the equilibrium boundary between two phases. Notice that, even though
a molecular dynamics system can decide for itself to change phases, the
occurrence will not provide a reliable location of the coexistence curve, be-
cause boundary conditions strongly influence phase transitions in a molec-
ular dynamics system. For an accurate phase boundary, one needs the
free energy of each phase, hence one needs the entropy constant for each
phase separately. The entropy constant can be determined numerically, by
integrating dS from some reference state, where the entropy is calculated
by phase space averaging. Some useful references are Hansen and McDon-
ald (1986, Sec. 6.2), Allen and Tildesley (1990, Sec. 7.2), and deKoning,
Antonelli, and Yip (1999).

An important question regarding fluctuations needs to be addressed.
Suppose one uses phase space averaging theory to develop an equation con-
taining fluctuations, then what correction is necessary if the fluctuations
are actually evaluated by molecular dynamics? For clarity of discussion, we
shall answer this question for a specific example, namely for Eq. (10.26),
which expresses isothermal elastic constants in terms of quantities related
to stress fluctuations, and which was derived in the canonical distribution.
First notice that surface effects were neglected in the derivation, and this
is possible, according to a theorem developed in Sec. 12, because stresses
are local functions, i.e. stresses can be evaluated in the interior of a large
system, where surface effects are not felt. This argument applies to any
system, so that stresses, and stress fluctuations as well, are independent of
the boundary conditions for a molecular dynamics system in the thermo-
dynamic limit. When boundary conditions are neglected, the distribution
representing a molecular dynamics system is the constant energy surface,
i.e. the microcanonical distribution. So stress fluctuations calculated in
molecular dynamics are the same in the thermodynamic limit as stress
fluctuations in the microcanonial distribution.

For a monatomic system with cubic or isotropic symmetry, the inde-
pendent elastic constants are C7;, C1,, and C};. The fluctuation correc-
tions from microcanonical to canonical distribution are calculated from
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Eq. (10.57), with the following result: If the fluctuations are evaluated
in the microcanonical distribution, or in molecular dynamics with surface
effects eliminated, the correction A,z should be added to VC’O%7 where

“T(Cy — Nk)?
Cv

The same corrections were originally found by Wallace, Schiferl, and Straub

A=A = , Ay =0 . (11.1)

(1984), by correcting directly from the molecular dynamics distribution (see
also problem 11.1).

Depending on the boundary condition, the total momentum might or
might not fluctuate in a molecular dynamics system. With periodic bound-
ary conditions, the net force on the system is zero, so the total momentum is
a constant of the motion. Let M be the total momentum, and let Y xpx be
the dynamical variable representing total momentum. Notice this dynam-
ical variable does not correspond to a thermodynamic function. In their
study of relations between different distributions, Lebowitz, Percus, and
Verlet (1967) defined the microcanonical weight function as 6(H — U) and
the molecular dynamics weight function as §(H — E)§(Expx — M). When
M = 0, then E is the thermodynamic internal energy U. Constant total
momentum also implies that the location of the system center of mass is a
prescribed function of time, and this constraint was added to the molecular
dynamics weight function by Ray and Zhang (1999). But these center-
of-mass constraints are effects of RO(N~1), and they cannot contribute
to thermodynamic properties, including fluctuations. Let us illustrate by
comparing fluctuations in the microcanonical and molecular dynamics dis-
tributions. A dynamical variable representing a thermodynamic function
is denoted A, and is for example the kinetic energy K in the center of mass
coordinate system, or the potential energy ®({rx}), which does not depend
on the location of the center of mass. Then since derivatives of (A|X) with
respect to center-of-mass position or velocity are zero, the difference term
in Eq. (10.53) for fluctuations vanishes. Hence all mean quadratic fluc-
tuations of dynamical variables representing thermodynamic functions are
the same in the molecular dynamics and microcanonical distributions. The
result can also be shown by explicit calculations for any given dynamical
variables (see Wallace and Straub, 1983).
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Problem

11.1 Verify the microcanonical to canonical fluctuation corrections for
the elastic constants, Eq. (11.1). Notice it is convenient in Eq. (10.57) to
convert from derivatives with respect to U to derivatives with respect to T.
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Chapter 3

Lattice Dynamics

12 LATTICE STATICS

Displacement Expansion of the Potential

The system is a static finite array of IV nuclei, and their associated electrons
in the electronic groundstate, or it can be considered a static finite array
of interacting ions, or interacting atoms. The system potential as function
of the nuclear positions is ®({rx}), and for the moment let the externally
applied forces vanish. The configuration at a potential energy minimum
is a locally stable equilibrium configuration, and is called a structure. The
potential has an absolute minimum at a certain crystal structure, represent-
ing that the system will crystallize into that structure at low temperatures.
The potential also has many other local minima, corresponding to struc-
tures that might be stable at higher temperatures. Nuclear positions at a
structure are denoted R, and it is convenient to write

rx =Rg+Ug , (12.1)

where U g are displacements from equilibrium, and are considered small. To
keep notation simple, our equations will be written for monatomic systems,
and for primitive lattices when it is necessary to indicate the unit cell
geometry. General lattice structures are treated in Born and Huang (1954),
and in Thermodynamics of Crystals.

The theory of lattice dynamics is based on the expansion of the potential
energy in powers of nuclear displacements from equilibrium:

‘I)Zq’o-l-;Z‘I’KiUKrF%;Z‘I’Ki,LjUKiULj-F--- ) (12.2)
2 )
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The potential energy coefficients, ® x; and so on, are derivatives of ®({rx})
with respect to components of rg, evaluated at equilibrium, i.e. at the
structure. By definition, these coefficients are symmetric in their index
pairs,

PriLy = Prjri - (12.3)

It is often said that the linear coeflicients ®; vanish by the equilibrium
condition, but this is not true when external forces are applied to the crys-
tal, as will be clarified shortly. In the expansion of ®, the terms quadratic
in displacements are called harmonic, and the higher-order terms are an-
harmonic. So that ® remains of order N, there is presumably a finite range
of internuclear interactions, a range small compared to the size of the crys-
tal, and the potential coefficients of second and higher orders are negligible
at distances beyond this range. For physical reasons, the crystal potential
cannot depend on the actual positions of the nuclei, but only on their rel-
ative positions, given by the distances |Rx + Ux — Ry — Ur|. But the
formulation in terms of the actual positions is more convenient, and the cor-
rect physics will be recovered through subsidiary conditions of macroscopic
translational and rotational invariance.

The leading term ®( in the potential energy expansion is called the static
lattice potential, or the structural potential. We have & = ®({Rx}), so
that ®¢ depends on the crystal symmetry and its lattice parameters. For the
simplest crystals, e.g. fcc, bee, and dia, there is only one lattice parameter
a, equivalent to the volume V. In such cases we write ®/°(a), or ®/“(V).
The simplest hexagonal or tetragonal crystals have two lattice parameters,
a and ¢, equivalent to V and ¢/a. As a general reminder that ®( has such
dependences, when the analysis is not restricted to any particular crystal
structure, we write simply ®q(V).

Surface Effects and Equilibrium Conditions

First consider a finite crystal with free surfaces. The crystal has a distortion
region near the surface, and the depth of this region is on the order of the
range of the internuclear interaction. Our basic assumption is that surface
effects are negligible, which ultimately means that the distortion region is
small compared to the size of the crystal, and that the crystal in the interior
is perfectly periodic. In principle, surface effects are eliminated merely by
applying the theory of lattice statics and lattice dynamics to the perfectly
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periodic interior. In practice, separating out the surface effects is not a
trivial matter.

Next consider a finite crystal with externally applied forces, and let the
forces be applied only to nuclei on the surface, so as to represent applied
uniform stresses. The situation is essentially the same as before: there is
a distortion region near the surface, and presumably a perfectly periodic
crystalline interior. In principle, the applied forces can be varied so as
to vary the shape and volume of the crystal, hence to control the lattice
parameters of the periodic interior. The crystal with free surfaces is just a
particular case of the crystal with applied surface forces.

The force applied to nucleus K is fx, and such forces are supposed to be
derivable from a potential. Let W({R k }) be the work done by the applied
forces, when they are brought from zero to the current values f. Then the
total potential of the crystal plus external forces is ¥,

Y({Rk}) = 2({Rk}) - W({Rk}) - (12.4)

The potential ¥ represents a closed system, and in any real process in
which the equilibrium configuration of the crystal is changed, by changing
the external forces, W is conserved. In a wirtual process, when the crystal
is deformed while the external forces are held constant, ¥ is not conserved.
Since the work done by the external forces in a virtual displacement is
YkifkiUkq, then from Egs. (12.2) and (12.4), the expansion of ¥ for
virtual displacements is

1
U= ‘I’0+ZZ(‘I’Ki—fKi)UKi+§ZZ‘PKi,LjUKiUL,j-F'" . (12.5)
K KL i

This is the potential energy for the combined system of crystal plus constant
externally applied forces.

The equilibrium condition is that the total force on each nucleus must
vanish when all nuclei are located at the equilibrium positions {Rx}. From
Eq. (12.5), this means

;i — fri =0, foral K,i . (12.6)

Hence ¥ is a stationary function with respect to all displacements from
equilibrium. Neither ® nor W is similarly stationary in general. The
macroscopic equilibrium conditions are that the total externally applied
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force, and total externally applied torque, must vanish:

ZfKi =0, foralli ; (12.7)
K

Z friRK; is symmetric in 4, j, for all 4,5 . (12.8)
K
Since ®x; = fKi, these conditions are equivalent to the conditions that
the crystal must experience no net force, and no net torque, as a result of
the interactions among the nuclei, that is, Y g ®r; = 0, and g P R is
symmetric in %, j.

When material (not necessarily a crystal) is in static equilibrium in the
presence of surface forces, such that the stress tensor is constant over the
surface, then the stress tensor is constant throughout the material as well.
Hence in principle, stresses can be calculated as a surface effect, or as an
interior property. We state this as a theorem: Stresses can be calculated by
summing the externally applied surface forces, or equivalently, stresses can
be calculated in the interior from strain derivatives of the system potential.
The proof is as follows. Imagine the material has the macroscopic shape of
a cube, with external forces fx applied only to surface atoms, and constant
over each face of the cube. Components of the applied stress are given by
Cartesian components of the applied force per unit area, on each material
face. Hence the stresses 7;; are calculated directly from surface forces. To
transform this to an interior evaluation, it is necessary to probe the stress
field with an infinitesimal deformation. This is done by making a change
0fKi, constant on each material face, so that an infinitesimal strain dn;;
results, where 7;; is homogeneous up to (negligible) surface effects. Then
W = VE,;7;;0n:, or W/on;; = V1;;. But this is a real process, in which
¥ is conserved, so d¥/dn;; = 0, which implies d®/dn;; = V7;;. Under the
assumption that the surface distortion gives a negligible contribution to the
total @, then ® can be evaluated in the perfectly periodic interior, and the
stresses are given by strain derivatives of this function.

A useful theoretical model is the infinite lattice model, where one con-
siders a finite portion of the system, a subcrystal, within an infinite lat-
tice. Obviously the subcrystal is perfectly periodic throughout, and has
no surface distortion region. Nevertheless, surface effects are still present
in the infinite lattice model. For interactions between nuclei within and
without the subcrystal constitute externally applied forces, applied to the
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subcrystal nuclei near the surface, within the range of internuclear inter-
actions. Failure to recognize this presence of external forces has led to the
incorrect conclusion that the infinite lattice model is valid only under the
condition that the stresses must vanish (Born and Huang, 1954, Sec. 23).
The present formulation, with explicit treatment of surface forces, is due
to Wallace (1965).

Invariance and Stability

For a given crystal structure, the potential energy coefficients must be con-
sistent with symmetries of the lattice. This gives rise to microscopic in-
variance conditions. A lattice symmetry operation is one which transforms
the infinite lattice into itself. Every lattice is invariant under translation
by a primitive lattice vector. Hence for a primitive lattice, the potential
energy coefficients are invariant under the operation Rx — Rx + Ry, for
all K. Many lattices have inversion symmetry, and a primitive lattice is
invariant under inversion through any lattice site. Hence for a primitive
lattice, the potential energy coefficients coupling an even (odd) number of
displacements are even (odd) under the operation Rx — —Rg. For the
second order coefficients for a primitive lattice, translation and inversion
symmetries lead to complete symmetry in lattice sites, and in Cartesian
indices:

Priri = Prixj = Pxjri - (12.9)

Similar invariance conditions hold for higher-order potential coefficients.

Beyond translation and inversion symmetries, each lattice has point
symmetries specific to its crystal structure, and these symmetries provide
additional relations among potential coefficients of each order. In cubic
lattices, for example, the point symmetry tells us that x,y and z are equiv-
alent Cartesian indices. The point symmetries are helpful in setting up
force constant models. A force constant model is a set of independently
variable parameters, representing the complete set of potential coefficients,
for a given crystal structure. A second-order force constant model repre-
sents the second-order potential coefficients, and hence parameterizes the
elastic constants and the phonon spectrum.

The macroscopic invariance conditions are that the total potential ¥
is invariant under arbitrary translation or rotation of the entire system of
nuclei and external forces. This is equivalent to requiring that the crystal
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potential @ is invariant under translation or rotation, without deformation,
of the crystal alone. These conditions reduce the dependence of ® from the
actual nuclear positions, to only the relative nuclear positions, as mentioned
earlier, following Eq. (12.3). The derivation is accomplished by requiring
that the displacement expansion of ®, Eq. (12.2), is unaffected in every
order by a rigid translation or rigid rotation of the crystal. For a primitive
lattice, the second order translational invariance condition is

> @iy =0, forall K,i,j . (12.10)
L

From the interchange symmetry (12.9), this is the same as

Z‘I’Ki,LJ‘ =0, forall L,i,j . (12.11)
K

This condition is called the acoustic sum rule, since it makes the frequency
of an acoustic phonon go to zero as its wavelength goes to infinity (Sec. 14).
The second order rotational invariance condition for a primitive lattice is

Z Pri iRk + Prjdi is symmetric in j, k, for all K,i . (12.12)
L

Again, similar invariance conditions hold for higher order potential coeffi-
cients (see problem 12.1).

We can now show how surface effects are eliminated from lattice sums.
Each expression (12.10) to (12.12) is a sum over neighbors, and it can
be evaluated in the perfectly periodic interior, where it converges with no
influence from the surface. Let us place the origin of coordinates at lattice
site 0, in the interior: Ry = 0. Then for example (12.10) with surface
effects eliminated becomes

Z @o;,; =0, foralli,j . (12.13)
L

The equilibrium configuration of nuclei with external forces is a stable
equilibrium if the total potential ¥ is minimum with respect to arbitrary
small displacements of the nuclei from equilibrium. With the equilibrium
condition (12.6), the expansion of ¥ to second order is

1
ij
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The stability condition is that the homogeneous quadratic form is positive
definite, i.e. positive for any set of displacements not all zero. For a system
of nuclei moving in this potential, this means that all normal vibrational
modes, i.e. all phonons, must have positive energies. With one exceptional
circumstance, all real crystals possess this stability property. That cir-
cumstance is where the harmonic potential has some unstable modes, but
the crystal is stabilized by the anharmonic potential. An example of such
stabilization at elevated temperatures is discussed in Sec. 26.

Stresses and FElastic Constants

For the present application, the external forces are restricted to the surface
region, and represent stresses applied to the crystal. Then since the applied
forces vanish in the interior, the equilibrium condition (12.6) allows us to
write

fri = Pr; =0, forall K i in the interior . (12.15)

In an approximation referred to as the potential approximation, the crystal
potential ® is considered an approximation to the thermodynamic state
functions:

d~U; O F . (12.16)

In fact, as we shall see in Chap. 4, ® is a very good approximation to U and
F at zero temperature, while ® completely misses the thermal contributions
to U and F. But thermal contributions to stresses and elastic constants
are usually small for crystals, so the potential contribution constitutes a
leading approximation for stresses and elastic constants.

The commonly used strain parameters, and the different types of elastic
coefficients, are defined in Sec. 8. Expansions of U and F' in powers of the
Lagrangian strains 7;; are given respectively in Eqgs. (8.11) and (8.12), and
the potential approximation to either expansion is

Q=P+ VZCijnij + %VZ Cijranijne + -+ . (12.17)

1j ijkl
The tilde is used to denote the potential approximation to a thermoelastic
coefficient, i.e. C’ij is the potential approximation to 7;;, and C’ijkl is the
potential approximation to either Cg;kl or C’gkl. The algebra is a little
simpler if we expand in powers of the displacement gradients u;;, in which
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the coefficients are the wave propagation coefficients, according to problem
8.3. Hence we write

y 1 5
b =Py + VZAijuij + EVZAMMUMUM +- (12.18)
ij ijkl

The two sets of coefficients are related by (problem 8.3)

Ay = Cy (12.19)

Agjir = Ciji + Ciudir - (12.20)

Then from the complete Voigt symmetry of the elastic constants, the sym-
metries of the wave propagation coefficients are found to be

Ay =4y, (12.21)
Aijkl = /Iklzj ; (12.22)
Agjra + Audj = Ajia + Ajdiy. (12.23)

For a primitive lattice, the nuclear displacements corresponding to the
homogeneous strain u;; are given by

Uki = ZuinKj : (12.24)
J
With this, the displacement expansion (12.2) of ® becomes an expansion

in the u;;, and comparison with Eq. (12.18) yields the following for the
coefficients:

1
Ay = v Zq)KiRKj , (12.25)
K
Pt 1
Aijrt = % Z(I)Ki,LkRKjRLl : (12.26)
KL

It is instructive to show that the expressions on the right sides satisfy the
symmetries of the A coefficients, written in Eqgs. (12.21) — (12.23) (see
problem 12.2).
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We now wish to eliminate surface effects. First note the coeflicients
Aij = éij are the potential approximation to the stresses 7;;. The expres-
sion (12.25) for A;; contains essential surface contributions, since the ®;
vanish in the interior. In other words, Eq. (12.25) gives /Lj as a sum over
surface forces. The way to eliminate surface effects from /Lj is to first eval-
uate ® in the interior, then set A;; = V~1(0®/du;;). To eliminate surface
effects from the second order coefficients, we first define the combination of

Ajji symmetric in j,
~ 1/~ ~
Aikji = B (Aijkl + Ailk;j) . (12.27)

This coefficient is constructed from Eq. (12.26), translational invariance
conditions (12.10) and (12.11) are used to transform to a sum over neigh-
bors, and this sum is evaluated in the interior to find (see problem 12.3)

1
Aigjr = 7 Z‘I)Oi,KkRKjRKz : (12.28)
K

Equation (12.20) can be solved for C’ijkl, and the above two equations can
then be used to eliminate surface effects, with the result

Cijrt = Airjt + Ajrir — Aijra — Ciidir — Cirdji + Cradiy (12.29)

Equation (12.20) can be used again to eliminate surface effects from /L-jkl.
Finally, the stress-strain coefficients are related to elastic constants in Eq.
(8.19), and the corresponding relation in the potential approximation with
surface effects eliminated is

Bz’jkl = Aikjl + Ajkil — Az’jkl
1/~ - - . - -
+5 (Cik5jz — Cudjk + Cjrdi — Cjidik + 2Ci0i5 — 20¢j5kl)
(12.30)

These equations are sometimes required in theoretical work, and they will
eliminate surface effects (see problem 12.4).

To calculate elastic constants for a nonprimitive lattice, the primitive
lattice vectors are displaced according to a homogeneous strain, precisely as
in the preceding analysis, and the corresponding motion of the equilibrium
positions within a unit cell, the sublattice displacements, have to be solved
for. The algebra is rather involved, and is given in Born and Huang (1954,
Chap. III), and also in Thermodynamics of Crystals (Sec. 7).
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Wave Propagation

The equation of motion for sound waves is derived in Sec. 8, in terms of the
wave propagation coefficients. Equation (8.32) is an eigenvalue-eigenvector
equation for the velocities vs, and in the potential approximation that equa-
tion reads

priwis = Y Aimjnkmknwis , s =1,2,3, (12.31)

jmn

where p is the crystal density, k is the wavevector, and wy are the eigen-
vectors. To compare this equation with lattice dynamics, in Sec. 14, we use
p=M/Vy, and ws = vs|k|, and notice that only the combination of Aimjn
symmetric in m,n contributes to the sum, so that

wawis = VA Z Aijmnkmknsz s (1232)

jmn

where Aijmn is defined in Eq. (12.27). The interior evaluation of Aijmn is
given by (12.28), hence in (12.32), surface effects are eliminated from the
theory of long wavelength sound waves.

Mechanical stability of the crystal against excitation of long wavelength
sound waves requires the energy of all such waves to be positive, or

[ws(k)]> >0 , forallks . (12.33)

Notice the condition depends only on the direction of k, not on its magni-
tude. This is just the long wavelength acoustic part of the complete har-
monic stability requirement, that all phonons must have positive energies,
as mentioned following Eq. (12.14).

Problems

12.1 Derive the invariance conditions (12.10) — (12.12). These and the
equivalent higher-order conditions are derived in Thermodynamics of Crys-
tals, p. 64-69.

12.2 Show the symmetries (12.21) — (12.23) of the A coefficients are
satisfied by their lattice definitions in Egs. (12.25) and (12.26). This is
done in Thermodynamics of Crystals, p. 75-76.

12.8 Transform the lattice expression for Aikjl to the interior, and hence
find Eq. (12.28).
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12.4 Derive Egs. (12.29) and (12.30). This is done in Thermodynamics
of Crystals, p. 75-78.

13 QUASIHARMONIC PHONONS

Historical Note

From the beginning, the motivation for studying the motion of the atoms in
a solid was to understand the thermal energy associated with this motion.
The empirical rule of Dulong and Petit, that the specific heat of a solid
at room temperature is around 3R per mole, was published in 1819. This
property seems to have motivated a long slow development of the idea that
the atoms of a solid undergo classical harmonic vibrations. But later, the
specific heat of solids was observed to decrease toward zero at low temper-
atures, and this was explained by Einstein in 1907 as an effect of quantum
statistics. Einstein (1907) presumed that the atomic vibrational normal
modes have a distribution of frequencies, but he modeled the distribution
with a single frequency, and this gave a specific heat curve which is clas-
sical at high temperatures, and goes to zero approximately exponentially
as temperature goes to zero. But the experimentalists were not satisfied,
as it was becoming clear that the low temperature specific heat behavior
is actually more like T3. This was explained by Debye in 1912, as due to
the presence of vibrational modes which have frequency, hence energy, go-
ing to zero. Debye (1912) treated the solid as an isotropic elastic medium,
whose vibrational modes are elastic waves quantized in the volume V', with
one longitudinal and two transverse waves for each wavevector, and with
N wavevectors allowed when the volume contains N atoms. This model
gives a universal form for the frequency distribution, hence gives a univer-
sal curve of specific heat vs temperature, scaled for each material by its
own characteristic (Debye) temperature, and Debye showed in his original
paper that his model gave an excellent account of the measured specific
heat for many solids. So well did Debye’s elastic continuum model agree
with experiment, that it had the effect of removing motivation for further
theoretical work for the next twenty years.

At the same time, there was also published a theory which takes into
account the (discrete) atomic structure of real solids. This was the paper of
Born and von Karman (1912), who solved the prototype lattice dynamics
problem of a linear diatomic chain with nearest-neighbor harmonic forces.
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Figure 13.1.  Effective Debye temperature ©(T") for NaCl. Solid line is from

experimental specific heat, and points are the lattice dynamics calculations of
Kellermann [from E. W. Kellermann, Proc. R. Soc. Lond. A178, 17(1941)].

In the following year they also showed that their atomic model in three
dimensions will give the same low temperature T behavior of the specific
heat as does the Debye model. But every theory is an approximation, and
physicists have a strong tendency to use the simplest theory as long as
it agrees with experiment. Not until the early 1930s did measured spe-
cific heats show deviations from the Debye model. Such deviations were
customarily shown in graphs of the effective Debye temperature ©, as a
function of temperature, where O(T) is the characteristic temperature re-
quired in a Debye model to fit the experimental specific heat at temperature
T. The convincing explanation was given by Blackman (1935, 1937), who
showed by numerical calculations that atomic models could give variations
in ©(T), similar to the variations observed in experiments. In other words,
the experimental specific heat curves were showing the effect of phonon dis-
persion. It is interesting to note that Blackman was encouraged in his work
by the ubiquitous Born. Finally came Kellermann’s calculations on NaCl.
Kellermann (1940, 1941) took realistic forces between rigid ions, namely
Coulomb interactions between point charges, plus nearest-neighbor central
repulsion, and calculated the frequency distribution and hence the specific
heat. His result, shown in Fig. 13.1, shows the variation of effective Debye
temperature due to phonon dispersion in the NaCl acoustic branches, and
the calculation is in beautiful agreement with experiment. With this work,
the discipline of lattice dynamics was securely established.

Of the many lattice dynamics calculations which followed, one is of
special interest because of its artistic ingenuity. Leighton (1948) wrote
down the secular equation for a two-force-constant model for an fcc lattice,
and then proceeded to carve the shapes of constant frequency surfaces in
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plaster of Paris. By weighing the plaster carvings in air, and in water,
Leighton measured the volumes enclosed between successive surfaces, and
from this he determined the frequency distribution. Leighton was able to
account for phonon dispersion effects in the measured specific heat of silver.

An event of great importance was the announcement by Brockhouse
and Stewart (1955, 1958) of the first measurement of a phonon frequency
and wavevector by inelastic neutron scattering. Since that time, this tech-
nique has provided a great amount of highly accurate information, through
the measurement of phonon spectra in a wide variety of crystals. These
data allow the most direct test of harmonic lattice dynamics theory, and
consequently, the emphasis of theory has shifted away from computing the
specific heat, toward detailed studies of the phonon dispersion curves in
high symmetry directions. But we can still learn much from highly ac-
curate thermodynamic data. For such data, together with the accurate
harmonic lattice dynamics calculations which are possible today, yield a
direct measure of anharmonic contributions to thermodynamic functions,
as we shall see in Chap. 4.

The development of neutron spectroscopy was recognized by the award
of the Nobel Prize in Physics to Bertram Brockhouse in 1994.

Lattice Vibration Problem

In a real material, as we have discussed in Sec. 6, the nuclei are in a state
of continual motion, and this motion constitutes the thermal energy of
the material. In a crystal, the nuclear motion consists of small vibrations
about the equilibrium lattice sites. It is convenient to express this motional
problem in terms of the nuclear displacements Ug, and velocities Uk.
Their commutators are contained in the ordinary position and momentum
commutators (see e.g. Dirac, 1947),

{UKiaMULJ} = ihdkrdij , (13.1)

[Uki,Urs] = [UKi,ULg} =0 . (13.2)

The kinetic energy of all the nuclei in the crystal is IC,

K = %ZK: ;M (UKZ»)2 : (13.3)
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The Hamiltonian of the crystal plus external forces is I + ¥, where VU is
expanded in powers of the nuclear displacements in Eq. (12.5), and where
the equilibrium condition (12.6) holds. To get the Hamiltonian of the crys-
tal alone, we need to add Wj, the work done by external forces in bringing
the crystal to its initial equilibrium configuration (structure). Hence the
crystal Hamiltonian is

H=®g+Ho+P3+ P4 +--- , (134)

where ® is the static lattice potential, Hs is the quasiharmonic vibrational
Hamiltonian I + @5, or

HQ:%;ZM(UKi)Q‘f'%qu)KLLjUKiULj , (13.5)
i

KL ij

and where ®3 and @4 are potential energy terms of third and fourth order
in displacements.

For 'Hs, the term quasiharmonic is used, instead of harmonic, to remind
us that the potential coefficients depend on the crystal volume and lattice
parameters. For nearly all real crystals, at all densities, Hs is the domi-
nant motional part of the crystal Hamiltonian, while the anharmonic terms
®3 + Oy + - - - give a relatively small contribution. The anharmonic terms
constitute phonon-phonon interactions, which will be studied in Sec. 16.

The analysis of Hy into a set of normal vibrational modes is presented
in Born and Huang (1954, Chap. 4), and also in Thermodynamics of Crys-
tals, Chap. 3. The procedure is outlined as follows. One works with a
finite subcrystal containing N atoms, within an infinite lattice, and with
periodic boundary conditions on the nuclear motion. The lattice sites of
the subcrystal, which are equilibrium positions for the nuclei, are denoted
R, for L =1,---,N. The (infinite) inverse lattice is defined by the vectors
Qus, such that Qy - Ry, = 27n, where n is an integer. The wavevectors k
consistent with periodic boundary conditions form a grid in inverse lattice
space, with N such vectors in one unit cell of the inverse lattice, and this
set of N wavevectors forms a complete orthonormal set of planewaves. The
condition of orthonormality is

% S exp itk —K) - Rp) = Ak —K/) . (13.6)
L

The right side is a Kroneker delta, having A = 1 if k — k/ is any reciprocal
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lattice vector, including zero, and A = 0 otherwise. Since Qs - Ry = 27n,
then

exp (i(k+ Qar) - Rr) = exp(ik-Ryp) (13.7)

for any Qjs, which tells us that the set of planewaves is identical for the
set of k vectors lying in any unit cell of the inverse lattice. An equivalent
complete set of wavevectors is commonly used, namely those in the first
Brillouin zone. Notice for a complete set, k and k’ are not both included if
k — k' is a nonzero reciprocal lattice vector. This condition eliminates half
the vectors on the Brillouin zone surface, with further restrictions on zone
edges and corners (geometrical details may be found in Thermodynamics
of Crystals, App. 1).

Completeness of the wavevector set means that any function f(Ry) can
be represented by the complete set of planewaves:

f(Rp) = LN zk:g(k) exp(tk-Ryp) , for every L . (13.8)
This can be inverted with Eq. (13.6), to find
909 = e 3 (Ra) ke R (13.9)
The completeness relation implied by the last two equations is
% Zexp (ik- (Rp —Rk)) =0rk - (13.10)
Kk

A useful property is that k-R, is invariant under homogeneous deformation
of the crystal, for any wavevector k and any lattice vector Ry,.

Transformation to Phonons

Diagonalization of Hs = K + @5 requires simultaneous diagonalization of
K and ®5. Since K is already diagonal in nuclear coordinates, according
to Eq. (13.3), we can concentrate on ®5. The planewave transformation
will bring ®, into block diagonal form, with N dynamical matrices D (k)
arranged along the diagonal. Let us first set out the properties of these
matrices.
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For a primitive lattice, D(k) is a 3 x 3 matrix whose elements are
1 .
Dl](k) = W;Q)Ki’Lj exp (Zk (RL —RK)) . (1311)

Since the sum over L is the same for every K in the interior, surface effects
can be eliminated by setting K = 0,

1 .
Dij (k) = M XL: (I)Oi,Lj exp (Zk . RL) . (1312)
The sum is real, since for every Ry, there is a —R, so that

1
Dij (k) = M Z (bOi,Lj COS(k . RL) . (1313)
L

Finally, because of the translational invariance condition (12.13), the L = 0
term can be separated, to write

Di;(k) = %Z/(I)Oi,Lj [cos(k-Rz)—1] . (13.14)
L

This last is an especially convenient form for numerical evaluations.

Since D(k) is a real symmetric matrix, it is diagonalized by an or-
thogonal matrix of eigenvectors v(ks), for s = 1,2,3, and the eigenvalues
[w(ks)]? are real. The set of equations which determine the eigenvalues and
eigenvectors is

ZDU Jvj(ks) = [w(ks))?v;(ks) , fors=1,2,3 . (13.15)

The eigenvectors then satisfy

Zvi(ks)vi(ks’):c;ss/ , orthonormality ; (13.16)

Zvi(ks)vj(ks)zéij , completeness . (13.17)

Also since D(—k) = D(k), from Eq. (13.13), the eigenvalues and eigenvec-
tors can be chosen to have the same symmetry:

[w(—ks)]? = [w(ks)]? , (13.18)
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v;(—ks) = v;(ks) . (13.19)

With these results we can proceed to diagonalize Ho.
Let us define the linear transformation between the displacements Up;
and the (complex) phonon coordinates g(ks),

UL = Z (ks) exp(ik - Rp)vi(ks) . (13.20)

\/_

The time derivative is

Upi = G(ks)exp(ik - Rp)v;(ks) . (13.21)
v
These equations are inverted to give
(k)*q/MZUve (—ik - Ry )vi(—ks) (13.22)
q\Ks) = N — Li €Xp(—1 L)V; S) .
(ks) = \/ L 5 Uy explik - Ry Jui(ks) (13.23)
bKs) = NLi Li €Xp(? L)Vi(Ks) .

where we have defined the phonon momentum p(ks) according to
p(ks) = ¢(—ks) . (13.24)

The commutators are then calculated from the position and momentum
commutators given by Egs. (13.1) and (13.2), with the results (see problem
13.1)

[q(ks),p(k's")] = ihA(k — k' )dss (13.25)

la(ks), q(K's")] = [p(ks),p(k's")] =0 . (13.26)

These commutators show that g(ks) and p(ks) are conjugate, for each ks.
Complex conjugation of these operators is accomplished from Egs. (13.22)
and (13.23), with (13.19),

qlks)* = g(~ks), p(ks)* = p(~ks) . (13.27)
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Since k and k’ are from the same complete set, then k — k' = Q,, only for
QM = 0, SO A(k — k/) = 6k,k’ in Eq. (13.25).

Diagonalization of Hsy is accomplished by inserting the displacement
transformation (13.20) in @9, and its time derivative (13.21) in K. The
result is denoted Hpp,, where (see problem 13.2)

Hop = %Z [p(ks)|? + [w(ks)Plq(ks)]?) (13.28)
ks

Thus H,y, is a set of 3N independent harmonic oscillator Hamiltonians, with
each oscillator (phonon) labeled by the index set ks, and having frequency
w(ks). In the presence of a given phonon ks, Eq. (13.20) tells us that
the magnitude of the nuclear displacements corresponds to a planewave of
wavevector k, and the direction of the nuclear displacements is given by
the polarization vector v(ks).

Properties of Phonons

For any crystal lattice, primitive or nonprimitive, there are exactly three
phonons at k = 0 which have zero frequency. This is shown explicitly for
a primitive lattice by Eq. (13.14), which gives D(k = 0) = 0. These three
phonons represent uniform translation of the crystal, and this motion is
specifically excluded from lattice dynamics theory. Hence it is understood
that the zero-frequency phonons at k = 0 are excluded from all Brillouin
zone sums, and from all other parts of the analysis.

The condition that the crystal be stable against all possible small nuclear
displacements is that the second-order potential ®5 be positive definite, as
discussed following Eq. (12.14). In phonon coordinates, ®5 is

By = 5y [wiks)’la(ks)* (13.29)

2
ks

Since the ¢(ks) are independent modes, and since |q(ks)|? is positive, then
®, > 0 if and only if
[w(ks)]* >0 , forall ks . (13.30)

We will always take the positive square root, so that w(ks) > 0 by conven-
tion.

The sum of the eigenvalues of D(k) is 3;D;;(k). From Eq. (13.12) for
D;;(k), the Cartesian trace can be summed over the Brillouin zone to give
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the average of all phonon frequencies squared (see also problem 13.3),
1 1
Npz = > wks)? =2 > Poior - 13.31
<CU >BZ 3N — [W( S)] 3M - 07,02 ( 33 )

Here we introduced the notation (---)pz for an average over the Brillouin
zone. Again the translational invariance condition (12.13) changes this to
(compare Eq. (13.14))

1 !
(W) pz = 3 Zq)Oi,Li : (13.32)
L

This provides a simple expression for the second moment of the phonon
frequency distribution, and the formula is useful for evaluating a global
measure of the phonons without going through a complete lattice dynamics
calculation.

Again for any crystal lattice, phonon theory is parameterized by the
crystal structure and its lattice parameters. In the normal theoretical pro-
cedure, these parameters are the independent variables, and the phonon
frequencies and eigenvectors depend on them. Hence the phonon free en-
ergy, and all other averaged phonon properties, depend explicitly on the
crystal structure and its lattice parameters. All of this dependence is un-
derstood within the term phonon, even when the reminder quasiharmonic
is nowhere in sight. Derivatives of the phonon frequencies with respect to
crystal parameters have come to be called phonon Griineisen parameters.
An example is the set of strain derivatives dw(ks)/0n;;, appropriate when
the crystal undergoes a homogeneous deformation. For cubic crystals under
isotropic pressure, including zero pressure, there is only one crystal param-
eter, which can be taken as V. Then the Griineisen parameters are the
volume derivatives 7y(ks), defined by

dInw(ks
v(ks) = - dln(V :

More extensive discussion of phonon Griineisen parameters is provided in
Thermodynamics of Crystals.

Lattice dynamics for nonprimitive lattices follows the same principles,
step by step, as those outlined above for primitive lattices. A nonprimitive
lattice is a space filling array of identical unit cells, where the unit cells

(13.33)

define a primitive lattice, and the sites within a unit cell are located at n
prescribed sublattice vectors. For a crystal of N unit cells, there are 3nIN
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spatial degrees of freedom. Some common crystal structures with n = 2 are
dia, hep, fct, and bet. The inverse lattice, and the complete set of k vectors,
belong to the primitive lattice, and the dynamical matrices D(k) are 3n x
3n Hermitian matrices, whose eigenvalues are [w(ks)]? for s = 1,---,3n.
For a given ks, the phonon eigenvector displays the direction and relative
magnitude of the motion of each nucleus in the unit cell, superimposed on
the planewave motion of the entire cell. The set of phonons for a given s
and all k is a phonon branch. There are three acoustic branches, defined
as those for which w(ks) — 0 as |k| — 0, and these will be discussed in
Sec. 14. The remaining 3(n — 1) branches are optic, with w(ks) > 0 at
k = 0. The photon dispersion curve w = c|k| crosses the optic branches
at extremely small |k|, hence photons often interact with optic phonons at
k ~ 0.

Problems

13.1 Invert the displacement expansion to find Eqgs. (13.22) and (13.23)
for the phonon coordinates and momenta. Then derive the phonon com-
mutators (13.25) and (13.26).

13.2 Derive Eq. (13.28) for the quasiharmonic phonon Hamiltonian.
Notice it helps to eliminate surface effects in the transformed ®.

18.8 From Eq. (13.11) for D(k), show X 7rD(k) = g V3% ®. Then
eliminate surface effects to recover Eq. (13.31).

14 THEORY AND EXPERIMENT

Long Wavelength Acoustic Waves

Here we shall study the long wavelength acoustic phonons, and will demon-
strate their identity with sound waves in the potential approximation. Long
wavelength phonons are isolated by making an expansion of the dynami-
cal matrix for small k. For a primitive lattice, the leading term in the
expansion of Eq. (13.14) for D;;(k) is

1 !
Dij(k) = _WZ Poir;(k-Rp)? . (14.1)
L
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When this is used in the eigenvalue-eigenvector equation (13.15), it is

Mlw(ks)]*v;(ks) = —%Z/ Z i, RemBinkmknvj(ks) . (14.2)

L jmn

The prime can be removed from the ¥/ , because Ry = 0, and then the wave
propagation coefficient A; .., appears, by virtue of Eq. (12.28), allowing us
to write

Mlw(ks)*vi(ks) = Va > Aijmnkmbnv;(ks) . (14.3)

jmn

This equation describes waves with w(ks) proportional to |k|, hence it is
convenient to define the wave velocities c(ks), according to

w(ks) = c(ks)|k| , for small [k| and s = acoustic . (14.4)

So the long wavelength acoustic phonons are dispersionless, and have ve-
locities which depend on the wavevector direction. For a given crystal, and
for each acoustic branch, the velocity c(l;s) observes the crystal symmetry
in its dependence on the direction k. Ultimately, the reason for the lin-
ear |k| dependence in Eq. (14.4) is the translational invariance condition
(12.13), which was used in transforming the dynamical matrix from (13.13)
to (13.14).

Essentially the same procedure can be carried out for a nonprimitive
lattice, with the complication that sublattice displacements are induced by
long wavelength phonons, but when the sublattice displacements are solved
for and eliminated, precisely the same Equation (14.3) results for the long
wavelength acoustic phonons. Again the macroscopic translational invari-
ance condition, or acoustic sum rule, ensures the property (14.4) for the
three acoustic branches. For the optic phonons at k = 0, the homogeneous
strains are zero, but the sublattice displacements are not, and the motion
corresponds to the sublattices remaining rigid and vibrating with respect
to one another. Extensive discussions of the long wavelength solutions may
be found in Born and Huang (1954), and in Thermodynamics of Crystals.

The equation (14.3) for long wavelength acoustic phonons is identical
to (12.32) for sound waves in the potential approximation. The same re-
sult holds for nonprimitive lattices, and was discussed by Born and Huang
(1954) as the equivalence between the methods of long waves and homoge-
neous deformation. The physical meaning is, for wavelength long compared
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to the range of internuclear forces, the process within an acoustic phonon
is nothing but a slowly oscillating homogeneous deformation. The equiva-
lence holds only in the leading order of theory, but is important in crystal
physics because it is the origin of approximate relations among physical
phonons, sound waves, and low temperature thermodynamic quantities.
We shall endeavor to clarify these relations, here and in the following sec-
tions. Here is a summary of modifications to the equivalence of long waves
and homogeneous deformation, in real crystals.

(a) At zero temperature, a system resides in its groundstate, hence at
T = 0 the Helmholtz free energy, the thermodynamic internal energy, and
the groundstate energy are all the same function of the crystal structure.
This function serves as the potential for long wavelength acoustic excita-
tions, hence at T' = 0 the adiabatic sound waves, the isothermal sound
waves, and the long wavelength acoustic phonons are the same. This result
was demonstrated for a primitive lattice, by applying anharmonic pertur-
bation theory to all orders, by Gotze (1967).

(b) At finite temperatures, adiabatic and isothermal sound waves in the
potential approximation, and long wavelength acoustic phonons in the har-
monic approximation, are the same for any crystal. The following results
are derived in leading order anharmonic perturbation theory (Thermody-
namics of Crystals, Sec. 17), and presumably hold in all orders of anhar-
monicity, for any crystal at any temperature: Adiabatic and isothermal
sound waves and long wavelength acoustic phonons retain the property
w(ks) o |k|, with one longitudinal and two transverse polarizations for
each allowed k. At a given ks, the adiabatic frequency is greater than the
isothermal frequency, while there is no general rule for the relative value of
the acoustic phonon frequency.

(c) At finite temperatures, experimental sound waves are presumably
adiabatic, and the properties of experimental sound waves can in principle
be calculated exactly from strain derivatives of the internal energy U, or
from strain derivatives of the free energy F', together with isothermal to adi-
abatic corrections. On the other hand, phonons are measured by inelastic
neutron scattering, and beyond the leading (harmonic) order of theory, the
interpretation of these experiments is imprecise, so that no exact relation
between experimental phonons and sound waves is possible in principle.
This point emerges from the neutron scattering analysis of Ambegaokar,
Conway, and Baym (1965).
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Nearly-Free-Electron Metals

The form of the crystal potential ®({rx}) for the nearly-free-electron met-
als, derived in Eq. (5.54), is

@ =0W) + 5> o e V) (14.5)
KL

It is instructive to apply this potential function to the lattice statics and
lattice dynamics theories of Secs. 12 and 13. Let us do this for a primitive
cubic crystal under isotropic pressure P, so the stress tensor in the potential
approximation is

éij = *Péij 3 ]5 = — (146)

av
For cubic symmetry, there are three independent elastic constants Cl, 3, and
three independent stress-strain coefficients B,g, related through

The bulk modulus is

1 g dP
B=< (Bu+2Bu)=-vi . 14.8
3 (P + 2B av (14.8)
For the homogeneous deformation calculation, the potential is ®({R k }),

and we can set Ry, = 0in ¢(|[Rx — R[; V), to write
1 ’
o =Q(V)+ §N; P(Ril;V) (14.9)

Two procedures are available for evaluating the pressure and elastic con-
stants: (a) one can use the chain rule to differentiate ® with respect to 7;;
and V, as in Sec. 10, or (b) one can differentiate ® with respect to the three
Fuchs strains to find three independent combinations of Bas (see Wallace,
1969a, or Thermodynamics of Crystals, p. 326). Abbreviations for dis-
tance and volume derivatives are listed in Eqs. (10.23), where for example
¢’ = R(0¢/OR), and ¢* = V(0¢/0V), and here we use the abbreviation
ox = ¢(|Rk|; V). The following results are obtained (see problem 14.1).

~ N 1 I " 1
VP =-Q"— §NZK: <¢K + §¢’K) , (14.10)
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VB=Q" 4= NZ[ +%( ’1’<—2¢’K)] : (14.11)

V(Bui~Bra) ——NZ 20k + (e~ ) Rk — B B)| (1412
~ 1 71

VB44:§NZ {§¢}(+(¢’;{ L R2 RKy)] ) (14.13)

K

The first two coefficients, VP and V B, represent pure volumetric strain,
while the last two shear constants represent pure volume-conserving shear
strains. If we return to Egs. (10.25) and (10.26), and there set T' = 0 and
omit the fluctuations, and evaluate all functions of {rx} at the lattice sites
{RKk}, for a primitive cubic lattice, then those formulas reduce to the static
lattice results above. Notice the combinations in (14.11) and (14.12) can
be solved for Bu and Blg separately.

In lattice dynamics, phonons are solutions of the harmonic nuclear mo-
tion problem, subject to the crystal having a fixed volume, and periodic
boundary conditions. With these boundary conditions, the volume depen-
dence of ® is irrelevant, and only the distance dependence in ¢(r; V) is
significant. For a primitive lattice, the dynamical matrix evaluated in the
interior is written in Eq. (13.14), and with ®{rx}) given by (14.5), one
finds

MDy;(k) = Z' [RQ . (¢k — Pk ) RiiRi;

Ric

] [ — cos(k - Rg)]

(14.14)
The small-k expansion leads to the equation of motion (14.3) for long wave-
length acoustic phonons, where the wave propagation coefficients are given
by

VAijmn = NZ (1015 + (0 — 1) Bucilircs | BromBrcn . (14.15)

The last two equations are valid for any primitive lattice, not necessarily
cubic. Now Eq. (12.30) is solved for the three cubic-lattice B,g, in terms
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of Aijmn, and the results can be put in the form (see problem 14.2)

o1 1
VB:§NZ/ [5( ;§—2¢’K)} , (14.16)
K
1 . FUR

V(BuBin) = 5V 3ok + (65 — 0h) (Rl ~ BB (1407

K
VB = NS |20 + (8 — o) B2 B2 14.18
=75 Z 3¢K+(¢K k) Rica ey | - (14.18)

K

Again these three combinations are equivalent to the three independent
Bas.

The above equations for the two shear coefficients, from the method of
long waves, are precisely the same as the homogeneous deformation equa-
tions (14.12) and (14.13). But the corresponding equations (14.16) and
(14.11) for the bulk modulus are not identical, and they will be the same
only if

*k 1 ! *k 2 /% _
Q +§NZK: ( K+§¢K> =0 . (14.19)

Notice this function arises entirely from the explicit volume dependence
of the potential ®({rx}). We shall now discuss the nature of volume-
dependent potentials in condensed matter, with particular reference to the
equivalence of the methods of long waves and homogeneous deformation.

Note on Volume Dependent Potentials

The general arguments here apply to any condensed matter phase, crystal,
amorphous solid, or liquid. Of course, the dependence of potentials in
condensed matter is on density N/V, not on V alone. In a real material,
the density dependence can only be local, and reflects a dependence on the
mean density over the range of effective forces. Hence within a very long
wavelength wave, the interatomic potentials at each location correspond to
the density of the material at that location.

The same property is supposed to be present in theoretical potentials.
If we could compute ®({rx}) for a very large system with a slowly varying
density, then ®({rx}) should contain the correct local-density dependence



140 Lattice Dynamics

of the interatomic potentials. Or, if we compute ®({rx}) for the same N-
atom system at two different volumes, then the entire many-atom potential
function will be different for the two volumes. Suppose we compute the
static lattice potential ®(, and some phonon dispersion curves, for a system
representing a crystal of a given element, at different values of V/N. The
results will certainly be volume dependent, and if we fit a model form for
®({rx}) to these results, for example the form given in Eq. (14.5), then we
will find the explicit V' dependence indicated in that equation. So when we
apply condensed matter theory to materials under compression, we must
deal with volume dependent potentials, and the equivalence of long waves
and homogeneous deformation, as expressed for example by Eq. (14.19),
will be an important theoretical constraint.

A special subtlety arises from the use of pseudopotential perturba-
tion theory. The volume dependence in Eq. (14.5) comes from several
sources, including the volume dependences of the Fermi wavevector f and
the exchange-correlation parameter £, as mentioned following Egs. (5.53)
for ¢(r; V) and (5.55) for (V). These volume dependences contribute to
VB as calculated from homogeneous deformation, but not as calculated
from long waves. But that information would appear in the long waves
calculation, if the dynamical matrix were expressed to fourth order in the
pseudopotential, and indeed for this very reason, certain fourth-order con-
tributions to the dynamical matrix were worked out in Thermodynamics of
Crystals (p. 336-340). But pseudopotential perturbation theory is approx-
imate from the outset, and rather than carry it to complicated high orders,
it is sensible to adjust the model parameters in low order, so as to satisfy
Eq. (14.19). Since £ controls the compressibility of the valence electron
system, it is natural to adjust this parameter to achieve agreement between
the long waves and homogeneous deformation expressions for V B. This is
the procedure used for Al by Sraub et al. (1994), as mentioned in Sec. 5.

The equivalence of long waves and homogeneous deformation will be
automatically satisfied when ®({rx}) has the correct physical properties.
This means the effective internuclear potentials in ®({rx}) must depend
on some local measure of the material density, and not on the macroscopic
average density. In pseudopotential perturbation theory, for example, the
Fermi wavevector f, the exchange-correlation parameter ¢, and the param-
eters in the core potential w.(r), must all be local parameters, depending on
the local material density. Initial theoretical work on this formulation can
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be found in Thermodynamics of Crystals, pp. 313 — 315, and in Ashcroft
(1990).

Theory and Experiment for Elastic Constants

Sound velocities in crystals are measured to high accuracy by ultrasonic ex-
periments. Errors are commonly 1 part in 10*, and are often much smaller.
Pressure derivatives are also measured accurately, as well as derivatives
with respect to anisotropic stresses. Excellent data compilations are given
by Simmons and Wang (1971), and by Hearmon (1969). Experimental re-
sults continue to appear in the literature. One has to be careful about the
meaning of reported pressure derivatives, and stress derivatives in general.
What is reported as “dCog/dP” is often dB,g/dP, and for a cubic crystal,
for example, the two quantities differ by 41, which can easily amount to
30% or so. There is room here for heroic work in straightening out the
experimental data base. Extensive discussion of the interpretation of ex-
periments is provided by Thurston and Brugger (1964), Brugger (1965),
and Wallace (1970).

The major contribution to theoretical elastic constants arises from the
potential approximation. Vibrational contributions are small, but not small-
er than experimental errors, and sometimes not smaller than theoretical er-
rors. Vibrational effects in the overall comparison of theory and experiment
are discussed in Secs. 17 and 19.

In the old days, theoretical elastic constants for pseudopotential mod-
els of Na and K were compared with experiment, and those comparisons
are reproduced here in Table 14.1. The experimental constants are evalu-
ated at zero temperature and pressure, while the theoretical constants are
from homogeneous deformation calculations, at the same temperature and
pressure in the potential approximation. The model has been adjusted to
reproduce the experimental volume at P = 0, and the experimental bulk
modulus. For Na and K together, the calculated BH, Blg, and 344 differ
from experiment by 2 — 10%, with an average error of 5%. This accuracy
is comparable to current density functional calculations. The shear coeffi-
cient By — Bys is especially small for the alkali metals, and that property is
also captured by the pseudopotential model. In calibrating the model, the
parameter £ was determined from the compressibility of the uniform elec-
tron gas, and was not adjusted to achieve agreement between long waves
and homogeneous deformation. Hence there is a difference, which can be
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denoted
A = V4B (homogeneous deformation) — V4B (long waves) .  (14.20)

The quantity on the left side of Eq. (14.19) is NA. Notice the homoge-
neous deformation calculation of V4B is correct to a higher order in the
pseudopotential than is the long waves calculation. Values of A are also
listed in Table 14.1, and these are rather small, being 6-8% of VB , hence
indicating a rapid convergence of pseudopotential perturbation theory for
Na and K. The theoretical pressure derivatives déag / dP are also in excel-
lent agreement with experiment, having an average error of 4%. For more
details see Wallace (1969a), or Thermodynamics of Crystals, Sec. 34.

Table 14.1. Comparison of pseudopotential theory with experiment for the stress-
strain coefficients of bcec Na and K, at zero temperature and pressure. Units are
Ry/atom.

Na K

Quantity Theory Experiment Theory Experiment
VaB 0.129 0.129 0.121 0.121
VaBi1 0.139 0.145 0.131 0.138
VaBis 0.124 0.121 0.116 0.113
VaBus 0.094 0.104 0.087 0.094
Va(Bi1 — Bu) 0.015 0.024 0.015 0.025

A ~0.008 ~0.010

Density functional theory has been used for ab initio homogeneous de-
formation calculations for many crystals. For a primitive lattice, the pro-
cedure is to calculate the electronic groundstate energy as a function of
the magnitude of a given unit-cell strain, then numerically differentiate the
energy vs strain curve to obtain a component of stress vs strain, and numer-
ically differentiate again to obtain an elastic coefficient. For a nonprimitive
lattice, the procedure is the same, except at each value of the unit-cell
strain, the nuclei within the cell are moved to locations which minimize the
groundstate energy. This energy minimization gives the sublattice vectors
as unique functions of strain, and is equivalent to solving for the sublattice
displacements in the formal theory of homogeneous deformation, as men-
tioned in Sec. 12. Common practice is to compare these density functional
calculations, which represent the potential approximation, with the exper-
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imental crystal structure and lattice parameters, and elastic constants, at
room temperature and zero pressure. Sometimes the comparison is made
with experiment at zero temperature. The results are exemplified by a se-
ries of papers on the 3d, 4d, and 5d transition metals, where agreement
with experimental elastic constants is in most cases within 10% (Soderlind
et al, 1993, 1994; Fast et al, 1995).

Theory and Experiment for Phonons

The early pseudopotential perturbation models for the alkali metals contain
three parameters, and were calibrated by fitting to experimental data for
the binding energy, the volume at zero pressure, and the bulk modulus, all
at T = 0. Within this procedure, there was still enough room for adjust-
ment to fit the experimental (w?) 7 exactly, and then the pseudopotential
parameters were tightly constrained. The pseudopotential expression for
(w?)pz is given in problem 14.3. Comparison of the theoretical phonon
dispersion curves with inelastic neutron scattering experiments is shown in
Fig. 14.1 for Na, and Fig. 14.2 for K. The discrepancies between theory
and experiment, apparent in these figures, can guide us to improvements in
our models. On the other hand, the overall accuracy of those early model
theories is comparable to what can be achieved by current density func-
tional calculations. The one-parameter model for phonon dispersion curves
of Al is shown in Fig. 5.1. For more details see Wallace (1968, 1969b), or
Thermodynamics of Crystals, Sec. 34.

Several procedures have been developed for ab initio density functional
calculations of phonon frequencies. The agreement with experiment reaches
the 5% level at best, not far from the experimental accuracies of say 1-5%.
Phonon dispersion curves were calculated in linear response theory for Si
and Ge by Giannozzi et al. (1991), and for Au by Quong (1994). A supercell
method was used to calculate the internuclear force constants, and then the
dispersion curves, for Rh by Heid, Bohnen, and Ho (1998). Frozen phonon
calculations are an extension of homogeneous deformation calculations. A
supercell is prescribed, large enough to contain half the phonon wavelength,
and the electronic groundstate energy is calculated as a function of the
phonon amplitude. The second derivative of the energy vs amplitude curve
is Mw?. Tt is necessary to know the phonon eigenvector in advance, but for
k along symmetry directions, the eigenvector is determined by symmetry
arguments. Four zone boundary phonons for Al at several volumes were
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Figure 14.1.  Phonon dispersion curves for beec Na at 90 K, where v = w/27.
Points are experiment, lines are the pseudopotential model (Wallace, 1968).

calculated by John Wills, and at the volume of neutron scattering exper-
iments, theory and experiment differ by 3-6% for these four phonons (see
Straub et al, 1994).

Problems

14.1 Find a way to convince yourself that the right sides of Eqgs. (14.10)
0 (14.13) are correct.

14.2 Write the set of independent Aijmn for a primitive cubic lattice,
from Eq. (14.15). Then use Eq. (12.30) to find the corresponding B coeffi-
cients, and show they have complete Voigt symmetry, e.g. way = Bxyyz
Then derive Egs. (14.16) — (14.18).

14.3 From Eq. (14.14) for the dynamical matrix, show that the mean
phonon frequency squared for a primitive lattice is given by

Ly [

Demonstrate agreement with problem 13.3.
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Figure 14.2. Phonon dispersion curves for bee K at 9 K, where v = w/27w. Points
are experiment, lines are the pseudopotential model (Wallace, 1968).

15 EXPERIMENTAL PHONON DATA

Phonon Dispersion Curves

In inelastic neutron scattering experiments, the scattering cross section is
proportional to the dynamic structure factor S(q,w), where hq and hw
are respectively the momentum and energy transferred from the neutron to
the system. Phonon data are obtained from measurements on large single
crystals, and the discussion here applies to any crystal. In the leading the-
oretical approximation, the neutron interacts with a single quasiharmonic
phonon, and S(q,w) is a sum over all phonons ks of terms proportional
to A(q — k)d(w — w(ks)), each term describing the creation of one phonon
at ks, and terms proportional to A(q — k)d(w + w(ks)), where each term
describes the absorption of one phonon at ks. In this theoretical approxi-
mation, the experiments can provide exact measurements of exact phonon
frequencies. In higher theoretical approximation, S(q,w) has corrections
from anharmonicity, and from multiphonon scattering events. These cor-
rections cause the phonon lines to shift, broaden, and become asymmetric,
effects which generally increase as temperature increases. To interpret the
experiment, one often fits S(q,w) at fixed q to a Lorentzian function of
w — wp, where the fitted wq is taken to be the phonon frequency. At this
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theoretical level, no phonon frequency can be measured exactly, as a matter
of principle (see Ambegaokar, Conway, and Baym, 1965). The theory of
inelastic neutron scattering is presented by Lovesey (1984), and by Glyde
(1994).

Phonon frequencies are most often measured for k along symmetry di-
rections of the inverse lattice, and the corresponding graphs of w(ks) vs k
are called dispersion curves. Examples for primitive lattices are shown in
Figs. 14.1 and 14.2, and Fig. 5.1. It is customary to fit the experimental
dispersion curves with an empirical model, for example a Born-von Karman
model, also called a force-constant model, or a shell model. Fitted models
for primitive lattices generally have from 8 to 26 force constants. Such
fitted models are useful extensions of the experimental data, because they
provide an interpolation of the measured frequencies over the entire Bril-
louin zone, and because they also provide the phonon eigenvectors, or what
is equivalent, they prescribe the set of dynamical matrices D(k) for all k.
From this information, all equilibrium statistical mechanical properties can
be calculated in the quasiharmonic approximation. Extensive collections of
experimental phonon data and fitted models may be found in Schober and
Dederichs (1981), and in Bilz and Kress (1979).

In the early days, inelastic neutron scattering experiments were done
at temperatures low compared to the melting temperature. The rare-gas
crystals, and low-melting metals, were measured at around 10K, while the
refractory metals were measured around room temperature. The measure-
ments are quite accurate, having error bars in the range 1-5%. Higher
temperature measurements are more difficult, because of the deterioration
of the phonon lineshapes, but good measurements of phonon dispersion
curves have recently been made, even to the melting temperature. In ad-
dition, experiments have been done for high temperature crystal phases,
where the temperature has to be maintained continuously at an elevated
level, while the crystal is grown and the measurements are accomplished.
Examples include bee St at 930K (Mizuki and Stassis, 1985), fcc La (Stassis
et al, 1985), and bce phases of Ti, Zr, Hf, La, and Sc (respectively Petry et
al, 1991; Heiming et al, 1991; Trampenau et al, 1991; Giithoff et al, 1993;
and Petry et al, 1993). Compression dependence of transverse acoustic
phonon frequencies of Ge to 9.7 GPa has recently been measured (Klotz et
al, 1997), and more such measurements will be welcome.

The temperature dependence of phonon data at 1 bar has two indepen-
dent contributions, one being an explicit volume or lattice-parameter de-
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pendence, resulting from thermal expansion, and the other an explicit tem-
perature dependence resulting from anharmonicity. In these dependences,
most elemental crystals display the same “ordinary” behavior, where the
explicit temperature dependence is small and often negligible, and the lat-
tice parameter dependence is understood theoretically, through quasihar-
monic theory. This behavior is important in the analysis of experimental
thermodynamic data in Chap. 4. The exception to ordinary behavior is the
appearance of “soft phonons,” marked by a strong temperature dependence
of the frequencies in a small region of the Brillouin zone, and associated
with an incipient crystal instability. Soft phonons are discussed in Sec. 26.

As wavelength increases for acoustic phonons, it is increasingly difficult
to measure the frequency accurately, because the frequency decreases to-
ward zero. The measured dispersion curves are often supplemented with ini-
tial slopes of w vs |k|, determined from more accurate elastic-constant data.
This procedure is approximate, since acoustic phonons and sound waves are
not the same at finite temperature, as discussed in Sec. 14. However, the ap-
proximation can always be improved with theoretical corrections, starting
from the equivalence of acoustic phonons and sound waves at zero temper-
ature. The inverse situation also occurs, where phonon dispersion curves
are used to estimate the elastic constants, usually for a crystal for which
no ultrasonic data exist. Such neutron scattering estimates were compared
with Brillouin scattering measurements for Kr near melt, and indicate the
difference between acoustic phonons and sound waves, also called the zero
sound — first sound difference, amounts to 7-14% in the elastic constants
(Landheer et al, 1976). Elastic constants of bee Sr, of both high temper-
ature phases of La, and of bee Ti, Zr, Hf, and Sc were determined from
the high temperature neutron scattering experiments mentioned above. It
is often said that a change in slope of w vs |k| at small |k|, specifically
an increase in slope with increasing |k|, in a measured acoustic phonon
dispersion curve, represents a change from first sound to zero sound. The
statement is not correct. Such a change in slope can be achieved in a force
constant model, or in pseudopotential theory, in the purely harmonic theory
where zero sound and first sound are the same.

Phonon Frequency Distribution

The normalized phonon frequency distribution g(w) is defined in the same
way for primitive and nonprimitive lattices, namely g(w)dw is the number
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of frequencies in dw at w, normalized so that

/g(w)dw =1. (15.1)

The standard procedure is to calculate g(w) numerically, from a model
which gives w(ks) over the entire zone. Of course, g(w) contains much
less information than the original model, since only a faint shadow of the
dependence on wavevectors and polarizations remains in g(w). The distri-
bution is nevertheless useful in equilibrium statistical mechanics, because a
quasiharmonic statistical average is the Brillouin zone average of a function
f(w), and for any lattice we have

@)z = / F@)g(w)dw . (15.2)

As we shall see in Sec. 16, all quasiharmonic thermodynamic functions are of
this form, where each appropriate function f(w) carries explicit temperature
dependence. The statistical mechanical properties which cannot be put into
the form of Eq. (15.2) are properties involving interactions of phonons with
other particles, such as other phonons, electrons, or neutrons, because these
interactions always depend on the phonon eigenvectors.

In Sec. 13, we mentioned the historical development of simple models for
the phonon frequency distribution. In 1907, to demonstrate the relevance of
the thermal energy of a harmonic oscillator to the specific heat of solids, it
was sufficient for Einstein to take a single frequency wg, so the normalized
Einstein distribution is

9r(w) =0(w —wr) . (15.3)

The Debye model treats a solid as an isotropic elastic continuum, which
gets the correct behavior w o< |k| at small |k|, but misses the dispersion,
and misses the anisotropy of a crystalline solid. In terms of the Debye
frequency wp, the normalized Debye distribution is

3 2
gp(w) = ig , 0fw<wp ;
“h
gplw) = 0, w>wp . (15.4)

The Einstein and Debye distributions, separately or in combination, are too
unrealistic to be useful in modern theoretical work. Moreover, what was
understood 50 years ago but is not today, the Debye model is incapable of
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replacing lattice dynamics in any realistic application. The superficial fact
is that real crystalline solids indeed have g(w) o w?, the same as gp(w) in
Eq. (15.4), but only at very small w, while the profound truth is that the
physically correct derivation of this property of g(w) is provided by lattice
dynamics theory, and only lattice dynamics theory can define the “Debye”
frequency wp. Lattice dynamics theory of the low frequency distribution is
presented in Sec. 16, where we find hAwp = kO p, with ©p the experimental
Debye temperature at T = 0.

Accurate phonon distributions g(v), where v = w/2m, are shown for
several elements in Fig. 15.1. These distributions are obtained from Born
von Karman models fitted to experimental phonon dispersion curves. Debye
distributions determined from experimental Debye temperatures are shown
for comparison.

Phonon Moments

Phonon moments are moments of the phonon frequency distribution, and
they are important because almost all the quasiharmonic thermodynamic
information is contained in just a few of the moments. Barron, Berg, and
Morrison (1957) defined the following moments w,,, for n > —3:

3 o0 1/TL
W, = [n—; / w"g(w)dw] , n#0and n# -3 ;
0
1 o0
wy = exp [ng/ 1nwg(w)dw} ;
0
w_3 = lim3wn . (15.5)

The numerical factors were chosen so that every moment of the Debye
distribution is the same:

waplgp(W)] =wp ,n>-3 . (15.6)

The moments for n < 0 depend strongly on the smallest phonon frequencies,
and the —3 moment only depends on the limiting character as w — 0.
Graphs of w, vs n for the elemental metals are shown by Schober and
Dederichs (1981). In these graphs, the maximum moment is either at n =
—3, or at n = oo, while the minimum moment is at n in the range —3 to +5.
The spread of moments from minimum to maximum is 10 —40% for metals
at low temperatures, and becomes larger when temperature increases.
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g(v)(THz't)

Vv(THz)
Figure 15.1.  Experimental phonon distributions for three metals (solid lines,

data from Schober and Dederichs, 1981), and Debye distributions determined
from experimental Debye temperatures (dashed lines).

Lattice dynamics characteristic temperatures 6,, are defined from the
phonon moments w,, as follows. The Debye temperature in quasiharmonic



EXPERIMENTAL PHONON DATA 151

approximation is 6_3, where
kO_3 =hw_3 ; (15.7)
the classical entropy temperature 6y is
kby = e Y3hwo ; (15.8)
and the remaining 6,, are given by
kO, = hw,, . (15.9)

In quasiharmonic phonon statistical mechanics, specific characteristic tem-
peratures possess the following properties:

0_3 scales the thermal free energy at low temperature;

0_5 scales the classical nuclear mean square displacement;

0y gives the classical entropy;

01 gives the zero-point vibrational free energy;

02,04, - -+ give quantum corrections to the classical free energy.

Because it is difficult to measure accurately the frequencies of long wave-
length acoustic phonons, by means of inelastic neutron scattering, it is dif-
ficult to obtain accurate values of w,, for negative n, especially for n = —3.
When one goes from neutron scattering experiments, through a force con-
stant model to g(w), and ultimately to 6_3, the result might be in error by
more than 10% for an elemental crystal. Note the error here is determined
by comparison with highly accurate values of ©p from low temperature
specific heat measurements (see Sec. 16). In contrast to the moments at
negative n, w, is quite accurate as n — oo, where the moment converges
(slowly) to the highest phonon frequency. Most accurate of all are the
central moments, at n = 0, 1,2, since these have significant contribution
from the entire experimental phonon spectrum. The accuracy of these mo-
ments for elemental crystals is such that, if respectable neutron scattering
measurements are made in different countries in different years, on crystals
grown in different laboratories, the results from separate force constant
models will agree to around 0.1 — 0.5%.

Central characteristic temperatures from neutron scattering measure-
ments, and Debye temperatures from low temperature specific heat mea-
surements, are listed in Table 15.1. The crystal structure for the Debye
temperature is listed when it is different from the crystal structure for the



152 Lattice Dynamics

central characteristic temperatures. The data are from the author’s col-
lection, assembled over the years and reported in Wallace (1991c, 1997a),
where references to the sources can be found. A useful approximation,
whose accuracy can be assessed from the tabulated data, is

0; ~ 0y ~ /30, . (15.10)

We also have reliable information on the volume derivative of each 6,,, to
be presented in Sec. 19.
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Phonon characteristic temperatures 6g,61, and 62, from neutron
scattering measurements at temperature Tieqs and density pmeas, and Debye
temperatures ©p from low temperature specific heat measurements.

T‘IYLEGS p’"LE(IS
Element (K) (g/em®)  Crystal 6o(K) 61(K) 62(K) ©Op(K)
Li 98 0.546 bee 265.5%  388° 400* 371
Na 90 1.005 bee 113.3 163 166 152.5
K 9 0.904 bee 68.9 99.4 102.1  90.6
Rb 12 1.616 bee 42.2 61.9 63.9 55.6
Mg 290 1.74 hep 2294 319 320 400
Ca 295 1.53 fee 149 210 213 229
Sr 930 2.6 bee 80.0 115 117 147 (fec)
Ba 295 3.5 bee 66.5 94.9 97.7 110.5
Cu 49 9.018 fee 2253 315 317 345
Ag 296 10.49 fec 150.1 211 213 226
Au 295 19.27 fce 124.5 179.3 184 162.5
Zn 80 7.270 hep 161 235 242 326
Hg 30 14.46 rhomb  64.7 106 (124) 719
Al 80 2.731 fec 2835 399 404 428
In 77 7.43 bet 85.3 128 (138) 111
Tl 296 11.85 hep 61.5 91.4 (97) 78.5
Pb 80 11.55 fcc 64.1 91.3 93.4 105
Ar 10 1.7705 fce 59.1° 82.9®  83.4° 920
Kr 10 3.091 fee 46.03  64.6 65.0 71.9
Xe 10 3.780 fec 39.92  56.0 56.3 64.0
Ti 295 4.505 hep 255 — — 427
Zr 295 6.507 hep 178 — — 294
Vv 296 6.12 bee 250 347 347 400
Nb 296 8.58 bec 198 278 280 272
Ta 296 16.68 bee 162 226 226 259
Cr 300 7.19 bee 338 464 459 600
Mo 296 10.22 bee 273 377 374 470
w 298 19.26 bee 225 310 307 390
Fe 295 7.87 bee 301 420 421 470
Ni 298 8.91 fee 275 383 385 470
Pd 120 12.07 fee 200 284 289 272
Pt 90 21.56 fec 163.5 232 237 236
Th 296 11.7 fce 99.7 141 143 160
Si 296 2.34 dia 421 645 685 645
Ge 80 5.32 dia 245 373 396 374
Sn 300 7.30 bet 103.4 154 172 202(dia)

2Data for "Li was converted to atomic weight 6.939.

bData for 36 Ar was converted to atomic weight 39.948.
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Chapter 4

Statistical Mechanics of Crystals

16 QUANTUM NUCLEAR MOTION

Interacting Phonon Description

When we want to study the many-body properties of phonons, the most
convenient formulation is in terms of phonon creation and annihilation op-
erators. These operators are defined through a canonical transformation of
the phonon coordinate and momentum operators of Sec. 13. It is convenient
to streamline the notation by using the index s for the pair ks, according
to

k=ks ; —k=—-ks . (16.1)

The phonon coordinates ¢, and momenta p,, are given by Eqs. (13.22)
and (13.23), respectively, and the phonon creation operators A, and an-
nihilation operators A, are defined by

1 .

AL = S (nt—n — ipx) (16.2)
A L (onge +ipr) (16.3)
k= = \Wklk P—r) - .

vV 2hw,, 4 p

Commutators are calculated with the help of Eqgs. (13.25) and (13.26) for
coordinate and momentum commutators, with the result

[Am A:/] = 5&/4 ) (164)

155
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[Ag, Al =[AT, AL =0 . (16.5)

Here 6, = A(k —k')dss, and as long as k and k’ are both from the same
Brillouin zone, then é,,. = dkik/dssr. The above equations, and most of those
following in Sec. 16, are valid for any lattice, primitive or nonprimitive.

Expansion of the nuclear motion Hamiltonian in powers of displacements
of the nuclei from equilibrium is written in Eq. (13.4). Here we shall write
this expansion in the more descriptive “phonon notation,” as

H = B¢ + Hpn + Hann (16.6)

where @ is the static lattice potential, and (see problem 16.1)

1
_ _ +
Hop = Ho = §R i (AN A+ 5) : (16.7)
Hanh = (DS + (1)4 + - (168)

In terms of the operator B, = A, + AT _, &3 and &, take the form

—K?

®3= Y P BuBuBer (16.9)
4= Y P BeBuBer B (16.10)

While H,,j, is diagonal in phonons, Hayp is not, hence Hgypp, expresses inter-
actions among phonons. Notice the terms phonon-phonon interactions and
anharmonicity represent the same physics. The coefficients ®,,./., etc., are
transforms of the potential energy coefficients of Sec. 12, and they contain
lattice symmetry properties, as well as the requirements for conservation of
total “crystal momentum.” For example,

&, contains A(k + k' + k) |
D contains A(k + k' + k" + k") . (16.11)
Unlike two-phonon terms, Umklapp processes appear in three- and four-

phonon interactions, since the sum of three or four k vectors can equal a
nonzero reciprocal lattice vector.
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If V< U? > is the rms nuclear displacement, and R is a mean near-
est neighbor distance, then ¢ = v< U? >/R is small, and the orders of
magnitude of quantities entering H are as follows.

Ao AT ~1
hw, ~ €2,
§ énn’n” ~ Ehw/{ 3
H/K/”
Dpor o ~ €2 hwy (16.12)
HIK/”K/”

These orders of € serve as the basis for the perturbation treatment of phonon
interactions. In the early days, from Born and Huang (1954) through the
seventies, anharmonicity was studied almost entirely by means of perturba-
tion theory. Since the rms nuclear displacement increases with temperature,
then so does ¢, and for this reason, great difficulty was encountered in push-
ing anharmonic perturbation theory to high temperatures, say to T’ Z%Tm.
In the eighties we took a different approach, and began to study anhar-
monicity all the way to melting, through molecular dynamics simulations,
and also through analysis of experimental data. This approach has given
us a much better understanding of anharmonicity, and a much simpler pic-
ture of its role in thermodynamic properties of crystals. This new view of
anharmonicity will be presented here, in Chap. 4, and along the way, we
shall compare with results from perturbation theory.

Nuclear Motion Free Energy

Since phonons are independent bosons, according to the commutators (16.4)
and (16.5), the energy levels of H,, are

Epn({ns}) Zhwn (nﬁ ) : (16.13)

where n,, = 0,1,---, for all k. The Helmholtz free energy is given by
Eq. (7.43) for bosons, where we must set © = 0 because phonons are not
conserved, and where we must add the zero-point phonon energy appearing
in Eq. (16.13), so that (see problem 16.2)

1
Ey = Z [§hw,§ + kT In(1 — e_ﬂh“’”)} . (16.14)

K
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The total nuclear motion free energy can then be written
F = (I)0+th+Fanh R (1615)

where F,,;, is supposed to account fully for anharmonicity, as it is contained
in Happ. The corresponding nuclear motion entropy .S, and internal energy
U, are

S = Sph + Sanh (16.16)

U=+ Upp +Usni (16.17)

where the quasiharmonic contributions follow from Eq. (16.14) for F,p,

Syn =k Z[(m + 1) In(iy + 1) — A In 7] (16.18)

K

1
Uph = Y hwy <ﬁ,€ + 5) . (16.19)

Here 71, is the harmonic thermal average of the phonon occupation number
Urs

1

Ny

Let us derive the formal expression for Fy,, in leading order pertur-

bation theory. In perturbation theory for the total system energy levels,

&5 contributes in second order, ®, contributes in first order, both con-

tributions are of order €*, and their sum is denoted £4({n.}). From the

general perturbation expansion of the free energy, shown in Eq. (7.59), we
can write

Fonn = (&) + -+ (16.21)

where (£4) is the harmonic phonon thermal average of £4, and + - - - repre-
sents terms of order higher than e*.

Though anharmonic perturbation theory is extremely complicated, some
results from the leading order theory, corresponding to Eq. (16.21), provide
insights into the general effects of anharmonicity. First, the dynamic struc-
ture factor S(q,w) observed in inelastic neutron scattering is changed, so
that the phonon peak at w = wy, is shifted to the “renormalized” frequency
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Q.. = wx + AL, and is broadened to show a half width of I, where A, and
T',; are explicitly temperature dependent. Second, the entropy is given by

the quasiharmonic entropy with w, replaced by Q,, that is (see problem
16.3)

Spn 4 Sann = Spn = Spn ({21} (16.22)

in leading order of anharmonicity, where the last equality defines Sph. This
relation was shown by Barron (1965), and it will be useful in analyzing
experimental data in Sec. 19. Third, no other thermodynamic function can
be expressed in the fashion shown in Eq. (16.22) for the entropy. Finally,
for the long wavelength acoustic phonons, the renormalized frequencies are
still proportional to k|,

Q(ks) = [c(ks) + dc(ks)]| K| (16.23)

and this holds at all temperatures, where the anharmonic shift 50(1;3) is
temperature dependent. The dependence (16.23) was given by Wallace
(1964) (or see Thermodynamics of Crystals, p. 202).

Theory and Experiment at Zero Temperature

In trying to understand the physical nature of a condensed matter sys-
tem, the first challenge is to understand its binding energy. At the level of
accuracy of current theory, this problem is refined to the following: Find
the crystal structure of lowest energy, calculate its equilibrium lattice pa-
rameters and energy at zero temperature and pressure, and demonstrate
respectable agreement of these results with experiment. The theoretical
basis for these calculations is the free energy at T' = 0, equal to the internal
energy at 7' = 0, and written from Eq. (16.15) as

1
F:U:q>o+z§hw,{+Uanh(T:0) ,at T=0 . (16.24)
K

The curve of F' vs V is minimum at the zero-pressure volume, and its
curvature gives the bulk modulus. The cohesive energy is by definition
positive, and is |U| at zero temperature and pressure.

The second term in (16.24) is U, (T = 0), and is the harmonic zero-
point vibrational energy, while the last term represents the anharmonicity
of the zero-point vibrations, or equivalently the interactions among zero-
point phonons. In terms of the characteristic temperature #;, listed in
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Table 15.1, the harmonic zero-point energy for a monatomic crystal in any
lattice structure is

1 9
znj Shws = SNk (16.25)

The first two terms in the expansion (16.24) are listed for several elements
in Table 16.1. Considering the accuracy of current theoretical calculations,
the anharmonic zero-point energy is negligible. If the anharmonicity must
be accounted for, one should remember that the experimental 6; already in-
cludes some anharmonicity, because it is determined from the renormalized
phonon frequencies Q,; (theoretical details are provided in Thermodynamics
of Crystals, Sec. 20).

Table 16.1. Contributions to the energy at zero temperature and pressure, eval-
uated from experimental data for several crystals.

Py gN kO

Element Structure (mRy/atom)

Ar fce —6.47 0.59
Kr fee -9.00 0.46
Xe fce -12.2 0.40
Li bce -123 2.77
Na bce -83.0 1.17
K bce —69.3 0.71
Rb bce -63.0 0.44
Cu fee —259 2.24
Ag fee 218 1.55
Au fee —281 1.32

For most elemental crystals, density functional theory is the best we
have. The standard procedure is to use @ for F', that is, to work in the
potential approximation, and calculate (V') in the neighborhood of its
minimum, for selected crystal structures. Yin and Cohen (1982) carried
out a calculation in local density approximation for Si and Ge in several
crystal structures, and found the dia structure to lie lowest, in accord with
experiment. Their results are listed in Table 16.2, where it is seen that the
lattice parameters are quite close to experiment, and the cohesive energy
is larger than experiment by 5% for Si, and 11% for Ge. Ye et al. (1990)
reported a calculation in local density approximation for bee Na, and pro-
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vided the comparison with experiment shown in Table 16.3. We added the
harmonic zero-point energy to the static lattice energy of Ye et al., and
minimized the function ®(V) + 2Nk6;(V), to find the results listed in the
second line of Table 16.3. The zero-point energy expands the lattice, and
decreases the cohesive energy, moving theory closer to experiment for bcc
Na, but only a little closer. Very similar results are obtained when the
zero-point energy is included for Al (Straub et al., 1994)

Table 16.2. Calculations in local density approximation of Yin and Cohen
(1982), for diamond-structure Si and Ge, compared with experiment.

Lattice Cohesive Bulk
constant energy modulus
(IOA) (eV) (Mbar)
Silicon Theory 5.451 4.84 0.98
Experiment 5.429 4.63 0.99
Germanium Theory 5.655 4.26 0.73
Experiment 5.652 3.85 0.77

Table 16.3 Comparison of calculations in local density approximation with exper-
iment for bee Na. First and third lines are from Ye et al. (1980), and middle line
is present results.

Lattice Cohesive Bulk
constant energy modulus
(A) (mRy/atom) (kbar)
From U = &g 4.05 87.8 85.7
From U = ® + 3Nkb, 4.065 86.6 —
Experiment 4.225 83.3% 73.6

@ Cohesive energy from Table 16.1 is 81.8 mRy/atom.

For metals, the local density approximation usually overbinds, resulting
in a lattice parameter which is too small, and a binding energy too large.
Normally the generalized gradient approximation weakens the binding, al-
lowing the lattice to expand, hence improving agreement with experiment
for lattice parameters and binding energies in metals. On the other hand,
the generalized gradient approximation for Si, and presumably also for Ge,
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moves the binding energy closer to experiment, but moves the lattice pa-
rameter farther from experiment (Favot and Dal Corso, 1999). The local
density approximation has an impressive record of confirming the correct
most-stable crystal structure, i.e. the one observed by experiment, at zero
temperature and arbitrary pressure. As the accuracy of density functional
theory continues to improve, it will be increasingly important to include
the harmonic zero-point energy at zero temperature.

Theory and Experiment in the Low Temperature Regime

The nuclear motion free energy is given by Eq. (16.15), and if we subtract
the free energy at T = 0, Eq. (16.24), the remaining part is the thermal
free energy. The thermal free energy has a contribution from phonons, and
one from anharmonicity, and we will show that both contributions go as T*
in the low temperature limit.

Since k = ks, the quasiharmonic thermal free energy is

Fyp(thermal) = kT " In[l — e~ Meel/AT] (16.26)
ks

In the low temperature limit, only the long wavelength acoustic phonons
contribute, since only these have arbitrarily small energies. Then w(ks)
can be replaced by its long wavelength limit c(lAcs)|k| for s = acoustic, and
the sum over k can be replaced by an integral over k space, i.e. with |k|
going to infinity, because the summand in (16.26) vanishes exponentially
for hw(ks) >> kT. Therefore

ZH% > / dk , atlow T |, (16.27)
S 0

ks
(acoustic)
since V/(2m)? is the density of allowed k vectors in reciprocal space. The
velocity c¢(ks) depends only on the direction of k, so the angular integration
can be separated by introducing the variable x,

he(ks) K|
KT

T = (16.28)
so that

3

kT

dk = |k|*d|k|doa = . r?drdo | (16.29)
he(ks)
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where da is the increment of solid angle for k. The leading term in (16.26)
at low temperature is

T 4
F,p(thermal) = 3k60h3V Z / da (16.30)

(dCOubth

The —3 moment of the phonon distribution, and hence the characteris-
tic temperature 6_3, is related to the angle average of [c(ks)]™3, and the
relation is such that (see problem 16.4)

T\

F,p(thermal) = —NkTg (—) . (16.31)
This formula holds for a monatomic system in any crystal lattice, and in
fact holds as well for a polyatomic crystal (see Thermodynamics of Crystals,
Eq. (18.19)).

Evaluation of the anharmonic thermal free energy at low temperature,
in leading order perturbation theory, was done in Thermodynamics of Crys-
tals, p. 213-217. This evaluation depends on the fact that the long wave-
length acoustic phonons still have frequencies proportional to |k|, as written
in Eq. (16.23). It is widely said that the appearance of a renormalized De-
bye temperature follows from the Barron relation (16.22), but this is not the
case, as Eq. (16.23) is crucial to the result. We are now prepared to carry
the derivation to all orders. In Sec. 14, we observed that sound waves and
long wavelength acoustic phonons are the same at 7' = 0, and the potential
governing their motion is the exact groundstate energy, U(T = 0). From
thermoelasticity, we know these waves have frequencies given by C (Rs)|k|,
where C' (l;s) is the sound velocity, and s = acoustic. In calculating the lead-
ing low-temperature dependence of the thermal free energy, only the phonon
energies at 7' = 0 will enter, since the temperature dependence of phonon
energies will give a higher-order free energy contribution. We therefore con-
clude that the quasiharmonic formulas become exact at low-temperatures,
in terms of the sound velocities C/(ks), and the Debye temperature ©p as
follows.

4 3
F(thermal) = kaT% <l> , (16.32)
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7 e L[ _da_
[kOp]®  1872h° Z 47T/[C(1;8)}3 : (16.33)

(acoustic)

The sound velocities can be calculated at all angles of k as eigenvalues
of the propagation matrices, which in turn can be constructed from the
measured set of independent propagation coefficients, as discussed in Sec. 8.
To evaluate ©p at T' = 0, the propagation coefficients must be extrapolated
to T' = 0, and this is easily accomplished from measurements down to a
few K.

From the thermal free energy, the entropy and thermal energy are ex-
pressed as follows in the low-temperature regime.

A N
— N 16.34
5 5 <@D) ’ (16.34)
4 T 3
U (thermal) = NerS () (16.35)
5 \0p

The low-temperature specific heat is Cp = Cy = 35, where Cp and Cy
are the same to order T2 because Cp — Cy goes as T at low temperature.
Also, C'p measured at zero pressure is the same as Cp at constant volume,
to order T2, since the difference is due to the volume dependence of O p,
and again goes as T7. So ©p can be measured from two independent
experiments, and the important result here is that they are the same:

O p(propagation coefficients) = © p(specific heat) . (16.36)

Specific heat measurements give ©p to an accuracy of say 0.1 — 0.3%,
while the value from propagation coefficients is usually more accurate still.
Results from the two experiments are in excellent agreement, as shown
in Table 16.4. In fact, these data are from Table 7 of Thermodynamics of
Crystals, and sadly, we have not found time to update and extend this com-
parison. Finally, because our theory is valid for arbitrary equilibrium con-
figuration of the crystal, Eq. (16.36) holds at any configuration, so the strain
or volume derivatives of © p (propagation coefficients) and © p (specific heat)
are also equal. This property is also experimentally verified, as shown in
Table 8 of Thermodynamics of Crystals.
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Table 16.4. Debye temperature calculated from experimental wave propagation
coeflicients, ©p(A;ijr), compared with that determined from experimental spe-
cific heat, ©p(Cp). All data are at T' = 0.

Material Op(Asjr)(K) ©p(Cr)(K)
K 90.9 90.6
Cu 344.5 345
Ag 226.5 226
Au 161.6 162
Al 430.5 428
Pb 105.3 105
NaCl 321.0 321
KCl1 236 235
KBr 172 174
KI 131 132
Ar 90.5 92.0

Thermodynamic Functions in the Dispersion Regime

In the low temperature regime, phonon statistics depends only on the low-
est lying modes, hence depends only on the lowest finite moment of the
phonon distribution, namely on w_3. As temperature increases, modes of
higher energy contribute, so phonon dispersion becomes important, and
the statistical mechanics depends on the higher moments w_s, w_1, and so
on. Hence the phonon moment which most influences a given thermody-
namic function will vary with temperature. In specific heat, for example,
departure from the low-temperature behavior (T/©p)? becomes apparent
at temperatures on the order of 0.010p. In the opposite extreme of high
temperatures, the nuclear motion approaches classical, and the approach
is characterized by the second moment wy (see Sec. 17). With increasing
temperature, the phonon statistical mechanics has lost most of its disper-
sion dependence at a temperature around 0.50;. We therefore define the
dispersion regime by the condition 0.010p ST < 0.50,.

The specific heat C'p is usually measured at 1lbar, and thermodynamic
data are then used to obtain Cy from Cp, by means of Eq. (7.17). At tem-
peratures in the dispersion regime, the experimental Cy is often accurate
t0 0.1%. A graphical comparison of theory and experiment for Cy vs T in
the dispersion regime is not useful, because a difference of 1% is theoreti-
cally meaningful, but cannot be seen on the graph. Dependence of Cy (T')
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on phonon dispersion is magnified in the effective Debye temperature ©,
defined such that Cy(T) = Cp(©/T). The experimental O(T) is highly
accurate, and if anharmonicity is neglected, this function serves as a test
of theory for the phonon frequency distribution. This is the test shown in
Fig. 13.1, of Kellermann’s calculations for NaCl. Many such comparisons
have been made over the years, but the interpretation is always clouded by
the same circumstance, namely that the experimental data contain quasi-
harmonic and anharmonic contributions, while the theory is quasiharmonic
alone. The availability of experimental phonon dispersion curves now al-
lows us to change our methods of comparing theory and experiment, so as
to separate the quasiharmonic and anharmonic effects.

When all is said and done, the best test of theoretical phonon calcu-
lations is the experimental phonon dispersion curves. The experimental
phonons have some anharmonic content, which is usually small, especially
for phonons measured at low temperatures. On the other hand, the best
way to test anharmonic theory is to use experimental data, as much as
possible, to isolate the anharmonic contribution. In the dispersion regime,
as temperature increases in the vicinity of 0.562, ©(T") approaches 65 in
quasiharmonic theory, so the difference between © and 6, expresses the
anharmonic contribution to Cy,. The most accurate value of 05 available
for this analysis comes from experimental phonon data. In analyzing the
specific heat, or any thermodynamic data, for its nuclear motion content,
it is necessary to remove the electronic excitation contribution for metals,
and to make sure theory and experiment are evaluated at the same volume.

Regarding anharmonic contributions to thermal energy, or to entropy,
in the dispersion regime, our current estimate is that it is on the order of a
few percent in metals, and is noticeably larger in the rare gas crystals.

Problems

16.1 Derive the phonon commutators and H,, in terms of phonon cre-
ation and annihilation operators (Egs. (16.4), (16.5), and (16.7)).

16.2 Derive the quasiharmonic statistical mechanics results Eqgs. (16.14)
and (16.18) — (16.20).

16.3 Does an equation analogous to (16.22) hold for the thermal energy?
For the zero-point vibrational energy? Why does such a relation hold for
the entropy, and for no other thermodynamic function?

16.4 Derive Eq. (16.31) for a monatomic system in any crystal lattice,
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and in the process verify that this is the leading term at low temperatures.

17 CLASSICAL NUCLEAR MOTION

Quantum Free Energy at High Temperatures

The nuclear motion free energy is F' = ®g+ Fpp, + Fynn, Eq. (16.15), correct
at all temperatures for a crystal. At sufficiently high temperatures, the
nuclear motion approaches classical, and F' approaches its classical limit.
To study this behavior, we expand 71,; of Eq. (16.20), in powers of hw, /kT":

Ny +

1 T 1hw, 1 O\ °
k hw (hw) 7 (17.1)

2" hw. T12%T T 720 \ET

where + - - - represents terms in higher odd powers of hw, /kT. Notice there
is no constant term, i.e. temperature independent term, on the right side
of Eq. (17.1). The harmonic free energy, Eq. (16.14), then expands into

()4 () st () ]
hwy 24 \ kT 2880 \ kT

(17.2)
Notice the zero-point energy Zﬁéhwﬁ no longer appears in [y, at high

temperatures. The first term in Eq. (17.2) is the classical limit, and this is
precisely the classical free energy derived in Sec. 9, and written in Eq. (9.22),

Fpp = —kT'Y

evaluated for a crystal in harmonic lattice dynamics theory. The remaining
terms are quantum corrections, which vanish as T" — oo, and which also
vanish if one sets i = 0. The second term in Eq. (17.2), the leading quantum
correction, is also the same in harmonic lattice dynamics theory as the
leading quantum correction derived for a general condensed matter system
in Sec. 9 (see problem 17.1).

The harmonic entropy and internal energy have the following high tem-
perature expansions, derived from Eq. (17.2):

L4 1 ([ hw, 2 1 hw,, 4+
24 \ kT 960 \ kT ’

(17.3)

kKT
Spn =k lln (hw
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1 [ hw, 2 1 hw,, 4
ph_kTZ 1+—( ) —%<kT) +] . (17.4)

In the entropy, the first two terms are classical, and % in the classical terms
comes from the density of quantum states in the system phase space. As
mentioned in Sec. 9, this is the only place where 7 enters classical statistical
mechanics, and this A in the entropy remains important even as T — oc.
One the other hand, the classical energy is just the sum of energies k7T for
a set of independent classical harmonic oscillators. Again the terms which
vanish as T" — oo are quantum corrections. The above equations, and most
of those following in Sec. 17, are valid for any crystal.

It is convenient to write the high temperature expansions of harmonic
thermodynamic functions in terms of the phonon characteristic tempera-
tures 6,,, defined in Sec. 15. For a monatomic crystal in any lattice struc-
ture, and also for a polyatomic N-atom crystal,

T 1 /0, 1 /0,
w(D) -5 (%) (%) -] o
Sp=3Nk (L) 4141 9—2 1 94 +--~
ph = SN 40 ~ 2240

1 /6,\* 1 [6,\*
1+2—0<—> _@(T) —+ . . (17.7)

As asymptotic series, these equations can be used for 7" down to say %02.
Since 04 =~ 05, the expansions with only terms to order 65 are quite accurate
for T 2 65. The volume dependence, or more generally the crystal struc-
ture dependence, is entirely contained in the 6,,. For example, the volume
derivative of entropy is

Fpn = —3NKT

. (17.6)

Uph = 3NKT

DS,
oV

— 3Nk
)T ? av "20\T) av

2
_d1n00+i<9_2> dln92_...1 , (17.8)

Our formal definition of the high temperatures regime, or the regime
of nearly classical nuclear motion, is T' 2 3. Here the anharmonic free
energy has the following form: in leading order perturbation theory, F,,, =
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AsT?+ Ayp+- - -; in the next order perturbation theory it is B3T3+ BT+ - -;
and so on, where the coefficients are functions of V. In each of these series
the leading term is classical, while the following terms are quantum. The
quantum terms are smaller by the order of a function y, which we estimate
to be

1 /60:\2
X~ 15 (?) . (17.9)

Hence we can write
Fonp = (AT? 4+ BsT? +-- )1+ O(x)] . (17.10)

This expansion is meaningful because, and only because, there is an upper
limit to the temperature of its application, namely T;,. Several modifi-
cations of Eq. (17.10) have also been developed, through self-consistent
phonon theory. The crucial question is whether or not any of these per-
turbation theories is of any practical value in the high temperature regime.
Our answer follows.

Failure of Anharmonic Perturbation Theory

For pseudopotential sodium in bee structure, we carried out molecular dy-
namics calculations of the internal energy and pressure, for temperatures to
melting, at several volumes (Swanson et al., 1982). The temperature was
calculated from Eq. (10.8), and the pressure from Eq. (10.28). These cal-
culated data, Up;p and Pysp, are pure classical and are fully anharmonic.
In lattice dynamics theory, the classical expressions for internal energy and
pressure are

Upp = ®g +3NET + U, (17.11)
dd dIné
Pp =~ — 3NKT ;/0 + P (17.12)

where the terms linear in 7" are classical quasiharmonic contributions. We
also calculated ®o(V') and 6o(V') from lattice dynamics theory, hence eval-
uated the volume dependent terms in (17.11) and (17.12), for the same
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pseudopotential sodium model. We then extracted the classical anhar-
monic contributions by setting Up;p = Upp, and Pyp = Prp, and the
results are graphed in Figs. 17.1 and 17.2.
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Figure 17.1. Classical anharmonic energy vs T' at three volumes, from molecular
dynamics calculations for sodium. None of the curves goes as T2 within estimated
€errors.

We learn two things from these molecular dynamics calculations for
pseudopotential sodium. First, the anharmonic energy and pressure are
very small, specifically, relative to the quasiharmonic thermal contributions
in Egs. (17.11) and (17.12), U, and P¢,, are both < 4% for temperatures

n

to melt. Second, the temperature dependences of U gflh and Pacibh at constant

volume are quite inconsistent with leading order anharmonic perturbation
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Figure 17.2. Classical anharmonic pressure vs T" at three volumes, from molec-

ular dynamics calculations for sodium. None of the curves goes as T2 within
estimated errors.

theory. For in leading order, where the classical anharmonic free energy is
F{fflh = A,T?, the classical anharmonic energy and pressure are
c 2 cl 2
Uy =—AT% | P, =——>T1° . (17.13)
dv

None of the data sets for Ugﬁlh or Pﬂm shown in Fig. 17.1 and 17.2 can
be fitted to a T? curve within estimated errors. This result constitutes
the strongest evidence we have for the failure of leading order anharmonic
perturbation theory in the high temperature regime.

In related work, Glyde, Hansen, and Klein (1977) calculated the one-
phonon contribution to the neutron scattering cross section S(q,w), for
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a pseudopotential model for bee potassium. They compared two theoret-
ical procedures, namely (a) molecular dynamics, and (b) lattice dynam-
ics, in the self-consistent-harmonic approximation plus cubic anharmonic
contributions, at temperatures near 0.57,, and 0.97,,. Since the phonon
frequencies are primarily a quasiharmonic property, the two procedures
should give nearly the same frequencies, and they do so within a few per-
cent. On the other hand, the phonon widths (lifetimes) are a purely an-
harmonic effect, and here the two calculations are in reasonable agreement
only at T' ~ 0.5T,,. At T = 0.97,,, the widths from molecular dynam-
ics are about twice those from the anharmonic perturbation theory, and
further, the molecular dynamics widths agree well with neutron scattering
experiments on real potassium. The results demonstrate the failure of the
particular anharmonic perturbation theory examined by Glyde, Hansen,
and Klein.

Experimental data also provide information on the validity of anhar-
monic perturbation theory at high temperatures. In leading order pertur-
bation theory, Fy,, = AsT? + Ag + - - -, and the corresponding entropy is
Sanh = —2A45T+0O(T~3). Over the years, we have carried out several stud-
ies of entropy at high temperatures, correcting the S(T) curve from zero
pressure to a fixed volume, and the results have always shown that Sy, (T)
at fixed volume is not of the form AT for temperatures from around 65 to
T,,. This property is seen in the graphs of Thermodynamics of Crystals,
Sec. 31, and in Fig. 1 of Wallace (1992b), and in unpublished graphs for
transition metals, done in connection with Ericksson, Wills, and Wallace
(1992).

Our general conclusion, implied here by the notation “failure of anhar-
monic perturbation theory,” is as follows for the high temperature regime.
First, when a reliable evaluation of an anharmonic property is needed, lead-
ing order perturbation theory will not provide it. Second, though theoreti-
cal procedures have been devised which will reproduce a specific computer
simulation result for a specific interatomic potential, no theory of any order
has been developed which is reliable for a general interatomic potential.

Classical Nuclear Motion from Computer Simulations

For a given potential function ®({rx}), statistical averages over the clas-
sical nuclear motion can be calculated from molecular dynamics or Monte
Carlo techniques. In this way one obtains the total nuclear motion contribu-
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tion, the classical quasiharmonic plus the classical anharmonic. There are
two ways to use these computed results. First, by invoking lattice dynamics
theory, one can extract the classical anharmonic part which is contained in
the computer simulation data. This procedure can give reliable information
on the nature of anharmonicity in crystals, as described in the last subsec-
tion. Second, the computer simulations can give accurate results for the
thermodynamic properties of real crystals in the high temperature regime.
For this application, the potential ®({rx}) must be an accurate represen-
tation of the real potential in the real crystal. Let us illustrate the quality
of results which can be obtained, by means of a detailed analysis of the
entropy of bce sodium at high temperatures.
The complete theory for the entropy of a crystal is

S = Spn + Sanh + Set + Sep - (17.14)

The dominant term, which requires a highly accurate evaluation, is Spp,
given by Eq. (17.6) for high temperatures. To evaluate Eq. (17.6), we
take 6y and 6y from neutron scattering measurements at 90 K, from Ta-
ble 15.1, and we correct these for the temperature dependent volume change
at P =0, with the technique described in Sec. 19. Terms in (17.6) beyond
(62/T)?* are negligible here. The curve of 6y(T, P = 0) is shown in the
top panel of Fig. 17.3, and we estimate 6y is accurate to better than 1%
over the entire temperature range. The electronic excitation entropy Se;
is quite small, and is calculated in the Sommerfeld expansion, with n(eg)
from electronic structure calculations, again with temperature dependent
volume corrections applied. The electron-phonon interaction entropy Se,
is neglected, as is appropriate for T 2 5. Theoretical details regard-
ing Se; and Sep can be found in Sec. 18. The experimental entropy at
P = 0 is Sezpt, and the “experimental” anharmonic entropy is given by
Sanh = Sexpt — Spn — Sei. We used two compilations of experimental data,
those of Hultgren et al. (1973), and of Chase et al. (1985). Data for the
crystal at T;,, = 371.0 K, in units of k per atom, are

Sezpt = 6.934 (Hultgren etal.) ,
Sespt = 6.964 (Chase etal.) |,
Spn = 6.780%0.020 ,
S.u = 0.053+0.005 . (17.15)

The difference between the two experimental sources is an indication of the
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experimental error. The two curves of S, are shown in the lower panel of
Fig. 17.3. Notice the experimental curves differ essentially by a constant,
which is obviously traceable to a difference in specific heat data at some
lower temperature.
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Figure 17.3.  Upper panel: 0o(T, P = 0) for bcc Na, calibrated at 90 K by
experimental phonon data. Lower panel: anharmonic entropy of bcc Na from
two experimental data compilations, and from molecular dynamics calculations
(see text for details).

For pseudopotential sodium, we calculated the anharmonic entropy at
high temperatures from the equation valid at a fixed volume,

T oust
Sanh(T) ~ Sanh(92) +/ anh dln T/ . (1716)
0, OT" ),

The classical anharmonic energy U gim is from the molecular dynamics re-

sults shown in Fig. 17.1, and the small error in Eq. (17.16) is the replace-
ment of Ugpnn by Ugflh at T > 603. The unknown in Eq. (17.16) is the
constant of integration, S,,n(f2). We have always estimated this as zero,
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and here we shall take the average of the two experimental curves, so that
Sann(02) = 0.018 k/atom , at 0y = 164K . (17.17)

Our theoretical S,,, at P = 0 is also graphed in Fig. 17.3. We learn
two things from this figure. First, the experimental anharmonic entropy is
small, but is well outside experimental error, and amounts to around 0.12
k/atom, or 1.5% of the total entropy, at T;,,. Second, given the experimental
value of Sunn(02), Eq. (17.17), the anharmonic entropy from molecular
dynamics agrees with the experimental anharmonic entropy to around =+
0.02 k/atom, or &+ 0.3% of the total entropy.

This entropy analysis for bee sodium exemplifies theory and experiment
at the high-accuracy level. In our experience, a single analysis at the high-
accuracy level is more informative than many less accurate analyses. From
extensive calculations over many years, we conclude that, given an accurate
internuclear potential for an elemental crystal or liquid, molecular dynamics
calculations of the nuclear motion statistical properties are highly accurate.

Problem

17.1 Show that the leading quantum correction in Eq. (17.2) is the same
as Kirkwood’s result expressed in Eqgs. (9.27) and (9.29), when the latter
is evaluated with the nuclei located at crystal lattice sites. Note problem
13.3 is helpful here.

18 ELECTRONIC EXCITATIONS

Reference Structure Electrons

For a normal (nonsuperconducting) metal at sufficiently low temperatures,
the Sommerfeld expansion is valid, and according to Eq. (7.54), the theo-
retical free energy due to excitation of reference structure electrons is
1 2

F,= —§FT2 , I'= ?kQTL(eF) , (18.1)
where n(er) is the density of states at the Fermi energy. Because the
density of states is generally not suited to a Taylor expansion about €, we
do not continue the Sommerfeld expansion to higher orders, but instead,
at temperatures where Eq. (18.1) becomes inaccurate, we use the complete
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integral formulation of thermodynamic functions. The electronic entropy
is, from Eq. (7.52),

Se = —k / n(e){f(e)In f(e) + [1 = f(e)]n[l — f(e)]}de . (18.2)

where

1

fle) = Bl + 1 (18.3)
Notice the normalization of Sg; is carried in n(e). When n(e) is measured

per atom, the chemical potential p(f3) is determined by

z:/n(e)f(e)de , (18.4)

where z is the number of electrons per atom. Modern electronic structure
calculations of n(e) for metals generally agree with one another to around
10%.

For nearly-free electron metals, reference structure electrons are approx-
imately free electrons. For free electrons the energy is denoted e, the Fermi
wavevector is f, and the Fermi energy er and density of states n(e) per
atom are given by

h2 2 2
S (159
e 3z
n(e) = | nler) , where nfer)= o . (18.6)
€r 2€F

Calculations in local density approximation of n(e) for fcc and bee Al, and
the free electron n(e), are all compared in Fig. 18.1. Presumably, the density
of states for the random structures in liquid Al is approximately the same
as the curves shown in the figure. We conclude that the free electron model
will serve to calculate reference structure electronic excitation properties
to an accuracy of around 10%, for crystal and liquid Al, at normal density
and to temperatures of say 0.1 Ry. Conversion factors useful enough to
remember are

1meV = 11.605K ,
1mRy = 157.89K . (18.7)
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Figure 18.1.  Electronic density of states for Al at Va4 = 112.0aj/atom (p =

2.700g/cm?), from density functional theory for fcc and bec crystals, and from
the free electron model.

Whether or not the free electron model will be of sufficient accuracy for
a given metal has to be determined by comparing graphs of n(¢) and n(e), as
illustrated in Fig. 18.1. The same principle applies at all densities, since the
electronic structure changes with compression. Generally for nearly-free-
electron metals, the electronic excitation contribution to thermodynamic
functions is relatively small, say a few percent at temperatures to melt, so
that an error of 10 or 20 percent in the density of states can be acceptable.
Moreover, to this kind of accuracy, the leading term in the Sommerfeld
expansion is usually all that is needed for nearly-free-electron metals.

The transition metals are characterized by narrow partially-filled d bands.
These bands have a large and rapidly varying density of states, for which
departure from the leading low-temperature electronic entropy can be seen
at temperatures as low as 300 K. Ericksson, Wills, and Wallace (1992) eval-
uated S,; from Eq. (18.2) for 11 transition metals, from 300 K to melting,
and at the zero-pressure density as function of temperature. If anharmonic-
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ity, magnetism, and electron-phonon interactions are neglected, the total
entropy is S = Spn +Se;. Experimental data for S — S, are compared with
our theoretical S¢; in Fig. 18.2, for Pd and Pt. The figure illustrates the
following general conclusions we are able to draw from our study of tran-
sition metals. First, S,; is larger by a factor of 5-10 in transition metals
than in nearly-free-electron metals. Second, the low temperature behavior
where S¢; is linear in 7' is in significant error for transition metals at tem-
peratures above 300 K or so. Third, with certain notable exceptions, the
error in the approximation S ~ Sy + Se; is on the order of 1%, the same
order as the combined experimental and theoretical errors in the separate
terms. A more extensive analysis of the entropy of elemental crystals is
presented in Sec. 19.
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Figure 18.2.  Entropy contributions for Pd and Pt, vs T at P = 0. Solid lines
are calculated S.;, and points are experimental S — Sph.
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Interacting Electron-Phonon Description

Our treatment of excited states of the electronic system, and their inter-
action with the nuclear motion, is in the one-electron approximation, as
formulated in Secs. 3 and 4. The one-electron Hamiltonian is written in
Eq. (3.7), as

h?Vv?

hr) = == +V(r) (18.8)

where Vi (r) is the groundstate one-electron potential. Vy(r) depends on
the nuclear positions r;, L = 1, ---, N, and can in principle be obtained
from density functional theory, as described in Sec. 3. The one-electron
energies, eigenvalues of h(r), are Ex, A = 1,2,---, and these energies also
depend on the nuclear positions. For a set of electrons labeled o, « =1, - - -,
Z, the Hamiltonian expressing excitations from the ground state is given
by Eq. (3.14),

Hex =Y h(ra) =Y gyEx | (18.9)
« A

where the last term is the system groundstate energy.

For notational simplicity, we restrict our analysis to a primitive crystal
lattice. In the reference structure, the nuclei are located at the lattice sites
R}, and the one-electron problem is solved by a complete orthonormal
set of wavefunctions 9 (r), with corresponding energies €y. Only electrons
which contribute to thermal excitation need to be considered, and these
are presumed to lie in a single conduction band, so that A stands for a
wavevector p and spin o,

A=po ; ;:ZZ:QZ . (18.10)

The spin sum can be replaced by 2 because all matrix elements required
here are independent of spin. The wavevector sum is unrestricted, meaning
that p goes over all values consistent with periodic boundary conditions, as
described in Sec. 5. The excitation Hamiltonian at the reference structure
is Her,

Ho = ex(CyCr—gn) - (18.11)
A

This is the same as Eq. (4.15), but with simpler notation.
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The general expression for dHgx, valid for arbitrary nuclear positions
ry,, and resolved into reference-structure electron matrix elements, is given
in Eqgs. (4.12)—(4.18). In current notation,

Hex = Hea + HEx - (18.12)

Here we shall express dHgx for a crystal, by means of harmonic lattice
dynamics theory. We write r; = Ry 4+ Up, and expand the one-electron
potential V;(r) in powers of the displacements Uy, to second order. The
zeroth-order term gives the reference structure Hamiltonian, Eq. (18.11).
The first-order term in the expansion of Vj gives the following contribution
to (57’{5‘)(:

v,
Li ORL;

Z <¢,\' ULi

AN

¢A> cYCy . (18.13)

The groundstate energy subtraction, present in Eq. (18.9), vanishes in first
order in nuclear displacements, because the structure is an equilibrium
configuration of the nuclei. The above matrix element is simplified by
means of the Bloch theorem,

Ya(r) = e®PRryp(r—Ry) (18.14)

and Uy, is expressed in terms of phonon operators by means of Eq. (13.20),
then by Eqgs. (16.2) and (16.3) for the creation and annihilation operators.
The following electron-phonon interaction coefficient appears:

V(ks,Q,A)—,/mezw(ks)ei(ﬂmgm . (18.15)

where v;(ks) is a component of the phonon eigenvector, and where

v,
ORpL;

0i (V) = N/w;, (r—Re) 2oy (v~ Ry )dr (18.16)
The notation is A =p, o, and A+ k+ Q = p + k + Q, 0. The integral in
(18.16) is of order 1, not N, because the 1, are normalized to the volume
of the crystal, while 0V, /0Ry, is appreciable only over a volume of order
Va. Additional properties are 85 (XN A) = 6;(AN), and 6;(N'\) contains dy47,
and 6;(\'\) is independent of Ry.



ELECTRONIC EXCITATIONS 181

In the contribution to dH gx of second order in nuclear displacements,
only diagonal electronic matrix elements need to be kept, and terms diag-
onal in phonon operators, in order to obtain the total energy levels correct
to second order in the displacements. Here the electron-phonon interaction
coefficient W (ks, ) appears, where

h
W(ks, \) = SN AT(is) izjvi(ks)ﬁij(k Avj(—ks) (18.17)
i(k—p)-(Rm—RrL) * aQVg
sz(k7 )\) = 26 N Q/J/\(P—RM)mw)\(r—RL)dr .
L 7
(18.18)

The second derivative of Vj is presumably a local function, i.e. it vanishes
for |Rps — Ryp| greater than a few nearest-neighbor distances, so the X,
can be evaluated in the interior of the crystal. Then 6;; is independent of
Ry, and 6;; is of order 1, not N.

The total crystal Hamiltonian is H = Hy + Hex, Eq. (4.8). The
nuclear motion Hamiltonian is expressed in the interacting phonon descrip-
tion in Eq. (16.6). Let us gather the terms in Hgx, derived according to
the preceding outline, and write the crystal Hamiltonian in the interacting
electron-phonon description:

H = O+ Hpn +Het + Hanh +Hep - (18.19)

The independent-particle part describes quasiharmonic phonons in Hpp,
and reference structure electronic excitations in H,;. Phonon-phonon in-
teractions are contained in H,,p. The terms coupling electronic excitations
and phonons are called simply electron-phonon interactions, and are

Hep = HE) +HE | (18.20)

!/
HEY =D 37 Viks, QN (Aks + AT )C 1 qCh 5 (18.21)
A ks Q
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HE = ZZ/W(ks,)\)< Aws + )(CH_C)\—g)\)

A ks

_ZZ ZWk Q. |2g>\(1_9/\+k+Q)

N ke (ex — ex1k+Q)
X (A, Ass + A+kSA ks +1)
(18.22)

The X, is over all one-electron states, the X . is over the phonons in one
Brillouin zone, and the X q is over all reciprocal lattice vectors. Subtraction
of the system groundstate energy, as it appears in Eq. (18.9), is expressed in
Eq. (18.11) for H,;, and in Eq. (18.22) for Hg,), in the terms which contain
the groundstate occupation numbers gj.

Interaction Free Energy

To calculate the interaction free energy, one first calculates the total system
energy levels &, due to the perturbation H.,, correct to second order in
nuclear displacements. Since &, contains no first order terms, the general
perturbation expansion of the free energy, Eq. (7.59), yields

Fop = () (18.23)

correct to second order, where the average is the zeroth-order thermal av-
erage over both electronic excitations and phonons. Thermal averages of
the occupation numbers are denoted as usual by fy and 7(ks).

The calculation of &, was done in Thermodynamics of Crystals, Sec. 25,
by first finding the individual electron and phonon energy shifts, then sum-
ming these with appropriate multiple-counting factors. The result is the
same as an ordinary perturbation calculation of the total energy shift &.
The average (Ep) then consists of two types of contribution, adiabatic and
nonadiabatic, in which the nuclear motion respectively does not mix, and
does mix, the reference structure one-electron states. Let us denote the
adiabatic contribution with a subscript ad, the nonadiabatic contributions
with subscript na, and write

Fep = I'pa1 + Fna2 + Fad . (1824)
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The two nonadiabatic contributions are given by

Fra1 ZZ Z |V (ks, Q,N)[*(f» = frrkta [n(ks) + %}

A ks

x { ! - ! ] . (18.25)

ex — extk+q T hw(ks)  ex — exikiq

Fraz = —ZZ Z\v (ks, QNP fr(1 = fryxeq)

A ks

1 1
X J—
LA —extkrqQ —hw(ks)  ex —exikiq t+ hw(ks)]
(18.26)

Notice each nonadiabatic contribution vanishes if one sets fiw(ks) = 0 in the
denominators of terms in brackets, and indeed, this property is tantamount
to the meaning of nonadiabatic in the perturbation formulation.

The adiabatic contribution has a simple interpretation in terms of the
adiabatically “renormalized” one-electron energy levels. When the nuclear
positions are arbitrary, the one-electron energy levels are Ey({rp}). The
FE\ may be expanded to second order in displacements of the nuclei from
equilibrium, and averaged over the nuclear motion, a phonon average, to
find

(Bx) =ex+ (B (18.27)

where

E(2 Z Z IV (ks, @, N 220K 1 [27(ks) + 1]

EX T EX+k+Q
+> W(ks,\) {ﬁ(ks) + ﬂ . (18.28)
ks

The adiabatic contribution to Fe, is then

Fur= Y (fA— g (ED) . (18.29)

A

This equation demonstrates the meaning of adiabatic, namely that the elec-
trons continue to behave as independent particles, with the one-electron
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energy levels merely averaged over the thermal nuclear motion. The en-
tire electron-phonon groundstate subtraction is contained in the term in
gx in Eq. (18.29). This means the term quadratic in gy, in Eq. (18.22),
vanishes identically in the average of HE?. That the groundstate subtrac-
tion appears entirely in the adiabatic part of F¢, is obviously correct, since
nuclear motion with the electrons in their groundstate is by definition adi-
abatic. Finally, in the high temperature regime, where the nuclear motion
approaches classical, Eq. (18.29) is the same as the classical adiabatic free
energy written in Eq. (9.41), when the latter is evaluated for a crystal in
harmonic lattice dynamics.

Coffey and Pethick (1988) derived the interaction free energy in their
Eq. (3), where of the two terms in brackets, the first is Fj,42, and the
second is F,q1 + F,q, without the adiabatic term in W(ks, A), and without
the adiabatic groundstate subtraction. Grimvall (1976) wrote the same
interaction free energy, namely F),, plus part of Fy,4, in his Eq. (1), and went
on to suggest a partial summation of the perturbation theory. The results
here are the same as in Thermodynamics of Crystals, with the extension
that V(r) in Eq. (18.8) is general, and is not approximated by a sum of
rigid ion potentials. The present formulation is applicable in principle to
any elemental metal.

Nearly-Free-Electron Metals

Pseudopotential perturbation theory is a perturbation expansion about free
electrons. The one-electron Hamiltonian is
h*V?

h(r) = ==+ W(r) , (18.30)

where the potential W (r) is self-consistent with the electrons in their ground-
state, and W(r) is treated as a perturbation. The wavefunctions to first
order, and energies to second order, are

'W(a)lp +a)
— 18.31
Yp = |P) +§ ep_ep+q) ; (18.31)

Ep=ep+W(q=0)+ Z : (18.32)

ep+q)
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where e, = h’p?/2m, and where the constant W (q = 0) will contribute
nothing to our theory here. The pseudopotential W (r) is a sum of screened
potentials w(|r — ry|), which move rigidly with the ions,

W(r) =Y w(r—rL]) . (18.33)

L

It is only through W (r) that the ion positions enter the electronic structure
theory.

The versatility of pseudopotential perturbation theory occurs in large
part because the above equations are valid for arbitrary positions ry of
the nuclei. However, the present application is formulated in terms of
reference structure electrons, so we want the wavefunctions and energies
evaluated at r;, = Ry. Now W(q) = S(q)w(|q|), and for a perfect crys-
tal S(q) = A(q), hence for the reference structure electrons, the ¥ in
pseudopotential perturbation theory reduces to a sum over reciprocal lat-
tice vectors. While only the planewaves |p) are required in evaluating the
matrix element 6;(\'X), Eq. (18.16), the first-order term in vp is crucial
for evaluating the matrix element 6;;(k, A), Eq. (18.18). The first-order
interaction coefficient V'(ks, Q, \) simplifies to

h

V(ks, Q) = W(k)[

(k+Q)-v(ks)w(k+ Q) .  (18.34)
The second-order interaction coefficient W(ks, A) is

W(ks,p) =

h Z '1Q - v(ks)P[w(QN)? (18.35)

NMw ks) €p — €ptQ

The corresponding electron-phonon Hamiltonian is examined in problems
18.1 and 18.2.

Expressions for the interaction free energy contributions are as follows,
correct to second order in the pseudopotential.

Foa1 = —ZZ Z — fprkia) {n(ké’) + %}

P ks

" n’ |(k+Q)'V(ks)\z[w(|k+Q\)]2
NM (ep — epti+Q)(ep — €ptitq + hw(ks))

,(18.36)
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Frao Z Z Z f_ 1- fp+k+Q)

P ks

n? I(k+Q)- v(ks)[*[w(lk + QI*
NM (ep = epiriq)® — (hw(ks))?

(18.37)

Foq= 22 p)(EP) (18.38)

(E@) = Z'h Z Ik + Q) - v(ks)[*[w([k + Q])]?

NM(.U kS €p — €p+k+Q

(18.39)

Recall the present derivation is for a primitive lattice, so s labels three
phonon branches, all of which are acoustic. The phonon wavevector k is
from one Brillouin zone, ¥q is over all reciprocal lattice vectors, hence
the vectors k 4+ Q are unrestricted. The electron momentum p is likewise
unrestricted. Angle integrals in Fjq2 and F,q are done in Eqs. (28.50) and
(28.41), respectively, of Thermodynamics of Crystals. It is possible to make
a much simpler derivation of F,q (see problem 18.3).

Properties of the Interaction Free Energy

Here we shall summarize what is known or surmised about the magnitudes
and temperature dependences of the three contributions to Fe,. First, while
F,q =0atT = 0, the two nonadiabatic contributions are nonzero at T' = 0,
and therefore constitute a correction to the electronic groundstate energy
Es({Rr}). This correction is of relative order m /M, hence is formally neg-
ligible, in line with our discussion of the resolution of the total Hamiltonian
in Sec. 4. To examine the temperature dependence, it is convenient to
work with the entropy S, = —(0F,/0T )y, and to assess its importance,
we shall compare S¢, with Se;.

Let us first consider the adiabatic electron-phonon entropy, S,q. One
can argue that the thermal average energy shift due to nuclear motion,



ELECTRONIC EXCITATIONS 187

(E;Z) ), should be small compared to the reference structure energy ey, hence
from Egs. (18.29) or (18.38) for F,q4, one can expect

|Saal < Ser - (18.40)

The available theoretical calculations support this conclusion. In Thermo-
dynamics of Crystals, Table 27, we listed estimates from pseudopotential
models for Na, K, and Al, showing that |S,q| is of order 1073S,; at low
temperatures, and |S,q| remains less than 1% of S¢; at all temperatures
to melt. Allen and Hui (1980) considered specifically the adiabatic part of
F,,, but their Eq. (3) reads Foq = E)\f_)\<E§2)> in the present notation, and
this misses the groundstate subtraction present in Eq. (18.29). As a result,
the adiabatic electron-phonon contributions to specific heat are seriously
overestimated by Allen and Hui. Here we conclude that Eq. (18.40) holds,
with say |Sgq| < 0.1, so that S,q can be neglected entirely, at tempera-
tures from zero to melt. It is always possible that this conclusion will prove
incorrect in some extraordinary case.

Next let us examine the leading temperature dependence at low tem-
peratures, of all the contributions to the electronic entropy. The leading
term of the Sommerfeld expansion yields S, = I'T, where I' = T'(V) is
given by Eq. (18.1). As T — 0, the mean phonon occupation satisfies
n(ks) + % — %, and the Sommerfeld expansion also gives a linear temper-
ature dependence for each of the three contributions to Se,. In view of
Eq. (18.40), we can continue to neglect Sgq. Further, Sy,; is formally of
order (hw)/ep X Spa2, so that Sp,1 can also be neglected. Then the only
significant electron-phonon contribution is S, 42, which we write

Snaz = AT | (18.41)
where Ay = Ay(V). So the total electronic entropy is
Set +Sep =T(1+ A)T . (18.42)

Though derived for a primitive lattice, these results are expected to hold for
elemental metals in any lattice. From Eq. (18.41), the leading temperature
dependence of Fqo is T2, and the next higher dependence was shown to
be T3InT by Coffey and Pethick (1988).

Finally let us examine S, in the high temperature regime, at 6, ST <
T, where the nuclear motion is essentially classical. From the statistical
mechanics of metals with classical nuclear motion, derived in Sec. 9, and
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discussed following Eq. (9.41), the free energy contribution arising from
the interaction between electronic excitations and nuclear motion is pure
adiabatic. Hence the formal implication is

Fog>Fpa , atT 20, . (18.43)
Since |S,4| is already small compared to Se;, from Eq. (18.40), we conclude
|Sep| K Ser , atT 20y . (18.44)

The available model calculations agree with this conclusion (work in progress
by Nicolas Bock, Dermot Coffey, and Duane Wallace).

Theory and Experiment for Electron-Phonon Interactions

At low temperatures, the electronic entropy in a metal can be measured,
since it is linear in T and dominates the T® phonon entropy. Experiment
sees only the total or “renormalized” entropy S,

Set = Set + Sep - (18.45)

The renormalized electronic specific heat is Cy;, given by
Co=8ug=TT, (18.46)

where T is the total specific heat coefficient. From Eq. (18.42), we have
D=T(1+A,) . (18.47)

Accurate calculations of I' and A, for pseudopotential Na, K, and Al are
listed in Table 27 of Thermodynamics of Crystals, and theory and exper-
iment are compared here for f‘, in Table 18.1. We conclude that pseu-
dopotential perturbation theory gives a respectable account of this small
and very complicated electron-phonon entropy at low temperatures. The
electron-phonon contribution to electronic thermal expansion has also been
calculated, by evaluating the volume dependence of r (Thermodynamics of
Crystals, Table 28).

Still at low temperatures, it is possible in principle to extract the electron-
phonon entropy from the experimental entropy, with the help of a theoret-
ical value of I'. Let us denote the experimental coefficient feg;pt, and use
the customary notation A for the electron-phonon enhancement, so that

Cowpt = (14N . (18.48)
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Table 18.1. Comparison of theory and experiment for the electronic specific heat
of nearly-free-electron metals at low temperature and zero pressure. I'f. is the
free-electron coefficient for z/NV electrons.

Quantity Na K Al
Structure (z) bee(1) bee(1) fee(3)
Is./NE(107*/K) 1.315 2.016 1.085
I'/T. (theory) 1.25 1.17 1.67
I'/T. (experiment) 1.26 1.24 1.50

It follows that Se,/Se; = A. Data for f‘expt are often accurate to around
1%, while all-electron calculations in local density approximation give val-
ues of T" which appear to be accurate to 5% or so. Tables of A for many
metals are given by Allen (1987), and by Sanborn, Allen, and Papacon-
stantopolous (1989). Values of A for transition metals, from the work of
Eriksson, Wills, and Wallace (1992), are listed here in Table 18.2. Very
roughly, 0 S X S 0.5 for nearly-free-electron metals, and 0 S A S 1.0 for
transition metals. Clearly electron-phonon interactions give an important
contribution to the low-temperature thermal properties of metals. When
A2 %, one would reasonably suspect that leading-order perturbation the-
ory is not accurate for Se,, although the leading-order calculation for Al in
Table 18.1 is not far off.

Table 18.2.  Electron-phonon enhancement parameter A for transition metals,
obtained by comparing I'cp: with I' from electronic structure calculations. Data
for Cr are for the paramagnetic state.

n(er) Pexpt/NE

Metal Structure (states/atom ev) (107*/K) A

\% bce 1.861 11.81 1.24
Nb bce 1.414 9.39 1.34
Ta bcc 1.227 7.24 1.08
Cr bce 0.656 2.8 0.49
Mo bcc 0.502 2.21 0.56
w bcc 0.321 1.20 0.32
Pd fcc 2.357 11.31 0.69
Pt fce 2.237 7.88 0.24
Ti hcp 0.939 4.02 0.51

Zr hep 1.020 3.37 0.16
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Problems

18.1. Derive the interaction coefficients (18.34) and (18.35). Use these
to express the Hamiltonian, Eqs. (18.11), (18.21), and (18.22), correct to
second order in the pseudopotential. Notice the same result is obtained
by starting with Eq. (18.30), and proceeding as in the algebra following
Eq. (18.8).

18.2. For nearly-free-electron metals, one might think to express electron-
phonon interactions in terms of free electrons in place of reference structure
electrons. If you do this, what terms of second order in the pseudopotential
are missing from the Hamiltonian?

18.3. The one-electron energy Ep of Eq. (18.32) is valid for arbitrary
positions of the nuclei. Expand Ep in powers of nuclear displacements
from the lattice sites, and recover Eq. (18.39) for the thermal average of
second-order terms. What does the term of zeroth order in displacements
represent?

19 LEARNING FROM THERMODYNAMIC DATA

Thermal Expansion

At any constant pressure, the volume of a condensed matter system changes
with temperature, usually but not always increasing as temperature in-
creases. The volume at the constant pressure P, is denoted V(T, P,), or
sometimes simply V(7). The volume at zero temperature and pressure is
V(0,0) = V4. The relative volume expansion of a metal from T' = 0 to melt
is nominally around 7%. For 41 elements, for which we have been able to
find sufficient highly-accurate data to carry out extensive thermodynamic
analyses, crystal structures and phase transition temperatures, electronic
valence type, and densities at several temperatures are listed in Table 19.1.
Statistical analysis of the relative volume expansions from 7" = 0 to melt is
discussed in problem 19.1.
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Table 19.1. Crystal structures, phase transition temperatures, and related data
for 41 elemental crystals at 1 bar. Densities at 0 and 293 K are respectively po
and p2o3, and density of the crystal at melt is pem. 7" is the high-temperature
Griineisen parameter.

Crystal Valence T Po P293 Pem

Element Structure Type (K) (g/cm®) (g/em®) (g/em®) ~*

Li hex/75/bcc  nfe 453.7  0.547*  0.533 0.523 0.88(bcc)
Na hex/36/bcc nfe 371.0 1.013*  0.967 0.948 1.24(bcce)
K bce nfe 336.4  0.904 0.858 0.849 1.24
Rb bee nfe 312.6 1.616 1.526 1.516 1.26
Cs bce nfe 301.6 2.02 1.91 1.89 1.14
Mg hcp nfe 922 1.76 1.74 1.64 1.5

Ca fcc/720/bec ae 1113 1.55 1.53 1.41 1.1(fcc)
Sr fcc/830/becc  ae 1042 2.62 2.58 2.57 —

Ba bee ae 1002 3.55 3.5 3.33 0.9

Cu fec nfe 1358  9.020 8.933 8.36 2.02
Ag fee nfe 1235  10.62 10.49 9.82 2.42
Au fec nfe 1338  19.46 19.27 18.26 2.95
Zn hep nfe 692.7 7.29 7.14 6.87 2.2

Cd hep nfe 594.2 8.84 8.65 8.38 2.3

Hg rhomb nfe 234.3 14.48 — 14.19 2.5

Al fee nfe 933.5 2.734 2.700 2.551 2.25

In bet nfe 429.8 7.46 7.30 7.16 2.4

T1 hep/507/beec nfe 577 12.11 11.85 11.58 2.1(hcp)
Pb fee nfe 600.6 11.58 11.34 11.01 2.65
Ar fee vdW 83.81 1.7710 — 1.622 2.6

Kr fec vdW 115.76 3.0926 — 2.801 2.6

Xe fec vdW 161.39 3.781 — 3.402 2.9

Ti hep/1155/bee 3d 1945  4.527 4505  4.24 1.2(hep)
Zr hep/1136/bec 4d 2128  6.530 6507  6.25 0.9(hcp)
A% bee 3d 2202  6.15 6.12 5.69 1.5

Nb bce 4d 2744  8.62 8.58 7.99 1.6

Ta bce 5d 3293 16.74 16.68 15.30 1.6

Cr bee 3d 2133 7.215 7.19 6.68 (1.5)
Mo bce 4d 2896  10.25 10.22 9.56 1.6

\W% bce 5d 3695 19.31 19.26 17.96 1.6

Fe bee/1184/fcc 3d 1811 7.92 7.87 7.26 1.7(bcce)

1665 /bce

Ni fee 3d 1728 897 8.91 8.27 1.9

Pd fee 4d 1827  12.09 12.01 11.18 2.3

Pt fee 5d 2045  21.58 21.46 20.18 2.6

Th fce/1636/bec 5f 2031 11.8 11.7 — 1.4(fcc)
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Table 19.1 (Cont.)

Crystal Valence T,, o) 293 Pem

Element Structure Type (K) (g/em®) (g/cm®) (g/cm®) ~*

Ga orthorhomb nfe 302.9 5.96 5.91 5.90 1.5

Si dia cov 1687 2.34 2.34 2.28 (0.5)
Ge dia cov 1211 5.33 5.32 5.24 0.8

Sn dia/286/bct cov/nfe 505.1 7.40° 7.30 7.18 2.2(bct)
Sb rhomb sm 904 6.73 6.68 6.42 1.0

Bi rhomb sm 544.5 9.88 9.78 9.74 1.1

Valence type abbreviations: nfe (nearly-free-electron metal); ae (alkaline earth); vdW
(van der Waals); 3d, 4d, 5d (transition metal); 5f (actinide); cov (covalent); sm
(semimetal).

@ Density in bcc structure.

b Density in bct structure.

At low temperatures, the free energy can be written

F(V,T) = Fo(V) — =I(V)T? - D(V)T* | (19.1)

| —

where Fy(V) is the free energy at T = 0, Eq. (16.24), T'(V) is the total
electronic entropy coefficient from Eq. (18.46), and D(V)T* expresses the
thermal nuclear vibrational contribution, where from Eq. (16.32),

Nkn*

V)= Sepp

(19.2)
To find how volume varies with temperature at fixed pressure, one can
calculate P(V,T) from F(V,T), set P = constant, and solve for V(7). At
zero pressure, the result from Eq. (19.1) is (see problem 19.2)

72 (dinT 4 (dIn®p
2 (dan) —3pT ( dinV )
(19.3)

where By(Vp) is the bulk modulus at zero temperature and pressure. Hence
from a measurement of V(T') at low temperatures, the volume derivatives
of I' and ©p can be found. The experimental technique was pioneered
by Guy White, and a compilation of low-temperature data is given by
Barron, Collins, and White (1980). A complete analysis of the temperature
dependence at low temperatures of specific heat and thermal expansion,

V(T) - Vo 1

Vo Bo(Vo)

)

Vo
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accounting for the differences between data at P = 0 and at V = Vj, can
be found in Thermodynamics of Crystals, pp. 346-351.
The thermal expansion coefficient is «, defined by

1 oV

Common terminology is imprecise, since any of the quantities AV = V(T)—
Vo, or AV/Vp, or «, might be called “thermal expansion.” The standard
way to calculate « is again through the pressure P(V,T), by first solving
for V(T) at a constant P, then by differentiating. The thermodynamic
identity aBr = (0S5/0V)r is also useful. This equation makes clear that
a=0at T =0. At high temperatures, the major contribution to a comes
from the major contribution to S, namely Sy, and with Eq. (17.3) for Sy,
we can write

_i dlnw, n
Br — dv ’

o =

at high T, (19.5)

where + --- represents terms which are relatively small at high 7. This
equation shows that thermal expansion is a quasiharmonic effect, resulting
from the volume dependence of the phonon frequencies w,. Thermal ex-
pansion occurs because it is possible to increase the entropy by increasing
the volume, since an increase in volume causes the phonon frequencies to
decrease. On the other hand, the above equation tells us that the thermal
expansion is negative whenever an increase in volume causes (most of) the
phonon frequencies to increase. While it is commonly said that thermal ex-
pansion is an effect of anharmonicity, it is actually a quasiharmonic effect,
and anharmonicity will make only a small contribution within the +--- in
Eq. (19.5).

Thermodynamic Griineisen Parameter

The thermodynamic Griineisen parameter (V,T) can be written in many
forms. The expression

oP vV oP
Ry -
au), Cy or),
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shows that « is a function only of the thermal excitation of a system. If we
write

oS
oV

oS
)T = OZVBT s m)v = CV 5 (197)

then ~y is expressed in terms of the entropy,

o aVBT - (85/81nV)T
Oy (8S/omT)y - (19.8)

It is from the middle expression here the ~ is usually evaluated from exper-
imental data. Notice v has a finite (nonzero) limit as T — 0.
The total entropy of a crystal is

S = Sph + Sanh + Ser + Sep . (19.9)

Though entropy is additive over these contributions, the Griineisen param-
eter is not (see problem 19.3). For an insulator, the last two terms vanish,
and since Sgpn << Spp, one has

v & Ypn , for an insulator . (19.10)

Here 7y, is given by Eq. (19.8), evaluated for phonons only,

(0, /010 V)

W= e AT (19.11)

For an insulator, v goes to —dIn©p/dInV at low temperatures. For a
metal, one often finds the Griineisen parameter written “y = v,n + ve1”,
an equation which is never correct, even if one neglects anharmonicity and
electron-phonon interactions (see problem 19.3). For a metal, v goes to
dInT'/dInV as T — 0.

At intermediate temperatures, where the crystal specific heat is domi-
nated by the phonon contribution, v ~ 7, for metals and insulators alike.
Here the experimental Griineisen parameter shows significant variation with
temperature, due to phonon dispersion.

A characteristic property of the experimental v is its insensitivity to
temperature at high temperatures. For most elemental crystals, and for
each separate crystal phase, the graph of v vs T is constant to say + 5%
for T 20>. When we understand this near constancy, we shall uncover
a most useful property of v. With respect to Eq. (19.9) for the entropy
of a crystal, by far the major contribution at high temperatures is Spn,
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comprising 2 90% of the total, as we shall see in the entropy analysis
later in this section. Hence we have S = S, + small terms, which implies
v = 7ph + small terms. From the high-temperature expansion of Spp,
Eq. (17.6), it follows vpn, = —(dInfy/dInV') 4+ quantum corrections. Since
6o is a function of volume only, then in leading approximation so is vy,
and likewise v, and since thermal expansion is a small effect, i.e. since
V is nearly constant in 7T, then ~ is nearly constant in 7. The scatter
in experimental data for v is reduced by working with ~*, defined as the
average of 4(7T') in the high-temperature regime. Our result is

dIn6
v =— dliVO + small terms . (19.12)

We have estimated the small terms for elemental crystals, including those

with large anharmonic entropy, and/or with large electronic entropy, and
conclude they contribute less than 10% to the right side of (19.12).

Let us define the Griineisen parameter for each phonon characteristic
temperature,

_dlnﬁn
dlnV ’

where v,, = v,(V). We expect v, to vary little for the central moments
n=0,1,2 (see problem 19.4). Therefore

Yo = (19.13)

Y, n=0,1,2 . (19.14)

We regard this approximation as accurate to say 5—10% for each elemental
crystal phase. Starting with the characteristic temperature 6,, at density
Pmeas, listed in Table 15.1, one can find 6,, at nearby densities from

’Y*
9n(p):9n(pmeas)< P ) , n=0,1,2 . (19.15)

pmeas
Without information on the density dependence of +*, application of
this equation is limited to changes in 6,, up to say 20%. Values of v* cal-
culated from thermodynamic data at zero pressure are listed in Table 19.1.
Statistical analysis of v* for the elements is discussed in problem 19.5.

Regimes of Quantum and Classical Nuclear Motion

The thermal part of the internal energy reveals the nature of the nuclear
vibrational motion in a crystal. The complete theory for the internal energy
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of a crystal is
UV, T)=2q(V)+Uprh(V,T)+Uanr(V, T)+Uet(V, T)+Ucp(V,T) . (19.16)

In tabulations of experimental data, the energy of a condensed matter
system is customarily set zero at zero temperature and pressure, so that
U(Vp,0) = 0. With Egs. (16.24) and (16.25), this condition is written

9
0=®y(Vp) + gNk(;vl(vo) + Uann(Vo,0) . (19.17)

At low temperatures, the thermal part of the internal energy has a T2 con-
tribution from electronic excitations, and a T* contribution from nuclear
vibrations. At high temperatures, and at P = 0, the temperature depen-
dence of U(V,T) is complicated by the volume dependences in Eq. (19.16),
mainly by the volume dependence of ®¢(V'). Thermal expansion effects are
eliminated by studying the internal energy at the fixed volume Vj. With
the above equations, and with the high temperature expansion (17.7) of
Uph, the high temperature expansion of U(Vp,T) is

1 /6:)\2
()]

+Ua(Vo, T) + §Uani(Vo, T) . (19.18)

UWVe, T) = —2Nk91+3NkT

Here 6, and 65 are evaluated at Vj, and dU,,, is
SUant(Vo, T) = Uann(Vo, T) = Uannn(Vo, 0) . (19.19)

In keeping with the conclusion of Sec. 18, Uy, is neglected at high temper-
atures.

Analysis of the internal energy for sodium, from 7" = 0 to T},, is shown
in Fig. 19.1. The curve of U(V,T) — Ug(V,T) is shown, and also that
of UMWy, T) — Uet(Vo,T). U(V,T) and U(Vy, T) are from experiment (see
problem 19.6), and U, is calculated from the Sommerfeld expansion, where
n(er) is from electronic structure theory and its volume dependence is from
free-electron theory. At fixed volume, the dominant temperature depen-
dence is known exactly, from Eq. (19.18):

U(V07 T) Uel(vba T) 9 5Uanh

Nk Nk s s

at high T . (19.20)
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Notice, however, that data at the volume V[ corresponds to a system with
higher melting temperature than at P = 0. Relevant data for bcc Na are

Vo = 255a3 /atom ;
al(pmeas) = 163K ’ 01(%) = 164K ;
Tp(P =0)=371.0K , Tn(Vo) =4054K .  (19.21)

Significant conclusions from Fig. 19.1 are as follows.

(a) In the internal energy curve, one clearly sees the quantum regime
showing curvature at low 7', and the classical regime of little curvature at
high T, where the dividing temperature is around 65.

(b) The experimental energy at fixed volume, in the form of the left side
of (19.20), very nicely approaches the right side of (19.20), with 06Uy, ~ 0,
as T increases above 3. The difference between the two curves at T 2 6
is essentially the quantum correction in (62/7)? in Eq. (19.18).

T T T

Sodium

1200 | 1
— U-Ugq atVo
1000 - - U - Ug at P=0 et
< 800 .
Z 600 .
=

400 1
200 .
Tm(VO
o—- Tn(P=0) | |

_ ad I I I I
200 100 200 300 400

T(K)
Figure 19.1. Nuclear motional part of the internal energy wvs T for Na, show-
ing quantum and classical regimes in the experimental data, and showing the
approach of experiment to classical quasiharmonic theory at high temperatures.

In connection with Fig. 19.1, it is often suggested that one can ex-
trapolate experimental data from classical temperatures to 7' = 0, and
thus determine the quantum zero-point contribution to the thermodynamic
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quantity in question. With actual experimental data, however, such an ex-
trapolation is sufficiently ambiguous that it cannot be used to obtain useful
information (see problem 19.7).

Volume Effects and Temperature Effects

Figure 19.2 presents two curves of volume vs temperature, at P = 0, for bce
Na. The lower curve is experimental, and shows the familiar quantum and
classical regimes. The upper curve is calculated classically, from molecular
dynamics, for pseudopotential Na, and hence does not possess a quantum
regime. The two curves agree at T' = 0 because the pseudopotential model,
with quantum terms omitted, was fitted to experiment at " = 0. More
specifically, the pressure at T'= 0 is, from Egs. (16.24) and (16.25),

P:—%—gNk%—kPwh , atT =0 . (19.22)
In fitting the pseudopotential model to experiment, the potential approx-
imation was used, in which P = —d®,/dV. Significant conclusions from
Fig. 19.2 are as follows.

(a) Neglecting quantum terms in Eq. (19.22) is not good enough for
highly accurate work. If fitting is done at T' = 0, one should keep the term
in 6. If fitting is done at high temperatures, one should use the high-
temperature expression for P. Either way, the model would be in better
agreement with experiment for V(T, P = 0).

(b) Since both curves in Fig. (19.2) have nearly the same slope at high
temperatures, the theoretical thermal expansion coefficient is in good agree-
ment with experiment at high temperatures.

Figure 19.3 compares theory and experiment for the isothermal bulk
modulus of bece Na. The theoretical curves are calculated from molecu-
lar dynamics, for pseudopotential Na, and hence do not contain quantum
effects. The upper (lower) theoretical curve is evaluated at the experimen-
tal (theoretical) volume shown in Fig. 19.2. The slope of the theoretical
curves is in respectable agreement with experiment at high temperatures. A
similar agreement between theory and experiment for the adiabatic elastic
constants is found for Na (Schifer] and Wallace, 1985), and for Mg (Greeft
and Moriarty, 1999).

Metals in general display a highly uniform qualitative behavior in the
temperature and volume dependences of elastic constants, and bulk and
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Figure 19.2.  Molecular dynamics calculation of V (T, P = 0) for sodium, com-

pared with experiment, showing that neglecting quantum contributions in fitting
theory to experiment is not the best one can do (figure from Swanson et al., 1982).

shear moduli. With few exceptions, the following properties apply to curves
of elastic constants vs temperature for elemental metals, and for alloys as
well, for adiabatic or isothermal constants.

(a) Curves at P =0 go to T' = 0 with zero slope, and are roughly linear
inT at T 2 3. The same properties hold for curves at fixed volume.

(b) The explicit temperature dependence, as observed at fixed volume,
is normally small compared to the temperature dependence on the P = 0
curve, showing that the actual variation at P = 0 is largely a volume effect.
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Figure 19.3.  Molecular dynamics calculations (lines) of Br(V,T') for each of
the V(T) curves in Fig. 19.2, compared with experimental data (points) for Br
vs T at P = 0. This shows the difficulty in comparing theory and experiment at
P = 0, when theoretical and experimental volumes are not the same at P = 0
(figure from Swanson et al., 1982).

Anharmonic Entropy at High Temperatures

Over the years, we have carried out an extensive analysis of the high-
temperature entropy of elemental crystals, based on setting the experi-
mental entropy equal to the total theoretical entropy,

Sewpt = S;Dh + Sel + Sanh y (1923)

where from the conclusion of Sec. 18, S, is neglected at high temperatures.
Our procedure is to use this equation to find the anharmonic entropy. Spn
is calculated from the high-temperature expansion (17.6), to order (62/T)?,
where 6y and 5 are taken from neutron scattering data, Table 15.1, and are
corrected for thermal expansion with v* and Eq. (19.15). S is calculated
from the Sommerfeld expansion for nearly-free-electron metals, where n(ep)
is from available electronic structure calculations, otherwise from the free-
electron model. For transition metals, Se; is calculated from the complete
integral, Eq. (18.2), with n(e) from electronic structure calculations. Sy,
and S¢; are evaluated at the zero-pressure volume V(T'). The analysis was
done for all elemental crystals for which we could find sufficient highly-
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Table 19.2. Entropy contributions in units of k per atom for 23 elemental crystals
at T, and atmospheric pressure.

Element Structure Seapt Sph Sel Sanh
Li bee 4.86 4.77 0.06 0.03
Na bce 6.93 6.79 0.05 0.09
K bee 8.23 8.00 0.08 0.15
Rb bee 9.42 9.25 0.09 0.08
Mg hep 7.70 7.45 0.12 0.13
Cu fec 8.93 8.81 0.12 0.00
Ag fee 9.84 9.82 0.09 -0.07
Au fce 10.64 10.62 0.11 -0.09
Zn hep 7.7 7.76 0.06 —-0.05
Hg rhomb 7.13 7.02 0.03 0.08
Al fcc 7.20 7.08 0.11 0.01
In bet 8.19 8.13 0.06 0.00
Pb fce 10.17 10.10 0.11 -0.04
v bee (10.97) 9.86 0.95 (0.16)
Nb bee 12.06 11.23 0.92 -0.09
Ta bce 13.40 12.46 1.01 -0.07
Mo bcce 11.78 10.41 0.65 0.72
W bee 13.02 11.74 0.69 0.59
Pd fee 10.95 10.19 0.79 -0.03
Pt fcc 11.78 11.12 0.81 -0.15
Si dia 7.44 7.21 0 0.23
Ge dia 8.04 7.84 0 0.20
Sn bct 7.98 7.87 0.09 0.02

accurate data. In Fig. 18.2, curves of Segpt — Spn and S are compared
for Pd and Pt, from 300K to 7,,, showing that S,,, is quite small over
the entire temperature range. An indication of the relative magnitudes of
the contributions in Eq. (19.23), throughout the range 6 < T < T,,, is
provided by the list of these contributions at 7,,,, in Table 19.2. The data
are from Wallace (1991c, 1992b, 1997a), and Eriksson, Wills, and Wallace
(1992), with a few minor changes to account for improved experimental
results. In the table, and in the discussion here, entropy is in units of & per
atom. The error in Sezpe(T,) generally increases as T, increases, and is
estimated to be 0.02 — 0.06. The error in Sy, (T),) is estimated to be 0.03
— 0.06, and the error in S¢; is estimated to be around 10%.

Several general conclusions can be drawn from Table 19.2. First Seap: at
T, lies in the range 5-13, hence is of a common order of magnitude for all
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elemental crystals at melt. Second, the dominant contribution in all cases is
Spn, and indeed S,y constitutes 2 90% of the total entropy at T,,,. This is
the reason we go to extremes to make the most accurate evaluation possible
of the quasiharmonic phonon entropy. Third, at the level of accuracy of the
present analysis, Se; is never negligible for metals, and S¢; is even important
for transition metals at T;,,. Finally, S5 is always small.

Let us make a more precise discussion of Sg,5. When Sg,p is not larger
than its estimated error, we say Sg,,n, = 0. This result holds for 19 of the 23
elements in Table 19.2. The average of |Sa,| for these 19 elements is 0.07,
and the average of |Sgnn|/Sexpt is 0.008. For Si and Ge, Sgnp =~ 0.2 and is
marginally outside estimated errors, but is still only 3% of Sezp:. The only
other nonzero values of S, in Table 19.2 are 0.7 for Mo and 0.6 for W, well
outside of estimated errors, but still only 56% of Sezp:. For the rare gas
crystals, we are not able to analyze the entropy at atmospheric pressure,
because the large thermal expansion makes our estimate of 6y unreliable at
V(T,,). For compressed rare gases, at densities where we have an accurate
evaluation of 6y, Synp is around —0.2 to —0.3 at T;,, marginally outside
estimated errors, but only around 5% of Seypt at T,

For those elements for which phonon moments are not available from
inelastic neutron scattering experiments, useful estimates of 6y can be made
from the experimental entropy at T' 2 6 (see problem 19.8).

Special Entropy Analyses

Nickel is ferromagnetic with a Curie temperature T, = 631K. The experi-
mental entropy shows a large magnetic anomaly in the vicinity of T,. All
our theory for S¢; describes a metal with conduction-electron spin degen-
eracy, and we shall continue with the same meaning here. An ordinary
(spin-degenerate) density functional calculation gives S,; for Ni, and real
Ni then has an additional magnetic entropy 6Smay. Let us make the ap-
proximation Sy, = 0, reasonable in view of the preceding entropy study,
so that the experimental entropy is given by

Sexpt = Sph + Set + 0Smag , at high T . (19.24)

Figure 19.4 shows curves of Sezpe —Spn, and Se;, as functions of temperature
at zero pressure. From the above equation, the difference between these
curves is 6Smag. That 0Smag is negative below T, presumably corresponds
to the ferromagnetic state being more ordered than the spin-degenerate
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state. Above T;, §Smqg is positive and quite significant. The entropy
contributions for Ni at T, are listed in Table 19.3. The present results are
very slightly different from results at constant density, in Fig. 8 of Ericksson
et al. (1992). The theoretical challenge now is to understand the curve of
0Smag-

1.6
1.4 F Ni at P=0 /+ i
12| ~ —— Low-T Ferromagnetic /+ |

< — Sel e

2101 * Sexpt - Sph +/ b

> e
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Figure 19.4. Entropy contributions for Ni at P = 1 bar. The difference between
Sezpt — Spr and Se; is the magnetic entropy dSmag-

Table 19.3. Entropy contributions for Ni and Cr at 7., and for Ti and Zr at the
highest temperature of each crystal phase. Entropy units are k per atom, and
data are at atmospheric pressure.

Element  State Seapt Sph Sph Sanh  Sel 0Smag
Ni fec at Trm 10.32  — 8.95 0° 1.06  0.31
Cr becat T, 1053  9.44 886 0.58  0.75 0.34
Ti hep at T3 8.51° 798 7.63 035 048 0

Ti becat T, 10.93° 980  — — 123 0

Zr hep at Top  9.45° 9.05 862 043 041 0

Zr bec at T,,  12.20° 11.07 — — 1.09 0

@ Sonn for Ni is assumed zero.
b Sexpt # Sph + Se; since all three quantities are independent data.
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Ti and Zr have a phase transition, from hcp to bee with increasing tem-
perature, at around 0.6 T,,. Each metal shows strong phonon softening, in
both phases, associated with the transition. Phonon softening is explicit
temperature dependence of some phonon frequencies, hence is explicit an-
harmonicity, and is accounted for in leading order perturbation theory by
using renormalized frequencies in the harmonic phonon entropy formula, as
expressed in Eq. (16.22). Let us test the same formula based on experimen-
tal phonon frequencies, instead of leading order perturbation frequencies,
that is, let us test the equation

Sph + Sanh = Spn (19.25)

where S,,(V,T) = Spn({Q%(V,T)}), and where Q, are the frequencies
measured by inelastic neutron scattering. If (19.25) is correct, the high-
temperature entropy of Ti and Zr will be given by

Sezpt = Sph + Ser . (1926)
Phonon dispersion curves have been measured at several temperatures in
both phases for Ti(Stassis et al., 1979, and Petry et al., 1991), and for Zr
(Stassis et al., 1978, and Heiming et al., 1991), and corresponding evalua-
tions of Sph(V, T) are given in these references. Figure 19.5, from Eriksson
et al. (1992), compares the experimental Sezpt—gph with calculations of Sg;.
For both phases of both metals, the agreement in Fig. 19.5 is remarkable,
and indeed is within the combined estimated errors of the data. We are able
to conclude for Ti and Zr that S'ph includes Sqnp, to within errors involved
in the analysis, those errors being < 1% of the experimental entropy at
any temperature. Apparently something beyond leading order anharmonic
perturbation theory is contained when the quasiharmonic phonon entropy
is evaluated with experimental frequencies. Entropy contributions for Ti
and Zr are listed in Table 19.3, for hcp at the transition temperature Ti,g,
and for bce at T,,. Phonon softening in Ti and Zr is discussed further in
Sec. 26.

Chromium is antiferromagnetic with Néel temperature Ty ~ 322K, but
the experimental entropy shows only an extremely small anomaly at T .
Nevertheless, the high-temperature entropy of Cr is marvelously compli-
cated. To analyze it, we need both contributions in Eq. (19.25) for the
nuclear motion entropy, and we need a magnetic contribution as well:
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Figure 19.5.  Entropy contributions for Ti and Zr at P = 1 bar, in the low-T'

hep and high-T" bee phases. Symbols are Sezpt — Spr and lines are Se;.

A~

Sempt = Sph + Sel + 6Smag 5
= Sph + Sanh + Set + 0Smag - (19.27)

Phonon dispersion curves have been measured at several elevated tempera-
tures by Trampenau et al. (1993), so that all four terms in Eq. (19.27) can
be separated, with procedures used above for the other transition metals.
Results at T, and atmospheric pressure are listed in Table 19.3. Again
there is a slight difference from the graph for Cr at constant density, in
Fig. 5 of Eriksson et al. (1992). For Cr at T,,, Spp is still dominant at
84% of Seapt, Ser i8 7%, Sann is 6% and is quite the same in magnitude
and relative magnitude as for Mo and W (Table 19.2), while 0.5,,,44 is still
significant at 3%. A proposal to account for §5,,q, was made by Grimvall,
Héglund, and Guillermet (1993).
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Problems

19.1. The expansion at atmospheric pressure from T = 0 to T, is
¢ = (Ve — Vo)/Vo. In Table 19.1, for the 21 metals in bec, fee, and hep
structures, the mean and variance of ¢ implies ¢ = 0.072 £ 0.010. Are
the separate groups of bcce, fcc, and hep metals consistent with this overall
distribution? Can you understand the large ¢ of Ar, Kr, and Xe from the
physical nature of their binding? And the small ¢ of Si and Ge? What
would be your guess for ¢ of a metal at 100 Mbar pressure?

19.2. Derive Eq. (19.3) for the volume expansion at low temperatures.
In the + - - - of that equation are two very small terms going as T*. Estimate
the relative magnitude of these terms.

19.3. Given Eq. (19.9) for the entropy, show that

_ Cph’th + Canhlyanh + Cel’Yel + CepPYep
Oph + Oanh + Cel + Cep

b

where each contribution to 7 is given by an equation corresponding to
(19.11) for vpp, and where Cpp, is the phonon contribution to Cy, and so
on. Under what condition is one of the contributions negligible?

19.4. From the definition (19.13) of ~,,, show that

<7Hw2> BZ

T won by

where 7, is the phonon Griineisen parameter, written in Eq. (13.33). Hence
show the approximation ~,, & g is the same as (y,w) gz =~ (V) pz (W) B2
How accurate is this approximation at n = 2 for the rare gas crystals, and
for nearly-free-electron metals? (Thermodynamics of Crystals, Table 31).

19.5. For the single-phase elements in Table 19.1, find the mean and
variance of v* for the fcc metals, the bee metals, the hep metals, and the
rare gas crystals. Which one of the other three groups is inconsistent with
the fcc metals? Could you make a pure guess for v* for a fcc metal? For a
bee metal?

19.6. Derive the expansion, useful for making volume corrections of the
internal energy,

UWVo, T) =UWV,T)+ (Vo - V)AUWV,T) +---

where AU = oT By — P.
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19.7. Suppose you do not know 6, and wish to find it by extrapolating
U—Ug toT = 0in Fig. 19.1. Use your transparent straight edge to discover
that the extrapolation of the curve at V(T) is ambiguous, while you can
get a reasonable answer from the curve at Vj only if you know the slope is
3, and if you assume dU,y,p = 0. Note in trying to do such an extrapolation
for thermodynamic functions other than the internal energy, the limiting
quasiharmonic slope is an unknown quantity.

19.8. In the following table, use the data given for Seqp:(T'), together
with S¢; from the free electron model, and set S,,,;, = 0, to confirm the val-
ues of 6 listed. From each 6, estimate 0y, 02, and (w?) gz (see Eq. (15.10)).

Element Structure T(K) Seapt/NE ~ 0y(K)
Cs bce 298 10.235 27.5
Cd hep 298 6.233 103
Ga orthorh 298 4.913 162
Ca fec 720 7.99 151
Ca bee 720 8.14 136
Sr fee 830 10.22 79
Sr bee 830 10.35 76
Tl hep 507 9.48 60.1
Tl bee 507 9.57 58.3
Sn dia 286 5.18 140
Sn bet 286 6.012 107

20 CRYSTAL EQUATION OF STATE

Form and Range of Validity

By equation of state, we mean the complete set of thermodynamic functions
on the equilibrium surface of a material. The Helmholtz free energy serves
as a generating function for the equation of state. In practical applications,
it is important to evaluate all thermodynamic functions from a single free
energy, so as to achieve thermodynamic consistency among all the derived
functions. For a crystal, the most useful thermodynamic functions are the
internal energy, the entropy, and the stresses, with independent variables
being the crystal structure and temperature. When the applied stress is
isotropic pressure, the independent variables are volume and temperature.
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The condensed matter regime is defined in Sec. 1, and the crystalline
state belongs to this regime. Condensed matter theory is based on the exact
many-particle Hamiltonian, with approximations appropriate to condensed
matter (Chap. 1). The corresponding theories of statistical mechanics and
lattice dynamics are valid at any density (Chaps. 2 and 3). Through exten-
sive comparisons of theory and experiment at normal densities, a character-
istic formulation of the equation of state of elemental crystals has emerged
(Chap. 4). Since the underlying theory is valid at any compression, there is
no reason to doubt that the same characteristic equation of state will also
be valid at any compression. We therefore consider the discussion here, in
Sec. 20, to apply to every crystal phase of every element, at all tempera-
tures and volumes at which that phase is stable, or for that matter is even
metastable (see Chap. 6). As a general rule, phonon frequencies increase
with increasing density, and so does the melting temperature, although local
exceptions are found in certain elements. The electronic structure changes
as density increases, nonmetallic elements become metals, and there is a
slow increase in the importance of electronic excitations relative to phonons
in the equation of state.

The universal formulation we have developed for the free energy of a
crystal, arranged in order of generally decreasing importance of terms for
application to equations of state, is

F =®0+ Fyp + Foi + Fani + Fop - (20.1)

To construct an equation of state, one needs to calibrate the parametric
functions contained in F'. In practice we use all reliable information, both
experimental and theoretical, in this calibration. An observation of primary
importance is that the form of F' in Eq. (20.1), namely the explicit V' and
T dependences of its terms, expresses the correct physics for elemental
crystals, and indeed when appropriately generalized, for all crystals. This
form alone carries much information about the equation of state of crystals.
Whatever we are able to accomplish, in trying to construct an equation of
state for a real crystal, this is the best form to use. In other words, for a
given set of input data, calibrating Eq. (20.1) will in principle produce the
best possible equation of state.

Our practical experience supports the observation just made. Free en-
ergy functions of arbitrary form, including Mie-Griineisen models and poly-



CRYSTAL EQUATION OF STATE 209

nomials in V' and T, even though calibrated to massive amounts of experi-
mental data, are less accurate both for interpolation and extrapolation than
free energy functions based on Eq. (20.1).

Calibration of the Static Lattice Potential

The static lattice potential is a purely theoretical quantity, defined in
Chap. 1 as the electronic groundstate energy when the nuclei are fixed at
the crystal lattice sites. The nearest experimental quantity is the isothermal
compression curve. For densities not far from normal density, the exper-
imental compression curve is prescribed by the isothermal bulk modulus,
normally available at various temperatures, including 7' = 0. For large com-
pressions, room temperature diamond cell data are available, up to several
Mbar. The experimental data always contain all the contributions implied
by Eq. (20.1) for F, but the major contribution comes from ®q, and the
only other significant contribution is from Fj. If we write F' = ®g + Fpp,
then at T' =0,

d‘bo 9Nk‘61 dln (91

P==Ww ~"3v dmv (202)
and at T' 2 0y,
_d®;  3NKT [dnfy 1 (65\%dlnés
P=—w v dlnv+%<f) amy T (203)

The dominant term —d®q/dV is the pressure in the potential approxima-
tion.

For most elemental crystals at normal density, 2 < 300K, and Eq. (20.3)
applies at room temperature. However, under compression, 65 increases and
moves above 300 K. The curve of P(T) at fixed volume is similar to the
curve of U(T) in Fig. 19.1. With this in mind, skillful use of Egs. (20.2)
and (20.3) allows one to estimate harmonic vibrational contributions to
pressure at any V and 7.

Figure 20.1 shows diamond cell data for Na at 293 K, from Fritz and
Olinger (1984), together with theoretical curves for pseudopotential sodium,
of the pressure in the potential approximation, and of the pressure at 293
K calculated from Eq. (20.3). Recall that the pseudopotential model in the
potential approximation was fitted to the experimental volume and bulk
modulus at T'= 0 and P = 0. Neglect of vibrational contributions in this
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fitting procedure causes the small difference between theory and experiment
at P =0 in Fig. 20.1. This difference is the same as the volume difference
at 293 K in Fig. 19.2. The following conclusions are drawn from Fig. 20.1.

(a) A meaningful comparison of theory and experiment, or what is equiv-
alent, an accurate calibration of ®4(V) from the room temperature com-
pression data, requires that the phonon vibrational pressure be included.

(b) The theoretical compression curve is in good agreement with exper-
iment to compressions far beyond the range of a few percent, where the
theoretical calibration from the bulk modulus is reliable, and this tells us
that the ®¢(V) curve from pseudopotential perturbation theory is quite
accurate at the volumes shown.
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Figure 20.1. Compression curves for sodium at 293 K: points are diamond cell
data and solid line is theory. Dashed line is —d®q/dV.

A metal for which extensive electronic structure calculations have been
done, and far from Na in the periodic table, is Th. Work of Johansson
et al (1995) shows that the fcc structure in Th is stabilized by itinerant f
electrons, in contrast to the hcp structure of the d-electron metals in the
same column, Ti, Zr, and Hf. Under compression at room temperature,
Th exhibits a continuous phase transition in which c¢/a changes from its
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fec value of v/2, to around 1.65 in a bct structure. This phase transition is
explained by Séderlind et al (1995), as a result of an increased f-electron oc-
cupation and a concomitant Peierls distortion, with increasing compression.
The theoretical c/a ratio as function of pressure is in remarkable agreement
with experiment, as shown in Fig. 20.2. The theoretical curve of —d®,/dV
is compared with experimental P at room temperature in Fig. 20.3, and
the agreement to 3 Mbar is rather good.
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Figure 20.2. Comparison of electronic structure theory and experiment for c¢/a
vs P for Th at room temperature.

Figure 20.3 illustrates several points regarding the calibration of ®q (V).
First, in order to rationalize density functional calculations of —d®q/dV
with experiment, a common practice is to rigidly shift the theoretical curve,
so as to obtain better agreement with the measured volume and bulk mod-
ulus at P = 0. Figure 20.3 does not support this ad hoc procedure. Second,
in the low-pressure region of Fig. 20.3, the vibrational contribution would
move theory closer to experiment, but would reduce the discrepancy by only
around 5%. Finally, to construct the most accurate possible ®4(V) func-
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tion, it makes sense to use the most reliable data available, which means to
use experimental compression data where it is available, and to interpolate
smoothly to density functional calculations at higher compressions.
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Figure 20.3. Comparison of electronic structure theory (potential aproximation)
and experiment for room temperature compression of Th.

Calibration of the Thermal Part

The free energy at T'= 0 is given by Eq. (16.24),
9
F(T = 0) = @0 + S Nkty + Upn(T = 0) . (20.4)

In equation-of-state applications, the very small anharmonic contribution
here is neglected. The small contribution in 6, is part of the quasiharmonic
phonon model, and will be determined when the thermal free energy is
calibrated. The thermal free energy is

F(thermal) = F(V,T) — F(V,T =0) . (20.5)
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In principle, F(thermal) and S(V,T) contain the same information.
In the low-temperature regime, the nuclear motion free energy is written
in Eq. (16.32),

4 T 4
(Fyp + Fanp)(thermal) = —Nk@D% <®—D) 7 (20.6)

and the total electronic excitation free energy is written from Eq. (18.46)
as

1
(Fe + F.p)(thermal) = —§FT2 . (20.7)

The coefficients © p and I are volume dependent, and are measured in low-
temperature specific heat experiments. Research is currently directed at
understanding the small anharmonic contribution to ©p, and the sizable
electron-phonon interaction contribution to I.

At intermediate temperatures, in the dispersion regime, the dominant
thermal free energy contribution is Fj;(thermal), which can be calculated
from the phonon density of states g(w). The independent-electron excita-
tion term Fy; is very small, but is easy to calculate, or to estimate. The con-
tributions from anharmonicity and electron-phonon interactions are very
small and difficult to calculate, and may be neglected in equation-of-state
applications.

Most practical applications of equations of state are in the high-tem-
perature regime, for T 2 0. To express the relative importance of the
various contributions, we make use of our extensive analysis of the entropy.
From Sec. 18, S, should be negligible even for highly accurate work. Then
S(V,T) = Spp + Set + Sanh, and from Sec. 19 the three terms constitute
the following proportions of the total, for temperatures from 5 to Ty,:

Spn ~ 90 —100% |,
Sel ~ 0*10%,
Sanh ~ 0-5% . (20.8)

An accurate evaluation of Sy, requires data of similar accuracy for o (V),
and much less accurate data for 62(V'), as can be seen from Eq. (17.6). At
densities near normal, highly accurate experimental data are available for
these phonon characteristic temperatures.
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Let us consider what is possible at densities higher than normal, where
experimental phonon data are not available. Phonon frequencies can be
calculated at all densities from density functional theory, and 6y(V) and
02 (V') can be evaluated to an accuracy of say 5%, so that S(V,T) is obtained
to an accuracy ranging from 5% at T = 6y, to around 1% at T,,. Se; can
be calculated to an accuracy around 10%, from the free-electron model for
nearly-free-electron metals, or better, from the electronic density of states
for all metals. S, can be calculated from molecular dynamics, if one has
a reasonably accurate model for the adiabatic potential ®({rx}). These
calculations will provide the most accurate ab initio evaluation of S(V,T)
at high temperatures. On the other hand, at the risk of an additional error
on the order of 5%, one can neglect S,,;. We then have a well-defined and
simple procedure to calculate S(V,T'), to an overall accuracy estimated at
10% or better, from

S~ Spp + St - (20.9)

Should such an entropy function need to be corrected, to achieve agreement
with any experimental data measuring thermal effects, the correction may
be sought in the form of a small change in 6y(V'), or in a small Syp,(V,T),
or both.

The magnetic metals Ni and Cr have significant magnetic contributions,
but they still remain phonon dominated. A theory for the magnetic entropy
would be welcome.

Except at very low temperatures in metals, where electronic excitations
dominate, by far the major thermal contribution to the equation of state
of any crystal is the quasiharmonic phonon contribution. It is therefore
always important to work with an accurate representation of the phonons.
The functions entering the phonon thermodynamic formulas are uniquely
defined, and one should not substitute other functions for them. Hence
the Debye temperature has no role in the equation of state beyond the
low temperature thermal part. In addition, Slater or Dugdale-McDonald
formulas are unacceptable as approximations for the Griineisen parameter.
The classical free energy is discussed further in problems 20.1 and 20.2.

Planar Shocks in Solids

Shocks in solids are usually generated by carefully controlled high-velocity
plate impact experiments. Within the propagating shock front, material
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is compressed and accelerated. A shock cannot exist without dissipation,
and the major dissipative mechanisms in shocks in solids are plastic flow
and heat transport. Hence the shock process, which takes place within the
shock front, is irreversible, and requires irreversible thermodynamics for its
theoretical description. On the other hand, the material behind the shock
front is in a steady state of thermodynamic equilibrium, until the shock
release wave arrives. Hence shock experiments allow us to measure certain
equilibrium properties of compressed materials, in practice to pressures of
several Mbar. For simplicity of discussion, we limit consideration to metals,
in polycrystal or single crystal form.

When a weak shock propagates in a solid, the front exhibits a two-
wave structure. The leading wave is the elastic precursor, which quickly
decays to a stress level at the plastic yield strength, and a velocity at the
longitudinal sound velocity. The second wave is the plastic wave, whose
risetime is related to the plastic flow rate. The whole wave structure is
nonsteady, and the only way to get information on the material within the
shock front, and in the equilibrium state behind the front, is to integrate
the hydrodynamic equations along the shock process. Hence, given a highly
accurate equation of state to begin with, shock profile data can be analyzed
to extract the irreversible component of the shock process, and thus to
find the plastic constitutive behavior of the material at high strain rates
(Wallace, 1980). It is possible to study the dynamics of shock driven phase
transitions in the same way (Boettger and Wallace, 1997).

While the elastic precursor has a limiting amplitude and velocity, both
the amplitude and velocity of the plastic wave increase as shock strength
increases. At some shock strength, perhaps a few hundred kbar, the elastic
precursor is negligible, and eventually the plastic wave overdrives (travels
faster than) the elastic precursor. At these shock levels, the shock risetime
is too short to be measured, and it is customarily assumed that the shock
travels as a steady wave. We have applied steady wave theory to metals,
and have concluded that heat conduction is necessary for the existence of
steady overdriven shocks, and that the risetime of such shocks in metals is
on the order of 1 ps (Wallace, 1981, 1982). The author is still hoping to see
this risetime measured experimentally. The shock theory mentioned above
is available in a reprint collection (Wallace, 1991a).

Let us consider shocks from an initial state labeled a, where density is
Pa, internal energy is U,, the applied stresses are zero, and the material
velocity is v, = 0. Often the initial state is the standard state at room
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temperature and zero pressure. The equilibrium state behind a shock de-
pends only on the initial state and the shock strength, hence as a function
of shock strength, the shocked equilibrium states lie on a single curve on
the equation-of-state surface. This curve is the Hugoniot. States on the
Hugoniot are labeled H, and have density pp, internal energy Up, and
normal compressive stress og, where normal means in the shock propaga-
tion direction. The compression from initial to Hugoniot state is e,

Pa

20.10
PH ( )

€ = 1-—
If the shock is a steady wave, the continuum mechanics equations expressing
conservation of mass, momentum, and energy can be used to derive the
three Hugoniot jump conditions. These conditions are written in terms of
the shock velocity D, and the material velocity vy, also called the particle
velocity,

en =vu/D (20.11)
on = paD?en (20.12)
1 2 2
Un —Ua = 5 D%} (20.13)

where U is energy per unit mass. Experiments are able to measure D
and vy to an accuracy of around %%, and with this information the jump
equations can be solved to find density, normal stress, and internal energy
for the Hugoniot state.

If one neglects the difference between transverse and normal stresses in
the shocked state, og becomes the pressure Py. Standard practice in shock
analysis is to replace oy by Py, and proceed as if the Hugoniot stress were
always isotropic pressure. This approximation yields observable errors for
weak shocks. The amount of work dissipated in a shock increases rapidly
with shock strength, and correspondingly, the Hugoniot rises rapidly above
the room temperature compression curve. The difference between these
curves is a measure of thermal pressure, and thermal energy, and can in
principle be used to calibrate the thermal free energy, or the entropy. It
is also possible to measure velocities of shock release waves, for which the
leading edge propagates at the longitudinal adiabatic sound velocity. This
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information can be used to find the thermodynamic Griineisen parameter on
the Hugoniot. Observations of shock release waves can also locate crystal-
crystal phase transitions, and melting, on the Hugoniot. This information
is part of the material phase diagram, and is useful in finding the changes
in thermodynamic quantities across phase boundaries.

Problems

20.1. A good aproximation for all crystals at high temperatures is the
classical lattice dynamics free energy F = ®o(V) — 3NET In (T/60p(V)).
From this F', calculate the standard thermodynamic functions: (a) S, U,
and P, related to first derivatives, (b) Br, Cv, «, and ~, related to second
derivatives, and (c) the ratio Bg/Br. Some results for checking are

B d1n 6y o 3Nk~
dlnV ' = VBp
20.2. Show that the classical lattice dynamics pressure is

idy  3NKT~
p—_ 0
W v

Draw a curve of ®4(V'), and visualize the sign and magnitude of each con-
tribution to P as a function of V and T. Sketch the curve of V(T, P = 0).
Sketch the pressure isotherms for a set of temperatures.

’y:
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Chapter 5

Liquid Dynamics and Statistical
Mechanics

21 CONFIGURATIONAL CORRELATIONS IN A MONATOMIC
LIQUID

Multiparticle Correlation Functions

In this chapter we shall study monatomic liquids. Molecular liquids such as
Hs and Os are specifically omitted; however, under sufficient compression,
these liquids become monatomic and are covered by our study. Our primary
concern is with the nuclear motion7 whose Hamiltonian is

H = Z +®({rx}) . (21.1)

For most elemental liquids, the nuclear motion is classical at T > T;,,. The
leading quantum correction is significant for the light elements, say up to
Ne, and it can be calculated from the Kirkwood expansion (9.27), or from
Eq. (9.31) for central potentials. What makes He different from any liquid
considered here is the importance of nuclear exchange. Valuable references
on the theory of liquid He are Feenberg (1969), Campbell (1978), and Glyde
(1994). For all the elements we have studied, structural and thermodynamic
quantities for the liquid at melt are listed in Table 21.1. Some analysis of
the liquid data is discussed in Problem 21.1.
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Table 21.1. Data for 41 elemental liquids at melt. All but Ar, Kr, and Xe are
metals, and z is listed for 22 nearly-free-electron metals. Density of the liquid at
melt i8S pim, relative volume increase on melting is 7, Eq. (22.1), number of atoms
in the nearest-neighbor shell is ni, and entropy units are k£ per atom.

T Pim

Element z (K) (g/cm®) n ny Seapt S1

Li 1 453.7 0.515 0.015 9.5 5.66 8.11
Na 1 371.0 0.925 0.025 10.4 7.78 10.22
K 1 336.4 0.829 0.024 10.5 9.06 11.51
Rb 1 312.6 1.479 0.025 9.5 10.26 12.77
Cs 1 301.6 1.84 0.026 9.0 11.11 13.60
Mg 2 922 1.59 0.031 10.9 8.81 11.18
Ca — 1113 1.36 0.04 11.1 11.03 12.87
Sr — 1042 2.48 0.04 11.1 12.10 14.13
Ba — 1002 3.31 0.008 10.8 14.04 14.90
Cu 1 1358 8.00 0.045 11.3 10.09 12.55
Ag 1 1235 9.35 0.050 11.3 10.94 13.58
Au 1 1338 17.36 0.052 10.9 11.77 14.58
Zn 2 692.7 6.58 0.044 10.5 9.04 11.81
Cd 2 594.2 8.02 0.045 10.3 9.76 12.73
Hg 2 234.3 13.69 0.036 10.0 8.31 12.25
Al 3 933.5 2.385 0.070 11.5  8.58 11.05
In 3 429.8 7.02 0.020 11.6 9.11 12.43
Tl 3 577 11.22 0.032 11.6 10.93 13.85
Pb 4 600.6 10.63 0.036 10.9 11.13 13.99
Ar — 83.81 1.415 0.146 — 6.38 8.94
Kr — 115.76 2.442 0.147 — 8.11 10.73
Xe — 161.39 2.963 0.148 — 9.51 12.16
Ti — 1945 4.14 0.024 10.9 11.83 13.04
Zr — 2128 (6.0) (0.04) 106 1339  14.42
\% — 2202 5.49 0.036 11.0 (12.12) 13.10
Nb — 2744 7.76 0.030 — 13.24 14.58
Ta — 3293 14.8 0.034 — 14.75 15.88
Cr — 2133 (6.28) (0.064) 11.2 11.69 12.97
Mo 2896 9.3 0.028  —  (13.26) 14.56
w — 3695 172 0044  —  (1452) 1594
Fe — 1811 7.02 0.034 10.6 12.01 12.79
Ni — 1728 7.89 0.048 11.6 11.54 12.72
Pd — 1827 10.5 0.064 10.9 (12.20) 14.01

Pt — 2045 19.1 0.056 11.1 13.09 15.10
Th — 2031 10.5 — — 16.12
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Table 21.1 (Cont.)

T Pim

Element z (K) (g/cm?) n ni Seapt 51

Ga 3 302.9  6.09 -0.031 104  7.18 10.80
Si 4 1687 2.51 -0.090 6.4 11.05 11.99
Ge 4 1211 5.60 -0.065 6.8 11.72 13.07
Sn 4 505.1 7.00 0.026 10.9  9.66 12.76
Sb (5) 904 6.48 -0.009 8.7 11.74 13.77
Bi (5) 544.5 10.07 -0.033 8.8 11.28 13.92

The classical partition function for indistinguishable particles is

1 _
= W//e PR dridpy - - - drndpy (21.2)
The probability density that phase point = {rx,px} is occupied is
—BH(=)
Ny €
=Ty (21.3)
F) is normalized to N!, and can be factored to
O =D (py) - fP(pa)g™ (e, en) (21.4)
Here f(M(p) = f(p) is the equilibrium Boltzmann distribution,
_ 8\ 6p?
f(P) = pa (27TM exp (=557 ) (21.5)
where pa = N/V is the particle density, and the normalization is
[ #wyip=pa (21.6)

The equilibrium N-particle correlation function ¢(VV) is defined by Eq. (21.4),
and has the normalization

N!:pg/-../gW)(rl,...,rN)drl...drN . (21.7)

Finally, the n-particle correlation functions for n = 1,---, N are defined by

N
g (e, m) = ﬁ/-~-/g(N)(r17~-~,rN)drn+1~--drN .
(21.8)
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Accordingly, g™V (r) = 1.

The correlation functions are relevant for equilibrium statistical mechan-
ics, since g™ can be used to express the average of an n-particle spatial
function. By far the most important correlation function for monatomic
liquids is the pair correlation function ¢ (r1,r2). Given there is a particle
at rq, pAg(2)(r1, ro)drs is the probability there is a particle in the infinites-
imal dry at re. Since an equilibrium liquid is homogeneous, g(2)(r1, ro) can
only depend on |r; — ra|, hence the pair correlation function can always be
written ¢(®)(r), or simply g(r). For a sum of pair potentials ¢(|rx —rz|),
the statistical average potential per particle is (see problem 21.2)

<% Z¢(|rK - I“L)> = %PA /000 o(r)g(r)dmridr . (21.9)
KL

Temperature dependence of the pair correlation function at constant
density is illustrated in Fig. 21.1. For a monatomic liquid we define the
mean nearest-neighbor distance R; as the location of the first maximum
of g(r). Then g(z), where x = r/Ry, is a qualitatively universal function
for normal melting monatomic liquids at T},. The character of g(z) at T,,
is shown in the bottom panel of Fig. 21.1, and is summarized as follows:
g(x) = 0 out to x ~ 0.75; the number n; of particles in the nearest-neighbor
shell, say out to the first minimum in g(z), is around 9-11; shell structure
beyond the first peak is pretty well fixed by the geometry of random close
packing; and g(z) goes to a constant value of 1+O(N 1) at large x. Values
of ny at temperatures near melting, from Table 3-1 of Waseda (1980), are
listed in Table 21.1.

Upon increasing temperature at fixed density, the monatomic liquid
progresses toward a gas, as illustrated in the upper two panels of Fig. 21.1.
In the ideal gas limit, g(r) = 1+ O(N~1). At the highest temperature
shown, T'= 38.2 T},,, the system is a dense gas, with short-range repulsion
still obviously significant. At some very high temperature, our calculation
no longer represents real aluminum, since thermal ionization is not included
(see Sec. 25).
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Figure 21.1.

and at several temperatures.

Pair correlation function for pseudopotential Al at fixed density
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Correlation Entropy

From the canonical partition function (21.2), the entropy is (see problem
21.3)

k

/.../f(N) 1n(h3Nf(N))dr1dp1~-'drNde . (21.10)

Notice this equation is the classical analog of the quantum state summation
in Eq. (7.9), S = —kX, fnIn f,,. With the factorization (21.4) of FN) it
follows

_ Nk 3
S = o /f(p)ln[h f(p)ldp
N
_k]e/!x /.../g(N)lng(N)drl...drN . (21.11)

The first term is the momentum-space contribution, or one-particle contri-
bution, denoted Sy, where

S 3 271h?
_ 3 l(par®) , A=y , 21.12
NF =3 m(ead?) MET (21.12)

A is the thermal deBroglie wavelength, previously encountered in Eq. (9.33),
where we observed that exchange effects are negligible when A? << R?, or
say paA3 << 1. From Eq. (21.12), paA® = exp(2 — S1/Nk), and for the
elemental liquids in Table 21.1, p4 A3 is e™7 to e 1% at Tj,.

The second term in Eq. (21.11) is the N-particle correlation entropy. To
analyze the integrand, let us refer to the correlation which is present in an
n-particle cluster, and not present in any smaller cluster, as the irreducible

part of the n-particle correlation. Accordingly, the irreducible part of ¢(2)
is ¢®. The irreducible part of ¢(®) is 6¢(3), defined by
9?9(1,2,3) = ¢*(1,2)9?(2,3)9* (3, 1)69®(1,2,3) . (21.13)

The idea is to extend this factorization to ¢™¥), and so express In g™ as

a sum of terms in In ¢, plus a sum of terms in Ind¢g(®, and so on. But
a problem arises. With the grand canonical distribution, where density
fluctuations are present, ¢g(®(r) — 1 and In g(®(r) are local functions, i.e.
they vanish for r > [, where [. is an appropriate correlation length (see
Feenberg, 1969, Chap. 1). But with the canonical distribution, as with any
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distribution having fixed N, ¢ (r) has a nonphysical long range correla-
tion, because, given a particle at r = 0, the number of remaining particles
is exactly N — 1. Hence at r > I., ¢ (r) — 1 and Ing®(r) have the
nonzero value —a/N, where « is the measure of density fluctuations (see
Eq. (7.28)),

a= <5J2/;/>>GC =2 ’;iT . (21.14)

Hence with the canonical distribution, the integral of p4 In g (r) over the
system volume acquires the contribution —a from the space r > ., and
this is not a physically correct contribution to the system entropy.

The spurious contribution is removed by limiting the integration to the
correlation region r < [, denoted by fc dr. Then the total liquid entropy
is expressed in the multiparticle correlation expansion,

S=858+85+S53+--- , (2115)

where the two-particle term is

Zi—z = 7%pA/g(T) lng(r)dr . (21.16)

C

Since the volume of the integral is of order V/N, and since g(r) is the same
in every distribution to O(N~1!), then S5 is the same in every distribution
to RO(N~1). Derivation of the above results is discussed in more detail in
Wallace (1989, 1994). For the elemental liquids in Table 21.1, at tempera-
tures up to several times T,,, « ranges from 0.005 to 0.073 (see Table 2 of
Wallace, 1991D).

A multiparticle correlation expansion was presented by H. S. Green
(1952, Chap. III, Sec. 5), but the crucial one-particle term was undefined
because it contained the log of a dimensioned quantity. Nettleton and M.
S. Green (1958) made an entirely different expansion, in powers of the
density, where the leading term is not Si, but is the ideal gas entropy
S1+ NE (see problem 21.4). The number of expansions proliferated, along
with the degree of confusion, as noted in Wallace (1994). The series (21.15)
is the logical expansion for the liquid state, and has excellent convergence
properties for elemental liquids, as we shall see next.
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Figure 21.2. Pair correlation entropy as function of 7" for Pb, where the points
derive from experimental g(r) data, and the line is a smooth fit to the points.

Pair Correlation Entropy

We have analyzed the entropy for all elemental liquids for which sufficient
data are available (Wallace, 1991b). Our data requirements are (a) experi-
mental entropy accurate to around 1%, and (b) an evaluation of Se; to an
accuracy of at least 1% of S. These conditions limit us to the 22 nearly-free-
electron metals indicated in Table 21.1. For these liquids, we calculated the
pair correlation entropy from Eq. (21.16) at every temperature for which an
experimental g(r) was available. Results for Pb at temperatures from T,
to 2.3 T,,,, based on ¢(r) from both neutron scattering and x-ray scattering
experiments, are shown in Fig. 21.2. The figure demonstrates agreement
between the two types of scattering experiments, and further shows that
S2/Nk can be determined to the very good accuracy of £0.05 when good
g(r) data are available.
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Figure 21.3. Pair correlation entropy as function of In(7"/T,,) for 9 liquid metals.
The isolated point for K is apparently in error.

Examination of the results for So/Nk at T =~ T,, led us to the discovery
of two classes of elements. For the 16 “normal” elements, So/Nk at T,
lies in the narrow range —2.4 to —2.8, with a mean of —2.6. For the 6
“anomalous” elements, So/Nk is always outside this range, and smaller in
magnitude, being —2.2 for Sn and Ga, around —1.8 for Sb and Bi, and —1.2
for Si and Ge. It turns out that the normal elements have no significant
change in electronic structure upon melting, while the anomalous elements
do have. The situation will be clarified in detail when we study the melting
process, in Sec. 22.

We have enough data to evaluate the temperature dependence of the
pair correlation entropy for 9 liquid metals, 7 normal ones and Sn and Ga.
The results in Fig. 21.3 show a remarkable similarity of all the curves. Data
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for the 7 normal metals are well approximated by the line

So

T

m

This empirical finding brings much order into the concept of pair correlation
entropy in monatomic liquids. It is not clear why the curves for Sn and Ga
have smaller slopes than curves for the normal metals.

The physical origin of the sign and temperature dependence of the pair
correlation entropy is easy to see. The leading entropy contribution is
the momentum-space term S;. Next, in configuration space, the particle-
particle correlation strongly limits the motion, hence reduces the entropy,
so that S is always negative. Finally, as temperature increases, the in-
creasing thermal energy allows the motion to overcome the restrictive pair
correlations, so that the magnitude of So decreases with temperature. The
data for S3(T) show no exception to this behavior.

Higher-Order Correlation Entropy

We are not able to calculate the correlation entropy terms S,, for n > 3, be-
cause the correlation functions ¢(™) are not available. However, we can still
learn something about higher-order correlation by using the experimental
entropy. We shall argue in Sec. 25 that the entropy arising from interac-
tion between nuclear motion and electronic excitation remains negligible
for metals to several times T},,. Therefore, let us write

Seapt = 51+ 52 + 8z + Ser (21.18)

where this equation defines S, = S5+ S4 + ---. For our 22 liquid metals,
Se; was calculated from the free electron model, with the value of z listed
in Table 21.1. S.;/Nk is small but not negligible in this analysis, and lies
in the range 0.03-0.22 at T;,.

The first striking result is that S;/Nk = 0 within combined errors of
the analysis, for most of the elemental liquids at all temperatures studied.
These errors are around +0.1, or around 1% of the total entropy, for Li,
Na, K, Rb, Cs, Al, Mg, and Si, and up to +0.4 at most, or around 4% of
the total entropy, for Cu, Ag, Au, Cd, Zn, TI, and Ge. The larger errors
here are due to inaccuracies in the experimental g(r), and hence in the
computed Ss.
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Figure 21.4. Higher-order correlation entropy for those 7 elements where it is
significant.

When S, is significant, i.e. when it is not zero within errors, then
Sz (T) displays the same universal behavior as So(T): S is negative, and
its magnitude decreases as temperature increases. Figure 21.4 shows the
higher-order correlation entropy for those liquids where it is significant.
Extensive details may be found in Wallace (1991b). In Table 2 of that
reference, Seqpt and Sy for Sn should both be increased by 0.85Nk; the
curve of S, (T) for Sn in Fig. 21.4 is correct. An analysis for Ar at a point
on the saturation curve is given in Wallace (1988).

The behavior of S, has presumably the same physical explanation as
does the similar behavior of S;. When S, is significant, an irreducible n-
particle correlation for n > 3 is present, and after the pair correlation is
accounted for, this irreducible n-particle correlation further limits the mo-
tion, and further reduces the entropy. And again, thermal energy allows the
motion to overcome the correlations, so that the magnitude of S, decreases
as temperature increases. Ultimately, the multiparticle correlations arise
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from the multiparticle potential energy ®({rx}). We suspect that the ap-
pearance of a significant S, implies the presence of an irreducible n-particle
potential for some particular value of n, say n = 4, or n = 6, depending on
the element. This is an interesting proposition, but not proven.

What we want in liquid dynamics is a physical theory of the nuclear mo-
tion, expressed in a tractable Hamiltonian. The correlation expansion of
entropy does not provide such a theory, since it only relates one statistical
property (entropy) to another statistical property (multiparticle correlation
functions). But the entropy expansion is intrinsically interesting, and it will
help us to understand the melting process in Sec. 22, and that understand-
ing will help us to develop a theory of the nuclear motion in Sec. 23.

Problems

21.1. In what property in Table 21.1 are Si and Ge strongly different
from the other elements? Why is it that, in correlations of experimental
data at T,,, for crystal or liquid phase, Li is a little out of line with the
other alkali metals, and Ne is a little out of line with the heavier rare
gases? Examine the distribution of 5 for each of five groups of elements:
metals which melt from fce, from bee, and from hep; the rare gases; and
the anomalous melting elements. For which group is the distribution far
from normal? Of the other groups, which is strongly different?

21.2. Derive Eq. (21.9) for the statistical average of a pair function in
terms of g(r). Is this equation valid for a crystal? For a gas?

21.3. Derive Eq. (21.10) for the total entropy.

21.4. For the ideal gas, where ®({rx}) = 0, show g™ = NI/NV and
show S = S; + Nk. Hence the correlation entropy in units of k per atom
is +1, compared to around —2.6 for a normal liquid at melt.

22 MELTING OF ELEMENTS

Experimental Entropy of Fusion

Motivated to gain information about the physical nature of the liquid state,
we made an extensive analysis of experimental data related to melting of the
elements (Wallace, 1991c). This analysis leads to the following important
conclusions: (a) the elements exhibit two types of melting process, normal
and anomalous, and (b) the constant-density entropy of fusion contains a
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Liquid

Crystal

\

Figure 22.1. In melting at constant pressure, AS = S, — S, contains the contri-
bution S, — S due to the disordering from crystal to liquid phase.

universal constant contribution. The study, slightly updated for improved
accuracy, is summarized here.

For a material in crystal and liquid states at the same volume and tem-
perature, the liquid has the larger entropy, because it moves over a larger
portion of the configuration space. We want to evaluate this constant-
volume entropy difference, the disordering entropy, for the elements. Ex-
perimental entropy of fusion is measured at constant pressure and tempera-
ture, and this measure needs to be corrected for the change in volume upon
melting, as shown in Fig. 22.1, since the entropy change corresponding to
the volume change is merely a thermal expansion effect, for either phase
separately. We consider melting at P = 0, where the crystal and liquid
densities are respectively pen, and pp,, and the relative density decrease
(volume increase) upon melting is 7,

Pcm
= -1 . 22.1
K Plm ( )
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Table 22.1. Entropy of melting at constant density for 34 elements. Melting is
normal in columns one and three, and anomalous in column two. Entropy units
are k per atom.

Element AS* Element AS* Element AS*
Li 0.75 Sn 1.48 Ti 0.70
Na 0.73 Ga 2.37 Zr 0.93
K 0.73 Sb 2.68 Vv 0.90
Rb 0.73 Bi 2.62 Nb 0.97
Cs 0.73 Si 3.76 Ta 1.09
Mg 0.96 Ge 3.85 Cr (0.7)
Ba 0.90 Mo (1.2)
Cu 0.86 W (1.1)
Ag 0.73 Pd 0.74
Au 0.64 Pt 0.79
7Zn 0.97
Cd 0.93
Hg 0.90
Al 0.88
In 0.76
Pb 0.68
Fe 0.68
Ni 0.88

The entropy of fusion is AS = S — §¢, where superscript [ or ¢ indicates
liquid or crystal, respectively. The disordering entropy is AS* = AS at
constant p. The disordering entropy at the density of the liquid at melt,
i.e. S, — Sy in Fig. 22.1, can be evaluated from (see problem 22.1)

AS* = AS(pim)
= ASP=0)—mCy +--- , (22.2)

where v and Cy are evaluated for the crystal at melt, and where +---
represents terms of higher order in 77 which are usually negligible, but not
always so. Values of v* for the crystal structure from which melting occurs,
Table 19.1, provide accurate data for v in Eq. (22.2).

Values of AS*/Nk for all the elements for which we are currently able
to make a reliable estimate are listed in Table 22.1. Of the elements in
Table 21.1, we cannot evaluate AS* for Ca, Sr, and TI, because we do
not have v* for the melting crystal structure. Note the evaluation for T1 in
Wallace (1991c¢) was done with v* for the low-temperature crystal structure,
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an unreliable procedure, since v* has a noticeable dependence on crystal
structure (see problem 19.5). Also, we cannot evaluate AS* for Ar, Kr,
and Xe at 1 bar, because 7 is so large that higher-order terms in Eq. (22.2)
are not negligible. However, compressed Ar shows normal behavior, as we
shall see in Chap. 6.

Normal and Anomalous Melting

In Table 22.1, the entropy data and volume corrections are highly accurate
in the first two columns, with errors in AS* expected to be around + 0.05,
and a little larger for Si and Ge. We denote the elements in columns one
and two respectively as normal and anomalous in their melting process.
For the 18 normal elements, AS*/NE lies in the narrow range 0.64 — 0.97,
and has mean and variance given by

*

Nk

(normal) = 0.80+0.10 rms . (22.3)

In the normal group, there is a small dependence of AS* on the crystal
structure at melt, but this is not significant for our analysis. For the 6
anomalous elements, AS*/NE is 1.48 — 3.85, well outside the range for
normal melting, and much larger than the normal value. Clearly something
different is going on with anomalous melting.

In the normal melting process, there is no significant change in elec-
tronic structure: the elements in column one of Table 22.1 are metallic in
both crystal and liquid phases at melt. The apparent universality of AS™*
can be explained by the two-part hypothesis: (a) Since the electronic struc-
ture changes little on normal melting, the electronic excitation entropy is
the same for crystal and liquid, within the experimental scatter of AS™*,
and AS* is essentially a property of the nuclear motion. (b) Since the crys-
tal has long range order, and the liquid does not, there exists a universal
nuclear disordering entropy of the liquid, not present in the crystal, and of
approximate value 0.80k per atom.

In anomalous melting, there is a significant change in the electronic
structure, from crystal to liquid. This change is quite apparent for the two
most anomalous elements, Si and Ge, which melt from covalent crystal to
metallic liquid (Glazov et al., 1969, Chap. 3). The change is also obvious for
Sb and Bi, which melt from semimetal crystal to metal liquid (Faber, 1972,
p. 81). The nature of the electronic structure change is not so obvious in the
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two least-anomalous elements, Sn and Ga, but such a change is apparently
present nonetheless. Also there is a correlation between anomalous melting
and the sign of 7, which tells whether the volume increases or decreases
upon melting at constant pressure. For all the elements for which we have
reliable values of 7, the normal behavior is n > 0, while only Ga, Sb,
Bi, Si, and Ge have n < 0, and 7 is positive for Sn. The anomalous
values of AS*/Nk, column two of Table 22.1, presumably result from two
contributions, namely the universal nuclear disordering entropy of around
0.80, which must always be present in transforming from a crystal to a
liquid, plus a large positive contribution due to the change in electronic
structure. This picture will be clarified in the discussion of the anomalous
melting process, at the end of the present section.

The first column of Table 22.1 includes two transition metals, Fe and
Ni. Ten more transition metals have since been analyzed (Wallace, 1997a),
and the results are listed in the third column of Table 22.1. Here the errors
in AS*/Nk are expected to be around +0.1, and possibly larger still for
those values in parentheses. Hence within expected errors, AS* for these
transition metals lies in the distribution of the first column, and therefore
represents normal melting.

Historical Note on Melting Rules

Over a century ago, Sutherland (1890) observed an empirical melting rule,
that the product b7}, M'/6 is nearly constant for metals, where T}, is the

“mean coefficient of expansion,” and M is

melting temperature, b is the
the atomic mass. The following year he advanced a kinetic theory of solids
(Sutherland 1891), in which he thought of atoms as hard spheres vibrating
against one another, so that the mean distance between atom centers, say
the crystal unit-cell edge, is the atomic diameter plus the vibration am-
plitude. Sutherland imagined melting would occur as a result of thermal
expansion, when the space between atoms reaches a certain value relative
to the atomic diameter, so that atoms are able to escape from imprison-
ment by their neighbors. To make this concept compatible with measured
thermal expansions, Sutherland required the sphere diameter to decrease
as temperature increases, reflecting that atoms are not hard spheres after
all, but that their centers can come nearer as their kinetic energy increases.
He actually carried out a hard-sphere simulation experiment, by shaking a
box containing one layer of marbles, and noting by removing marbles one
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at a time that the marbles become “mobile,” hence a solid-liquid transition
occurs, when a free volume of 25-33% is reached. Two points of particular
interest contained in Sutherland’s model are that the ratio of vibration am-
plitude to atomic spacing is the same for all elements at melting, and that
the model actually perceives properties of both solid and liquid phases.
Sutherland’s observed inadequacy of the hard sphere model is examined
quantitatively in Problem 22.2.

To demonstrate why the specific heat of a solid goes to zero as temper-
ature goes to zero, Einstein (1907) approximated the thermal vibrational
energy by means of a single-frequency model. Three years later, Linde-
mann (1910) searched for a way to estimate the Einstein frequency v. He
accomplished this by combining the Sutherland picture, that the ratio of
vibrational amplitude to atomic spacing is the same for all elements at T,,
with the Einstein formula for thermal energy evaluated at T),, to obtain
the formula

T
v =comst. \ | ——7 (22.4)

where V4 is the volume per atom. This equation has become known as the
Lindemann melting rule.

In Lindemann’s rule, if v is replaced by a characteristic temperature 6,
where kf = hv, the result is the form usually quoted today,

T

————= = const. (22.5)
M2V

Through the years, many tests of this rule have been carried out, including
an extensive test for the elements by Gschneidner (1964), where the validity
of the rule was examined for several different “Debye temperatures” 6.
Similar tests continue to appear in the literature. The following properties
are established.

1. The Lindemann rule is not well defined, because 6 is not well defined
in terms of any crystal property.

2. As a predictor of T;,, for a large group of elements, such as the metals,
the Lindemann rule is accurate to no better than a factor of three.

From all we have learned about the entropy of crystal and liquid ele-
ments, and about the melting process, we can construct a melting rule which
is not only well defined, but is much more accurate than Lindemann’s.



236 Liquid Dynamics and Statistical Mechanics

Normal Melting Rule

Let us derive a theoretical expression for the entropy of melting at constant
volume for an element. We shall treat the nuclear motion as classical, and
will add a term for the electronic excitation. The crystal entropy is

T
S¢ = 3Nk {m <9—> + 1] +SCn+S9 (22.6)
0

where the first term is the phonon contribution, from Eq. (17.6), and is
dominant. With the multiparticle correlation expansion in the form of Eq.
(21.18), the liquid entropy is

3
S = Nk [5 - ln(pAAS)] +8h+8t+ s, (22.7)
where the dominant contribution S! has been written explicitly from Eq.

(21.12). Now AS* is S! — S¢ evaluated at T}, and p;,,, and this can be
expressed from the preceding equations to find

3 3 " c
SnL—o = Nk [AS* 4 (Sgun — S5 = S5) + (Sq —Su)] » (22.8)
where
M c\2
= k(%) (22.9)
27h* (p1m)2/3 Ty

L has been called the “amended Lindemann function” (Wallace, 1991c),
since it contains a well defined characteristic temperature, namely the
phonon temperature 65(pim,)-

Let us estimate the terms in Eq. (22.8), specifically for a normal melt-
ing element. From Eq. (22.3), we expect AS*/Nk = 0.80, and from our
study of the pair correlation entropy, for example from Eq. (21.17), we ex-
pect SL/Nk ~ —2.6. Since normal melting entails no change in electronic

structure, we expect S¢, ~ St . so the anticipated result for % InL is

el’

Sl Sgnh
lnL+N—k— A (22.10)

In Table 15.1, experimental values of 6 are listed for 36 elements. In
order to make a first test of Eq.(22.10), we corrected all these 6§ to the
density p;m,, ignoring any dependence of 5 on the crystal structure. This
approximation, plus the known scatter of +0.16 in AS*/Nk, and of £0.2
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in SY/Nk, leads us to expect scatter on the order of +0.3 on the right
side of Eq. (22.10). Note this compares to scatter on the order of +0.1
in our accurate entropy analyses. For Ar, Kr, and Xe, in order to avoid
the excessive volume correction of 6§ to density piy,, we evaluated L at the
density where 6§ is measured. The corresponding melting temperatures
are:

Element pim (g/cm?) T (K)
Ar 1.7705 220

Kr 3.091 324
Xe 3.780 (467)

L is calculated from Eq. (22.9), and results for 3 In L are shown in the
top panel of Fig. 22.2. On the left is a distribution of 28 elements, with
% In L in the range 4.6 —5.3, and having mean value 4.95. Comparison with
Eq. (22.10) suggests that S./Nk and S¢, , /Nk are contained in the scatter
for these 28 elements. It is significant that the remaining elements all lie
above the main distribution. One sees that these elements are all unusual
in a specific property: they either have a large |SL|, or a large S¢,,,
else they exhibit anomalous melting. Let us correct the graph for these
elements, and only these, in the following way: add S./Nk for Hg and In
(from Fig. 21.4), subtract S5, /Nk for Cr, Mo, and W (from Tables 19.2
and 19.3), and omit the anomalous melting elements Sn, Si, and Ge. The
results are shown in the center panel of Fig. 22.2, where all 33 elements
now lie in the range 4.6 — 5.3, and have the mean value 4.94, so that when
scatter is neglected,

or

3 St se
SlnL+4 =% — Zanh _ 494 22.11
2 "M NE T Nk (22.11)

It seems we have found the major factors controlling 7;, for the nor-
mal melting elements. As a predictor of the normal melting temperature,
Eq. (22.11) is accurate to around 25%.

To illustrate the quality of the Lindemann melting rule in its cur-
rent standard form, the function %ln Lp is shown in the bottom panel
of Fig. 22.2, for the same 36 elements at the same densities as are shown
in the top panel, where Lp is the function L in Eq. (22.9) with 6§ replaced
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Figure 22.2.

Top panel: Test of the constancy of glnL for all 36 elements for

which data are available. Center panel: Test of Eq. (22.10) for 33 normal melting
elements. Bottom panel: Test of the constancy of % In Lp, the Lindemann melting

rule.

by the Debye temperature ©p. The poor quality of %ln Lp as a predictor
of T, is due primarily to the fact that ©p is not related to the physics of

the melting process.
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Figure 22.3. Schematic curves of the Gibbs free energy as function of tempera-
ture, at a constant pressure, illustrating melting accompanied by a change in the
electronic structure, from crystal o to liquid p at T),.

Anomalous Melting Process

Figure 22.3 shows schematic curves of the Gibbs free energy as functions
of temperature, all curves for the same fixed pressure. Curves are drawn
for crystal and liquid phases with electronic groundstate o, for example a
covalent semiconductor, and with electronic groundstate u, for example a
metal. The stable crystal is o, but the stable liquid is u. If only state
o were present, normal melting would occur at temperature T;, (o), and
likewise, if only state p exists, normal melting would occur at temperature
T, (p). The actual melting process is anomalous, and the actual melting
temperature is T, where T, (1) < T, < Tpn(0).

Let us enquire about the liquid pair correlation entropy S5 of the anoma-
lous element at the actual melting temperature 7;,. Recall from Sec. 21
that Sy for the normal liquids is around —2.6 at melt, and decreases in
magnitude as temperature increases. Referring to Fig. 22.3, one can as-
sume the pair correlation entropy is normal for liquid p at T,,, (@), and that
it decreases in magnitude along the liquid branch from T,,,(x) to T}, so that
the value at T, is of smaller magnitude than normal. This is why the pair
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correlation entropy of an anomalous liquid at melt is smaller in magnitude
than the normal value at melt. This also makes it clear, by example, that
T, does not serve as a scaling temperature for the anomalous elements, as
it does for the normal ones.

From the above observation, there must be a correlation between the
constant-volume entropy of fusion, and the pair correlation entropy at melt.
As shown in Fig. 22.4, this correlation is striking indeed.

-3.0 I
Cu
\ qu?
-2.5
z
< 20
n
15
1.0 | | |
0 1 2 3 4

AS*INk

Figure 22.4. The correlation between S in the liquid at T' & T,,, and AS*. The
points in the cluster are normal elements, for which S; and AS* are nominally
constants, and the six separated points are anomalous elements. The straight line
is merely a guideline.

At a given pressure, the melting temperature is determined theoretically
by the condition that the Gibbs free energies are equal for crystal and liquid
phases. We used this condition to express AS* for anomalous melting in
terms of the universal AS* for normal melting, and the main terms are (see
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problem 26.6)

A5 ~ (1) — ()
N (anomalous) ~ 0.80 + —NEL

(22.12)

For Si and Ge, A®§ = P§(u) — ®§(o) was taken as the difference in crystal
groundstate energies between the metallic 8-Sn and the covalent diamond,
at the density of the liquid at melt, from the graphs of Yin and Cohen
(1982), and of Needs and Martin (1984). We found (Wallace 1991c):

Si Ge
ADS/NET,, 2.9 3.3
AS*/Nk (Eq. (22.12)) 3.7 4.1
AS*/NE (experiment) 3.76 3.85

It appears we are on the right track. One difficulty is that the §-Sn elec-
tronic structure might not be quite the right reference metal for the liquid
state.

Problems

22.1 Derive Eq. (22.2).

22.2 Draw a curve of the mean interatomic distance from T = 0 to T,
(a straight line will do). Make the increase compatible with experimental
expansion data (problem 19.1). Thinking of the atoms as hard spheres in
classical motion, reproduce Sutherland’s argument that the atomic diam-
eter must decrease with temperature, for melting to occur at T,,. How
much does the atomic diameter decrease? Would the result be noticeably
different if the thermal expansion were zero? How does quantum mechanics
alter the picture? In view of this result, would you ever use a hard sphere
model to represent the atomic dynamics of a solid or liquid?
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23 LIQUID DYNAMICS THEORY

Interpretation of Specific Heat Data

Let us work in the rigid ion description, and denote the ion motional free
energy by Fy. At temperatures to several times T,,, the electronic excita-
tion free energy reduces to Fy;, the contribution from independent reference
structure electrons (a discussion of electronic excitations at high tempera-
tures can be found in Sec. 25). The total free energy is therefore

F=F+F, . (23.1)

As the term is used here, liquid dynamics theory describes the motion of
ions in a monatomic liquid. Over the years, we have developed a theory
which is tractable in leading order, and is amenable to systematic treatment
of effects beyond leading order. An important step in this development is an
accurate analysis of C, the ion motional contribution to the specific heat
Cy. Since Cy = Cr + C¢, from Eq. (23.1), we need accurate experimental
data to correct C'p to Cy, and we need an accurate evaluation of C,;. The
latter requirement limits us to the rare-gas elements, where C; = 0, and to
the nearly-free-electron metals, where C¢; is obtained to sufficient accuracy
from the free electron model. The analysis is currently possible for 19
elemental liquids at melt, and of these, the highly anomalous Si is omitted
because of its nonscaling behavior at T, (for the Si data, see Table 1 of
Wallace, 1997b). For the remaining elements, 17 nearly-free-electron metals
and Ar, C;/Nk for both crystal and liquid at melt is shown in Fig. 23.1.

Figure 23.1 reveals the universal property C; =~ 3Nk for both crystal
and liquid at melt. In general, C; = 3Nk is a property of 3N independent
harmonic oscillators, and in particular, the ion motion in a crystal is re-
solved by lattice dynamics into 3N independent harmonic oscillators. We
therefore assume the ion motion in an elemental liquid can also be resolved
to good approximation into 3N independent harmonic oscillators. Consis-
tent with this assumption, we picture the ions moving primarily within a
number of nearly-harmonic many-particle valleys in the potential energy
surface.

Estimated errors of the data in Fig. 23.1 are £0.05 (except for com-
pressed Ar, see below), hence some details of the figure are meaningful
(Wallace, 1998a). For the alkali metals, C7 is larger than 3Nk, and in fact
is around 3.4Nk for both crystal and liquid. This larger value is due to
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Figure 23.1. Ion motional specific heat for the liquid at melt, against the same
quantity for the crystal at melt, for the elements. The line represents equality of
liquid and crystal values.

anharmonicity in the crystal, and we believe it is due to the same kind of
anharmonicity in the liquid as well. For Ar at lbar, the crystal is nearly
harmonic, but C; for the liquid is quite low, reflecting the fact that the
liquid is rather gas like. Experimental data for Cy /Nk at 1 kbar, with es-
timated errors of £0.1, shows Ar behavior comparable to the liquid metals.
Finally, C7 for hard spheres demonstrates that this system does not provide
a realistic model for the motion of ions in any real crystal or liquid.

For monatomic liquids, the general behavior of C7 is to decrease as tem-
perature increases at constant volume, and to decrease as volume increases
at constant temperature. In either process, the system moves toward the
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Figure 23.2. Ion motional specific heat for elemental liquids at high tempera-
tures.

gas phase, and the ideal gas value is C; = %Nk. Graphs of C;/NEk wvs
T/T,, at 1 bar, for all elemental liquids for which this information can be
determined, are shown in Fig. 23.2. The decrease of C; with T" is due both
to the increase of temperature and to the increase of volume, the latter re-
sulting from thermal expansion. C; ~ 3Nk is a crucial identifying property
of the monatomic liquid state. Our estimate is that motion of ions among
nearly harmonic valleys is an acceptable starting point for liquid dynamics
theory as long as C; 22.2Nk. We estimate this condition to hold for T up
to 5T,, at a given density. Hence our liquid dynamics theory is generally
applicable to temperatures around 57},. The curve of Cy vs T /T, for Hg
at a constant density is shown in Fig. 3 of Wallace (1998a).

Random, Symmetric, and Crystalline Valleys

Our interpretation of the specific heat data, together with a few general
arguments, leads us to a rather detailed description of the monatomic liquid,
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as follows.

(a) The potential energy surface underlying the motion of the ions is
composed of a large number of intersecting nearly-harmonic many-particle
valleys.

(b) The large entropy of the liquid compared to the crystal is accounted
for by the large number of valleys accessible to the liquid, compared to one
accessible valley for the crystal.

(¢) To account for the prevalent diffusive motion in the liquid, the system
moves at a high rate among the valleys.

(d) Since the extensive intervalley motion does not significantly alter C;
from its harmonic value, distortion of valley surfaces from harmonic at the
valley intersections is small, or what is equivalent, the system spends only
a small part of its time in the (necessarily anharmonic) motion between
valleys.

It is important to recognize, in perspective, that the great majority
of configuration space is inaccessible to the liquid state. This is evident
from the pair correlation function, which shows that the ions remain rather
uniformly distributed in space, and that they never approach one an-
other closer than around 75% of the mean nearest neighbor distance (see
Fig. 21.1). Hence above the network of intersecting valleys occupied by the
liquid, potential energy peaks rise to great heights, and eventually narrow
to the short-range two-ion repulsions responsible for collisions in the gas
phase.

We can make a threefold classification of the potential energy valleys,
based on their symmetry properties, which turns out to be essential in
achieving a tractable liquid dynamics formulation. The valleys are labeled
by the index v = 1, - -, w!V, where w is to be found. The stable equilibrium
configuration at the bottom of a valley is called a structure. The system
potential at structure 7 is ®g(), and the 3N normal modes of vibration
about the structure v have frequencies given by the set {wx(v)}, A=1, - -,
3N. For most elemental systems, at any density in the condensed phase,
there are crystalline structures having long range order. One of the crystal
structures normally has the lowest potential @ of all the valleys, and this is
the structure which is stable at low temperatures. Above the stable crystal
structure are many structures without long range order, and generally called
amorphous. From computer simulations, Stillinger and Weber (1982, 1983)
and Weber and Stillinger (1984) found amorphous structures having a wide
range of potentials ®q(+), and this led to the notion of a highly complex



246 Liquid Dynamics and Statistical Mechanics

potential surface. Upon reflection, however, one sees it is necessary to
further divide amorphous structures into two classes, as follows (Wallace,
1997D).

(a) There are structures having a remnant of crystal symmetry, at least
among nearest neighbors, which we call symmetric structures. This class
includes microcrystalline structures, apparent in displays of the early com-
puter simulations, and also the amorphous carbon made experimentally by
ion implantation (McKenzie, Muller, and Pailthorpe, 1991), where tetra-
hedral coordination is largely present but strongly distorted. Symmetric
structures, though large in number, are still relatively few, because of the
symmetry restriction. Further, the structural potential ®¢(y), and the set
{wr(7)} of normal mode frequencies, are sensitive to near-neighbor sym-
metry, so these quantities have significant variations over the class of sym-
metric structures.

(b) There are structures with a wide distribution of nearest-neighbor
arrangements, exemplified by the random close-packed hard-sphere model
reviewed by Finney (1985). We call these random structures, and the ran-
dom character leads to two important properties in the thermodynamic
limit. First, because they suffer no symmetry restriction, they constitute
the overwhelming majority of all structures, and hence dominate the statis-
tical mechanics of the liquid state. Second, since the random structures have
no order parameter, i.e. there is no macroscopic property to distinguish
one of them from another, then the macroscopic structural properties are
all the same in the thermodynamic limit. It follows that ®o(v) and {wx(7)}
are independent of « for random structures in the limit N — oco.

That the potential energy surface is indeed composed of valleys having
the characteristics listed above has been verified by computer simulations,
as we shall see in Sec. 24.

Ion Motion Hamiltonian

Let us imagine the potential energy surface accessible to the liquid as com-
posed entirely of intersecting many-particle valleys. A ridge is formed at
the intersection of neighboring valleys, and a line along the ridge top con-
stitutes the intervalley boundary. Configurations lying within valley « are
said to be “in 7”. The position of ion K is rgx, and the position of ion
K at the structure of valley 7 is Rk (7). When the system is in 7, the



LIQUID DYNAMICS THEORY 247

displacement of ion K from equilibrium is Uk (), so that
rg = RK(’}/) + UK('Y) . (23.2)

Again when the system is in v, the adiabatic potential ®({rx}) can be
formally expanded in powers of the displacements,

() = o(y) + P2(7) + Pann(y) - (23.3)
Here ®¢(7) is the structure potential,
Do(7) = ¢({Rx(1)}) - (23.4)

Terms of second order in displacements are given by ®o(7),

Z Pap (VUs(MUs () (23.5)
5/5”
where 3 stands for the index pair Ki, 8 =1, ---, 3N, and where the coeffi-
cients ®gp/ (y) are second derivatives of ®({rg}), evaluated at the structure
~. The rest of the system potential is contained in the anharmonic contri-
bution @45 (7).

In leading approximation, ®,, is negligible, and motion of the ions in
valley 7 is governed by a quasiharmonic Hamiltonian with potential ®5(7).
But restricting the motion to a finite valley presents a complicated bound-
ary condition, and we can remove this condition by first extending ®s(7)
to infinity, and by then subtracting off the extension. For this purpose, we
define the phonon potential @, (7y),

Z@gﬁ/ WgUs , —oco<Ug<oo . (23.6)
55’

The Hamiltonian for motion of ions in the extended harmonic valley is

Hy = 2o(7) + Hpn(v) (23.7)
where
Pg
Hon(7) =D 537 + Pon(7) - (23.8)
B

Notice H, applies to every potential energy valley, the crystalline, symmet-
ric, and random alike, and the quasiharmonic lattice dynamics Hamiltonian
is a particular one among the set of H,.
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The ion motion Hamiltonian will be ¥.,H.,, plus two corrections which
we now define. Let P, be a set of projection operators, such that P, =1
in v, P, = 0 outside «, and X, P, = 1. The potential ®,(y) which lies in
v is @pp,(v) Py . Operators H.. are defined by

Hyy = *(I)ph('Y)P'y’ ) 'Y?é’yl ;
Hyy = 0. (23.9)

Subtraction of the harmonic potential extension for all valleys is accom-
plished by adding the boundary correction Hpqy,

Hogy = 3 Hyy - (23.10)
el

This is called the boundary contribution because it expresses the presence
of valley boundaries. The anharmonic potential for all valleys is Hanh,

Hann = Z(I)anh('y)P'y 5 (2311)
vy

where P, enforces that @45 () contributes only in 4. The total ion motion
Hamiltonian Hy is

Hr =Y Hy+ Haonn + Hoay (23.12)
v

and is thus expressed in the form of a set of exactly solvable quasiharmonic
phonon Hamiltonians, plus the terms Hynp, and Hpqy which are supposed
to represent small corrections. The complete set of solutions to ¥, H, is
intended to comprise the set of solutions for each and every separate H..

It is useful to transform H,,(7y) to normal modes, for any valley =,
and here we shall omit the index vy for abbreviation. The elements ®gg
form a real symmetric matrix, which is diagonalized by a real orthogonal
transformation whose matrix elements are Vgy, with 8, A =1, ---, 3N. The
diagonalization equation is

Z Vag®sp Vi = Mwidan (23.13)
B

showing that the eigenvalues are M w?\, where wy is the frequency of nor-
mal mode A. Orthonormalization and completeness of the eigenvectors is
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expressed in the equations

ZVABVM’ =dxr , orthonormalization |, (23.14)
B

ZVMVAQ’ =0pp , completeness , (23.15)
A

where Vy 3 = V. The normal coordinates ¢, and momenta py, are defined
by the transformation

Ug = Z VgAq)\ s (23.16)
A
ps=MUs =3 Vipx (23.17)
A
and the transformed phonon Hamiltonian is
Pi 1 2 2
Hpp = 2; [m + 5MquA} . (23.18)

Hence H,pp is a sum of independent harmonic oscillators. Just as with the
crystal phonons in Sec. 16, a further transformation yields

1
Hpn = Z hwy (AjAA + 5) , (23.19)
A

where Aj\r and A, are respectively the phonon creation and annihilation
operators (see problem 23.1).

Liquid Free Energy
The canonical partition function for the ion motion is
Zr =Tre P (23.20)

We consider only the random valleys, since the relative error in omitting
crystal and symmetric valleys vanishes as N — oco. The macroscopic uni-
formity of random valleys provides us with the great simplification

Bo(y) = D,

{wr(M} = {wn}! }for all random 7y (23.21)
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where the superscript [ refers to the liquid state. The partition function for
a single extended harmonic random valley is 77,

Zy = Trexp [—B(®h + Hpn)] - (23.22)

The partition function for w”" extended harmonic random valleys is w? Z;.
The total anharmonic and boundary contributions are formally included in
a factor Z,;, defined by

Zr=wNZ1Zy . (23.23)

The total ion motion free energy is therefore (see e.g. Eq. (16.14))
1
Fy =@, — NkThhw+ Y [ihw,\ LTI (1— e %) | 4 B,y . (23.24)
A

Here the set of phonon frequencies is that for a random valley. Because
this equation is by definition exact, then Fy;, is the exact contribution from
anharmonic and boundary effects, and is not limited to a perturbation
expansion.

For most elemental liquids at T' > T}, the ion motion is quite accurately
classical, hence it is useful to write the corresponding classical expressions
for the thermodynamic functions. Let us define the liquid characteristic
temperatures ! , as moments of the phonon distribution for a random val-
ley, just as the crystal characteristic temperatures are defined in Sec. 15.
In particular,

Ink6) = (Inhw)g (23.25)

where (---)g is an average over the random valley phonons. Then from
Eq. (23.1), the liquid free energy for classical ion motion is F§! + Fy;, or

F =& — NETInw — 3NET In(T/6}) + Fop + Fop (23.26)
The corresponding internal energy U, and entropy S, are

U=, +3NkT + Uy + U, (23.27)

S = Nklnw + 3Nk [In(T/0}) + 1] + Sap + Ser - (23.28)
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The next step is to relate the number of random valleys in the liquid
potential energy surface to the entropy of melting at constant volume. Su-
perscripts | and ¢ will refer to liquid and crystal respectively. The crystal
entropy for classical ion motion is

S¢ = 3Nk [In(T/65) + 1] + Sp + S - (23.29)

Compared to S' in Eq. (23.28), the valley multiplicity NkInw is missing
because the crystal moves in a single valley, and the crystal has an anhar-
monic contribution but no boundary contribution. The entropy of melting
at constant volume is AS* = §! — §¢, or

AS* = Nklnw + 3NkIn(05/6}) + Sty — S, + S, — S5, (23.30)

where all quantities are evaluated at the same volume. Now for normal
melting elements, the experimental AS* is approximately a universal con-
stant, and specifically from Eq. (22.3),

AS* =0.80Nk + small scatter . (23.31)

The only quantity on the right of (23.30) which might reasonably be a
universal constant is w, so we set

Inw =0.80 . (23.32)

Concerning the remaining terms on the right of (23.30), the anharmonic and
boundary contributions are small at melt, and for normal melting elements,
where crystal and liquid have qualitatively the same electronic structure,
we expect S!; &~ S, and we further expect that the interionic forces are
approximately the same, so that 05/6} ~ 1. These arguments, together
with the above calibration of Inw, reduce the theoretical Eq. (23.30) for
AS* to the experimental result in (23.31). In the process, we have found
the number of random valleys in the potential energy landscape.

It is important to notice that the liquid dynamics theory developed here
applies to all monatomic liquids, and is in no way restricted by the melting
process. The same equations for liquid thermodynamic functions, with the
same universal number of random valleys, are valid for normal and anoma-
lous elements alike. But the melting process is not universal, and along with
the change of electronic structure which accompanies anomalous melting,
we expect significant changes in the phonon characteristic temperature 6y,
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Table 23.1. Data for the high temperature entropy analysis. 6g is for the crystal
at density pim, and Se; is the free electron model for the liquid at melt.

Element 05(K) Sei/Nk
Na 102.2 0.053
K 61.9 0.080
Rb 37.7 0.089
Hg 56.4 0.029
In 74.4 0.065
Pb 52.1 0.089

and in the electronic entropy Se;. Hence from Eq. (23.30), the major con-
tributions to the anomalous entropy of melting at constant volume are

AS* (anomalous) ~ 0.80Nk + 3NkIn(65/6)) + S, — S5 . (23.33)

el

Theory and Experiment for the Entropy

We wish to compare theory and experiment for thermodynamic properties
of monatomic liquids at elevated temperatures. The thermodynamic func-
tions, all being derived from the free energy, contain only one independent
function of temperature. We shall analyze the entropy, and will include
only elements in both of the following categories.

(a) Normal melting elements, so we can approximate 6} by 65. Values
of 0§ at the density of the liquid at melt are listed in Table 23.1.

(b) Elements for which data exist to find entropy at constant volume
up to temperatures sufficiently high to reveal a meaningful temperature
dependence, say up to T' 2 2T,.

The sum total of elements satisfying these conditions is six nearly-free-
electron metals. For these, the free electron model is sufficiently accurate,
and values of S,; for the liquid at melt are listed in Table 23.1. The need for
the entropy volume correction is as follows. We take accurate experimental
values of 0§ at the density pmeqs from Table 15.1, and correct these to the
density pi, by means of Eq. (19.15), where the Griineisen parameter ~*
is from Table 19.1. Now the liquid at melt is quite expanded from pp,cqs,
and values of 05(pim)/05(Pmeas) are in the range 0.81 — 0.90, which is as
far as we can safely apply the formula (19.15). But the liquid continues to
expand as T increases above T}, and since we cannot estimate 65 at these
lower densities, we correct the measured entropy back to the density pyp,.
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If p, is the density at atmospheric pressure, the entropy at density py, is
obtained from

S(pim) = S(pa) — <p;m - 1) VaBr . (23.34)

From Eq. (23.28), when 6}, is replaced by 65, and Sq is neglected, we
have the leading theoretical approximation, denoted Stpeory, for the liquid
entropy for normal melting elements,

Stheory = NkInw + 3NE[In(T/65) + 1] + Se; (23.35)

This equation has no adjustable parameters. The comparison with exper-
iment is shown in Fig. 23.3 for mercury at temperatures to 3.27,,, and is
quite striking. Figure 23.4 shows the difference Sezpt — Stheory for all the
high temperature entropy data we are currently able to analyze. The error
in Sipeory, due to the volume correction of 65 and use of the free electron
model, is likely to be around +0.1Nk. Combined errors in the experimen-
tal entropy and its volume correction range from around 0.02Nk at T,, to
around 0.1Nk at 37,,. Hence the values of Seypt — Stheory in Fig. 23.4 are
hardly beyond expected errors of the analysis. Our conclusion, for temper-
atures to 37;,, is that Sipeory has an error not larger than £0.2Nk, which
is at most 2% of the total entropy.

The next challenge is to work out the theory for anharmonic and bound-
ary corrections to the entropy. As a step in this direction, we have sug-
gested that the observed decrease of C; with temperature for Hg, shown
in Fig. 23.2, is due mainly to the boundary effect, and have made a simple
model which reproduces the experimental trend (Wallace, 1998a).

Nature of the Transit Process

In Sec. 6, we invoked the image of a many-atom system moving classically
in a box with uniform and time-invariant boundary conditions. Though the
system may be in macroscopic equilibrium, it constantly undergoes micro-
scopic fluctuations, and with each drift away from mechanical equilibrium
of a small group of atoms, a restoring force develops to drive the group back
toward equilibrium. These are the same restoring forces which operate to
drive the system irreversibly toward equilibrium, if it is started out in a
macroscopically nonequilibrium state. The same description applies to a
system in gas, liquid, or solid phase, and to quantum as well as classical
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Figure 23.3. Theory for the entropy of crystal and liquid mercury (solid line),
compared with experimental entropy (crosses), at the fixed volume of the liquid
at melt.

motion. The important point is, for any normal many-atom system, which
means to exclude macroscopically correlated states such as superfluids, the
irreversible driving force is local. This property has a significant implication
for liquid dynamics theory, as follows.

When the liquid system moves across a boundary, from one many-
particle valley to another, we call the motion a transit. Transits are re-
sponsible for self diffusion in liquids, hence transits occur in the micro-
scopic fluctuations of the equilibrium liquid state. Because the irreversible
driving forces are local, the equilibrium fluctuations are local, and transits
must also be local. That is, when the N-atom system transits from the val-
ley whose structure is {Rx (y)} to the valley whose structure is {Rx(v')},
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Figure 23.4. Difference between experimental and theoretical entropies for

elemental liquids at high temperatures, at the fixed volume of the liquid at melt.

the equilibrium positions R change for only a small local group of atoms,
a group of say five or ten atoms. Hence local transits are going on at a
high rate, throughout the volume of an equilibrium liquid. And in keeping
with our four-point description of the monatomic liquid state, specifically
point (d), early in the present section, transits are supposed to be nearly
instantaneous.

As a matter of principle, the Hamiltonian term H.,-, defined in Eq. (23.9),
induces transits from valley 7’ to 7, and the transit rate can be calculated
from the golden rule. This means there is a connection between the mean
transit rate and self diffusion on the one hand, and the boundary contri-
bution to specific heat on the other, since both are determined by the set
of operators H,/. From a simple “independent atom” model for self dif-
fusion in a monatomic liquid, we have estimated that each atom transits
approximately once in a mean vibrational period (Wallace, 1998b). Further
discussion of these points may be found in Chisolm and Wallace (2001).
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Problem

23.1 Use the standard communtators among particle positions and mo-
menta, and the transformation (23.16) and (23.17), to show [gx,qx] =
[pr,par] = 0 and [gn, pa] = ihdxx . Define the transformation to operators
Ay and A;\i_, such that [A)\, A)\/] = [A:\F,A;] =0and [A)\, Ai_,] =6 n. Then
derive the second quantized form (23.19) for H,,.

24 VERIFICATION FROM COMPUTER SIMULATIONS

Molecular Dynamics Equilibrium States

The liquid dynamics theory of Sec. 23 is based on a detailed picture, sug-
gested by experimental thermodynamic data, of the many-particle potential
surface, and the motion of ions on that surface. A complete verification of
this picture has been achieved for the example of pseudopotential sodium,
by means of extensive computer simulations (Wallace and Clements, 1999;
Clements and Wallace, 1999). A similar verification, but less complete,
was also achieved for Lennard-Jones argon. Our central procedure was to
start with a molecular dynamics system in equilibrium in a liquid state, to
choose configurations at random times, and for each configuration to move
the system part way down the potential surface by a series of quenches,
and then to resume the molecular dynamics run and let the system come
to equilibrium again. We studied these equilibrium states, called simply
“states,” and by further quenching to very low temperatures we were able
to study the individual valleys among which the system moves in a given
state. Each of the valleys we found was unambiguously distinguished as
crystalline, symmetric, or random, with properties described below for each
class.

Liquid sodium at 1 bar has T, = 371K, and corresponding volume
V4 = 278a3. We studied pseudopotential sodium at this volume, and we
note that our model has melting properties close to those measured for real
sodium. The adiabatic potential is expressed in Eq. (5.54), and since V' is
constant, (V) is constant, and we can set 2 = 0, leaving for the adiabatic
potential

= %Z/(bﬂr[( . (24.1)
KL
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Figure 24.1. (®/N) vs (K/N) for equilibrium states, showing the states naturally
fall into three groups, random, symmetric, and crystal.

For states at T < %Tm, the mean potential energy (®/N) vs mean kinetic
energy (K/N) is shown in Fig. 24.1. The arrows show the path of a system
during a series of quenches followed by a molecular dynamics run. The
system always came to equilibrium in a state in the upper group. For tem-
peratures above say 30K, after some time in the upper state, the system
would spontaneously decay to a lower state and remain there, while for
temperatures below 30K, the system remained in the upper state. Except
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Figure 24.2. (®/N) vs T for random and liquid states, showing they lie on a
single line.

once for a very small N(N = 168), our system never spontaneously crys-
tallized. Therefore the bee states were generated separately, by warming a
bee crystal. For states in the upper group, the mean potential energy wvs
temperature is shown in Fig. 24.2. At T 2 200K, the upper states do not
decay to lower states, and at T' 2 371K, the upper states are genuine liquid
states.

Here are some important things we learned about the valleys among
which the system moves in the states shown in Figs. 24.1 and 24.2.

(a) In the upper states, the system moves entirely among random val-
leys, hence these states are called “random states.” For TS 30K, the
system moves within a single random valley, while for T" 2 30K the sys-
tem transits among random valleys, with the transit rate increasing as T
increases.

(b) In each of the lower states, the system moves within a single sym-
metric valley. The lower states in Fig. 24.1 occupy a number of different
symmetric valleys, but the states at the lowest temperatures were obtained
by cooling down within a single valley.
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Properties of the Random Valleys

(a) The random valleys dominate the statistical mechanics of the liquid
phase. We know this because quenching the equilibrium liquid always
brings the system into a random valley, and also, as shown in Fig. 24.2,
the branch of random states becomes the liquid states at T' > T,,,. Hence
we infer that practically all the valleys in the potential energy landscape
are random valleys.

(b) The random valleys are macroscopically uniform, in that they all
have the same structure potential and the same set of phonon frequencies.
In our calculations for N = 500 and 1000, the variation over random valleys
is shown by the following mean and variance data.

®y = —13.52+0.02mRy/atom

0 = 154.0+0.1K ,

b = 987+0.1K ,

0., = 114+4K . (24.2)

The variance of 6_5 is large because 6_5 depends strongly on the few lowest
frequencies. We expect all such variances to go to zero as N — oco. A
graph of the phonon eigenvalues Mw3 vs X for five different random valleys
at N = 500 is shown in Fig. 24.3, where the agreement among the sets is
striking indeed.

(¢) The random valleys are approximately harmonic. The primary in-
dication is that the slope of (®/N) vs kT is approximately 2 for random
states (Figs. 24.1 and 24.2). In the low temperature (nondiffusing) regime,
a more accurate demonstration of purely harmonic motion is provided by
the temperature dependence of the mean square displacement (Fig. 12 of
Wallace and Clements, 1999), and a more complete demonstration of purely
harmonic motion is provided by the time dependence of the velocity auto-
correlation function (Fig. 2 of Chisolm, Clements, and Wallace, 2001).

(d) Though anharmonicity is small, it is not insignificant, and we found
two manifestations of anharmonicity in the random valleys. First, the slope
of (®#/N) vs kT in Fig. 24.2 departs from 2. There is a rise in the curve
at 200—250K, the cause being as yet undetermined. Also, the slope is 1.8
at 371K, so the theoretical ion motion specific heat is 3.3Nk for the lig-
uid at melt, in essential agreement with the experimental value of 3.4Nk
(Fig. 23.1). Second, for low lying configurations within a random valley,
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Figure 24.3. Eigenvalues Mw? as function of X for five different random valleys,
showing the accurate uniformity of the set {wx} for random valleys.

but not at the bottom of the valley, the potential energy curvature tensor,
i.e. the matrix [®gg], possesses a small number of negative eigenvalues.
This means the surface has negative curvature in a few of its 3V direc-
tions. We attribute this to the presence of irregular small bumps on the
basic harmonic surface, a form of anharmonicity presumably arising from
random near-neighbor configurations. Hence these negative eigenvalues are
not associated with intervalley ridges.

(e) For the configuration at the bottom of valley v, i.e. for the structure
7, the pair correlation function is denoted G (r). This function is shown in
Fig. 24.4 for random valleys with different numbers of particles. The fluctu-
ations gradually disappear as N increases, and a universal G,(r) emerges
for random valleys. This random G(r) exhibits two unique characteris-
tics, namely very broad peaks, and a split second peak whose first subpeak
is the higher. This characteristic split second peak has been observed in
experimentally prepared amorphous metals.

(f) Though it is not a property of an individual random valley, but rather
of the random states, the pair correlation function evolves continuously with
increasing temperature, from the random G(r) to the liquid g(r). This
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Figure 24.4. Random structural pair correlation functions G-(r), showing the
emergence of a universal random G(r) as N increases.

evolution is shown in Fig. 24.5.

Crystal and Symmetric Valleys

For pseudopotential sodium at V4 = 278a3, the bcc states are stable up
to temperatures around 350K. In all such states, the system moves within
a single potential energy valley. The bcc structural potential and phonon
characteristic temperatures are as follows.

&y = —14.415mRy/atom

o = 1514K

b = 99.65K |

0_, = 1214K . (24.3)

Comparison with the data for random valleys in Eq. (24.2) shows 6 and 65
differ by 1.0%, an accurate confirmation of the prediction of liquid dynamics
theory for normal melting elements, in Sec. 23, that 6, is approximately the
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Figure 24.5. Continuous evolution of the pair correlation function for random
states, from the random G(r) at 7' = 0 to the liquid g(r) at 390K.

same for crystal and liquid at the same density.

The bcc valley is also nearly harmonic, and has the same small anhar-
monic effects as random valleys, namely that the ion motion specific heat is
slightly larger than 3Nk, and that away from the valley bottom, the poten-
tial energy curvature tensor has a few negative eigenvalues. With increasing
temperature, negative eigenvalues first appear for a system at 52K in the
bce valley, far below the temperature where bce states become unstable.

Pair correlation functions for bcc states at several temperatures are
shown in Fig. 24.6. Characteristic of molecular dynamics calculations, i.e.
of classical motion, the peaks continue to sharpen as temperature is lowered,
so that the structural pair correlation function Gpe.(r) is in principle a
set of d-functions. On the other hand, with increasing temperature, the
peaks broaden because of the increasing ion vibrational amplitude. It is
interesting that the bce vibrational broadening at 143K, Fig. 24.6, is about
the same as the random-valley structural broadening at T' = 0, Fig. 24.4.
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Figure 24.7. G (r) for three different symmetric valleys, showing nonuniversal

ordering among symmetric structures.

Our investigation of symmetric valleys is not exhaustive, but the fol-
lowing properties are established for pseudopotential sodium. First, the
symmetric valleys are stable, since they have w? > 0 at the structure, for
all X except the three zero-frequency translational modes. Second, differ-
ent symmetric valleys exhibit nominal differences in their values of &y and
0, for n = —2,0,2. These differences are in sharp contrast to the ac-
curate macroscopic uniformity of the random valleys. Third, symmetric
valleys are also nearly harmonic, with anharmonicity contributing qualita-
tively the same small effects as in random valleys. And finally, the G (r) for
symmetric valleys exhibit their own identifying characteristics, as shown for
three different valleys in Fig. 24.7. The symmetric G, () remain broadened
compared to the d-functions of a crystal, but they have more and narrower
peaks than the random G(r).

An extensive study of the configurational order of various structures
was carried out by Clements and Wallace (1999). The observation made
there, also apparent from the figures shown here, is that one can say from
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the graph of G (r) whether the structure is random, symmetric, or crystal.
One can also say from the distribution of Voronoi coordination numbers,
or from the distribution of angles between Voronoi neighbors, whether a
structure is random, symmetric, or crystal.

Observation of Single Transits

The most complete way to study the motion of a molecular dynamics sys-
tem is to watch the particle coordinates as functions of time. We did this,
i.e. the computer did this, for every particle in 500-particle systems, mov-
ing in equilibrium in a random state, at a temperature sufficiently low that
a transit occurs only once in say 10° timesteps (Wallace, Chisohm, and
Clements, 2001). Here is what we saw. The graph of each coordinate of
each particle is a fluctuating signal with constant mean for some period of
time, then a shift appears in the mean coordinates of several particles, then
the graph of each coordinate of each particle continues as a fluctuating sig-
nal with constant mean. Representative graphs of transiting particles are
shown in Figs. 24.8 and 24.9. These figures constitute an unambiguous ob-
servation that the system moves for a time within a single potential valley,
then transits to a new valley, then continues to move within the new valley.
Our results are further characterized as follows. First, throughout each
equilibrium run, those with transits and those without, the mean poten-
tial and kinetic energies showed no perceptible change, hence every transit
observed is between two random valleys. Second, the mean coordinates
of every particle were constant throughout each equilibrium run, except
for transits. In other words, no motion other than vibrations and transits
occurred.

Transits were observed in Lennard-Jones argon at 17.1K, and in pseu-
dopotential sodium at 30.0K. The transiting groups consisted of 2-11 par-
ticles in loosely packed clusters, with the equilibrium positions shifting in
various directions in a given transit. The magnitude of the particle equi-
librium shift was around 0.4R; in argon, and 0.25R; in sodium, where R;
is the mean nearest neighbor distance. The mean transit duration for the
entire transiting group was around one mean vibrational period 7, where
7 = 27 /w, and w is the rms phonon frequency for a random valley. However,
for most of the transiting particles the transit was effectively instantaneous,
since there was usually some overlap of position fluctuations in the initial
and final valleys.
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transit in sodium. Changes in vibrational amplitude across the transit are repre-
sentative of a distribution of such amplitudes.

Liquid dynamics theory pictures the motion as consisting of nearly har-
monic vibrations within individual many-particle valleys, and nearly instan-
taneous local transits between those valleys. The findings from our initial
study of transits support this picture of liquid dynamics.

25 LIQUID EQUATION OF STATE

Ions and FElectrons at High Temperatures

Consider the phase diagram in Fig. 1.2. When the liquid is heated at 1
bar, thermal expansion carries it to the liquid-vapor coexistence curve, and
when additional thermal energy is supplied at 1 bar, vaporization proceeds
as the system crosses the two-phase region. Presumably, an elemental lig-
uid metal in equilibrium with its vapor at 1 bar is properly described by
condensed matter theory. But if the liquid is heated along the saturation
curve, pressure increases, vaporization is prevented, and the system ap-
proaches its critical point. The continued volume expansion will lead to
significant changes in the electronic structure, and to theoretical situations
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beyond our present scope. An interesting discussion of expanded liquid
metals is given by Hensel (1980).

Let us examine the motion of ions as temperature increases in a system
at constant volume. The potential energy landscape consists of a vast array
of intersecting, virtually identical random valleys. The ions move rapidly
among these valleys, transiting over the ridges at their intersections. As
temperature increases, the ions can pass over ever higher ridges, and hence
they move ever more freely among the valleys. The motion becomes more
gas like. Since the motion is classical, the mean kinetic energy increases
as %kT per ion, but the mean potential energy increases ever more slowly
toward a constant value at high temperatures. Correspondingly, the specific
heat decreases from 3k per ion in the liquid, toward %k per ion in the ideal
gas. All of this behavior can be found in the ion motion Hamiltonian
Hy, which is based on the ion motion potential ®({rx}) evaluated in the
electronic groundstate.

As temperature increases, while the ion motion becomes more gas like,
the electrons are also becoming thermally excited. At sufficiently high
temperatures, and over a broad temperature range, the outer shell of core
electrons will become excited into valence electronic states, leaving smaller
ion cores and altering the ion motional dynamics. The process of removing
electrons from the core is called ionization, and the process just described
is thermal ionization. Its presence does not mean that we have to introduce
a temperature-dependent potential for the ion motion. Instead, we can use
the groundstate potential ®({rx }) for the ion cores which do remain rigid at
all temperatures of interest. Then H; is well defined, and thermal ionization
becomes part of the ordinary processes of electronic excitation, and includes
the interaction of electronic excitations with ion motion. As temperature
increases, thermal ionization will eventually become the dominant part of
the system free energy.

A related process appears with compression, when the ion cores begin
to overlap and the core electron energies split into bands. This process
is compression tonization and is always included in our formulation of the
electronic groundstate. In addition, any level of ionization is formally in-
cluded when we work with the groundstate potential for the motion of bare
nuclei (see Problem 25.1).

Formulation of the electronic excitation free energy in the liquid is sim-
ilar to that in the crystal. Liquid dynamics theory tells us that the appro-
priate reference structure is any one of the equivalent random structures.
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Though density functional calculations have yet to be done for a random
structure, nothing in principle stands in the way. Thermodynamic func-
tions arising from the excitation of reference structure electrons can be
calculated from the electronic density of states, according to Eqs. (7.49)
— (7.52). Considering the free energy due to the interaction between elec-
tronic excitation and ion motion, since the ion motion is classical, only the
adiabatic part F,q survives. That part is given by Eq. (9.41),

Fag =Y (A= 9)(0E)) , (25.1)
A

where dF\ = Ex({rx}) — EA({RK}), and the average (§F)) is over the
ion motion. While Fj,4 goes as T at high T for a crystal, the temperature
dependence softens to something between T2 and T2 for a liquid. In Sec. 18,
we estimated S,q << S¢; for a crystal at temperatures to melt, and it is
very likely that S,; remains negligible compared to S; for the liquid as
well, say at temperatures to 57;,. Of course, S,4 can be calculated if it is
needed, from Eq. (25.1) in leading order perturbation theory, or else from
the Zwanzig equation (9.37).

Classical Nuclear Motion from Computer Simulations

For the liquid, as for the crystal, statistical averages over the classical ion
motion can be calculated by molecular dynamics or Monte Carlo techniques.
However, compared to the crystal, calculations for the liquid require a more
extensive knowledge of the potential ®({rx}). While the crystal ions move
in a single highly-ordered potential valley, the liquid ions move on a land-
scape of many disordered valleys. We have calculated the ion motional
contribution to thermodynamic properties for pseudopotential sodium at
temperatures where experimental data are available, namely from T, to
3T, and find agreement between theory and experiment to within the fol-
lowing limits (Straub, Schiferl, and Wallace, 1983): Cp to 7%, Cy to 4%,
Br to 20%, and v to 7%. This level of accuracy is excellent for liquid
theory, but is less than what we can expect for crystals.

To calculate liquid entropy, it is necessary to determine the entropy
constant. This can be done by calculating the internal energy U(T) for a
molecular dynamics system at constant volume, up to the very high tem-
perature 7., where the cluster expansion converges rapidly. S(7.) is then
calculated from the cluster expansion, and the liquid entropy is determined
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by integrating dSy = T~ 'dUy down from 7T,. To find the liquid entropy
at different volumes, one can calculate P(V') at constant temperature, and
then integrate dF = —PdVp. The procedure is capable of evaluating the
theoretical liquid entropy with an error small compared to the experimental
error present in measured liquid entropies. Additional details may be found
in Wallace et al. (1982).

Having determined the entropy for pseudopotential sodium, we calcu-
lated the melting temperature by equating the theoretical Gibbs free en-
ergies of crystal and liquid (Holian et al., 1983). At pressures from 0 to
16 kbar, the theoretical T}, lies below experiment by 12 to 7%. The de-
tailed comparison of theory and experiment for melting at zero pressure,
Table 25.1, is excellent.

Table 25.1. Zero-pressure melting data from molecular dynamics calculations for
pseudopotential sodium, compared with experiment.
Tm Vim AH,, ASp, Vim —Vem  dTin/dP
(K) (ecm®/mole) (cal/mole) (Nk/mole) Vim (K /kbar)

Theory 327 24.9 548 0.84 0.024 8.6
Expt. 371 24.8 621 0.84 0.025 8.5 - 11.7

We undertook still another calculation, to test our ability to achieve
an ab initio determination of thermodynamic properties of condensed mat-
ter (Straub et al., 1994). This study was done for aluminum, and began
with density functional calculations of the static fcc potential @, and of
four zone-boundary phonon frequencies, at several volumes. The density
functional results were used to calibrate a pseudopotential model of the
adiabatic potential, and this in turn was used in molecular dynamics cal-
culations of crystal and liquid phases. Theory and experiment for T,, at
zero pressure are respectively 955K and 933.45K. Entropy at classical tem-
peratures is shown in Fig. 25.1, where the theoretical entropy is evaluated
at the experimental volume, and is lower than experiment by around 1%
in the crystal and 2% in the liquid. If instead the theoretical entropy is
evaluated at the volume where the theoretical pressure is zero, it is lower
than experiment by 5% in the crystal and 7% in the liquid.

Our conclusion is that one can rely on computer simulations of the ion
motional statistical mechanics of real monatomic liquids, to an accuracy
limited mainly by the accuracy of the adiabatic potential ®({rg}).
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Figure 25.1. Theoretical entropy (points) and experimental entropy (lines) for

aluminum at zero pressure. The discrepancy at 300K is due to quantum effects
in the ion motion (note 02 ~ 400K).

Role of Liquid Dynamics Theory

Liquid dynamics theory can in principle provide the physical basis for highly
accurate equations of state for liquids, just as lattice dynamics theory does
for crystals. But liquid dynamics theory is still in the research state, and
much study will be needed to bring us to the level of understanding that has
been achieved in lattice dynamics theory. Let us consider the research situ-
ation, what we know and what we must learn, to be able to construct highly
accurate equations of state. The thermodynamic functions are derived in
Sec. 23, as

F =&~ NkTInw+ Fyy, + Fap + Foy (25.2)

U=®)+Upp +Uup +Ug (25.3)
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S =NETInw+ Spp, + Sap + Ser - (25.4)

Entropy due to the multiplicity of random valleys is calibrated to give
Inw = 0.80. The electronic excitation contribution, Fy; in the free energy,
is rather well understood for the liquid, as discussed at the beginning of
this section. The remaining contributions will be discussed in turn.

®( (V) is the static structure potential for the liquid state, the potential
at the bottom of a random valley. This can be calculated from density
functional theory, at any volume, and in principle will be as reliable as the
corresponding results obtained for crystals. d®q/dV can also be calibrated
from experimental data, e.g. the experimental volume and bulk modulus
at zero pressure, but here the thermal contribution to pressure is not so
easily neglected as it is for crystals at low temperatures.

The phonon contribution to a thermodynamic function arises from vi-
brations within one extended harmonic random valley, and for the entropy
it is

Spn = 3Nk [In(T/6) +1+---] . (25.5)

The characteristic temperature 05(V') can be calculated from density func-
tional theory, at any volume, in principle again to the same accuracy as
it can be calculated for a crystal. As for experimental data, we can hope
someday to measure the phonon distribution g(w) for a random valley, from
neutron scattering experiments on a properly prepared amorphous solid. In
the meantime we have only the estimate that 0y is approximately the same
for crystal and liquid at the same volume, when melting is normal, as dis-
cussed in Sec. 23. The leading quantum correction (in +---) in Eq. (25.5)
is of the same form as in Eq. (17.6) for a crystal, and is analyzed in problem
17.1.

The thermodynamic contribution we know least about is the combined
anharmonic and boundary contribution, Fy; in the free energy. This con-
tribution is magnified in Cj, the ion motional contribution to Cy/, since in
classical motion,

Cr=3Nk+Cy, . (25.6)

Practically all the experimental information we have is in Fig. 23.2, nine
curves of C;/Nk vs T/T,, at 1 bar, where the decrease of C with T results
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from both the V and T dependences of Cy,. An attractive possibility
for studying the anharmonic plus boundary contribution is with computer
simulations, where Uy, at constant volume is easily determined (see problem
25.2). There might be a way to separate Uy, into its anharmonic and
boundary components, and one could hope to find more or less universal
behavior of the boundary contribution.

Even though liquid dynamics theory is unfinished in detail, the overall
picture is clear. The form of the free energy given in Eq. (25.2), and the
detailed temperature and volume dependences of its terms, express the
physical nature of monatomic liquids, and this form alone carries much
information about the liquid equation of state. For a given set of input data,
calibrating Eq. (25.2) will in principle produce the best possible equation
of state. We estimate the following contributions to the total entropy at
5T, for normal melting elements at normal densities (entropy units are k
per atom).

Sph+Inw ~ 13-18 ,

Se; =~ 0.2 —1.0 for NFE metals
Se; &~ 3 —5 for transition metals ,
Sap ~ —0.4100.0 . (25.7)

Any magnetic contribution is still to be added.
Problems

25.1 In the picture of rigid ions plus valence electrons, it is intuitively
obvious what happens in thermal ionization and compression ionization.
Describe the same processes in the picture of bare nuclei plus all electrons.

25.2. In connection with Fig. 24.2, show that

Uas(V,T) = (B(V)) ~ Bo(V) — SNET .
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Chapter 6

Phase Transitions and
Nonequilibrium Processes

26 THEORETICAL ANALYSIS OF PHASE TRANSITIONS

Phase Boundary and Two-Phase Region

Experiments are usually done at fixed pressure and temperature. At a
given P and T, phase stability is determined by the Gibbs free energy
G(P,T): the phase with lowest G is absolutely stable, and any other phase,
if present, is metastable. Here we consider only first-order phase transitions.
Two phases a and /3 are in equilibrium when G*(P,T) = G?(P,T), and this
equation determines the phase boundary. These properties are illustrated in
Fig. 26.1a. Since G = F' + PV, derivatives with respect to the independent
variables are (see problem 26.1)

oG oG
el — - =S . 26.1
30), =V ), = 26:1)

We have previously encountered the Gibbs free energy in the statistics of
quantum particles, Sec. 7, and in the crossing of G curves in anomalous
melting, Fig. 22.3.

In theoretical work, it is most convenient to choose volume and tem-
perature as independent variables. Then the phase boundary is located by
the Helmholtz construction, shown in Fig. 26.1b. At a given temperature,
F(V,T) is drawn for each phase, and the common tangent locates the equi-
librium condition G*(P,T) = GA(P,T), since P = —(0F/0V)r. In the
actual process, as volume decreases, the system is « phase at V > V¢,
then the system moves along the line at constant pressure, where it is a
mixture of a at V* and # at V7, until it is entirely 8 phase at V < V5.

275
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Figure 26.1. Graphs at constant 7' of G vs P (panel a), and of F' vs V (panel
b). Panel a shows that « is stable at P < PP | 3 is stable at P > P*? and
the phases are in equilibrium at P*?. Panel b shows the Helmholtz construction
for tl;e same point on the phase boundary, where the slope of the tangent line is
—per.

The two-phase region is concealed at the point G* = G? in Fig. 26.1a,
but is revealed in Fig. 26.1b. The two-phase region is shown in V' —T space
in Fig. 26.2. If the transformation takes place at temperature T5, the system
crosses the two-phase region between V¢ and V?, just as in Fig. 26.1. If
the transformation takes place at volume V7, the system crosses the two
phase region between T and 7. Even though experiments are not usually
done at constant volume, relations between two phases are equally well
defined across the two-phase region at constant 7' or at constant V. By
way of example, the regions comprising gas + liquid, and liquid + crystal,
are shown on the phase diagram of Fig. 1.2.

A theoretical extension of thermodynamics is to define an equilibrium
property for both phases at the same V and T, for example along one
boundary of the two-phase region in Fig. 26.2. This procedure is motivated
by physical interpretation. Indeed, an important point of our analysis of
the entropy of melting is that AS*, which is S' — S¢ at a fixed V and T, has
a direct physical interpretation, while AS at a fixed P and T has no such
interpretation. The method for finding AS* is shown in Fig. 22.1, and is
written in Eq. (22.2). While the procedure is sensible as an extrapolation of
equilibrium states, justification through statistical mechanics of metastable
states is presented in Sec. 27.
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vP v Vv

Figure 26.2. Phase diagram in V — T space, showing stability regions for «, 3,
and a + 3.

Relations Across the Transition

We are interested in the difference in volume AV, and the difference in
entropy AS, between two phases in equilibrium at a given P and T'. Since
V = (0G/OP)r, from Eq. (26.1), it follows from Fig. 26.1a that V@ < V'
when the two phases are in equilibrium. Hence, when a phase boundary
is crossed by increasing P at constant 7', AV < 0. Similarly, when a
phase boundary is crossed by increasing T' at constant P, AS > 0 (see
problem 26.2). This information on the signs of AV and AS is illustrated
in Fig. 26.3.

For a first-order phase transition, the slope of the phase boundary, by
which we mean specifically the derivative dT'/dP, is given by the Clapeyron
equation,

dr AV
dP  AS
Notice this equation is consistent with the signs of AV and AS in Fig. 26.3,
for either positive or negative slope. Phase diagrams also have points where
the sign of dT'/dP is not defined. The characteristics shown in Fig. 26.3

have to be extended to cover these points, and the Clapeyron equation tells
us how to do this. When dT'/dP = 0, we have AV = 0, so that both phases

(26.2)
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AS >0 AS >0

AV <0 AV <0

P =

Figure 26.3. The system moves along the path of an arrow, and in crossing the
phase boundary the system undergoes the changes AS and AV, whose signs are
shown.

have the same volume (density), while the higher temperature phase still
has the higher entropy. When dT/dP = oo, we have AS = 0, while the
higher pressure phase still has the smaller volume. Since S — 0 asT — 0
for all phases, then AS must vanish at T' = 0, hence phase boundaries have
infinite slope at 7' = 0. In most crystalline materials, phase boundaries are
still “very steep” at room temperature.

The relative volume change in a phase transition is usually small, and
can often serve as an expansion parameter for theoretical work. At a point
on the phase boundary, phase a has volume V¢, phase 3 has volume V7,
and 7 is defined by (see problem 26.3)

Ve s

The equilibrium condition G® = G? can be expressed in terms of F® and
F? and F? can be expanded about V7 to find (see problem 26.4)

1
FO(Ve,T) — FA(V,T) = —§n2vﬁB§(Vﬂ,T) + (26.4)

where Bg is the isothermal bulk modulus of phase 3, and + - - - represents
terms of higher order in 7. Notice the term linear in 7 vanishes in Eq. (26.4).
Often but not always in condensed matter systems, the right side converges
rapidly.
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Let us apply Eq. (26.4) to normal melting, and set o = [ for liquid, and
8 = c for crystal. We write AF = AU —TAS, express AU from the crystal
theory of Chap. 4 and the liquid theory of Sec. 23, for the case of classical
nuclear motion, to find (see problem 26.5).

ADy(Vip) = T AS™ (Vim, Tr) + several small terms . (26.5)

Here A®q = @ — ®F, and the small terms consist of the n? term in (26.4),
and contributions to AU from anharmonic, boundary, and electronic ex-
citation terms. When the small terms are neglected, one has for normal
melting

ADo(Vip) ~ NkT,Inw . (26.6)

This expresses a fundamental balance in the melting of elements, between
the lower structural potential of the crystal, and the higher liquid entropy
due to the multiplicity of random valleys. Equation (26.4) can also be
applied to anomalous melting (see problem 26.6).

Note on Thermodynamic Stability

Let us consider the nature of thermodynamic stability. In the thermody-
namic space P, V', T, and so on, an equilibrium state is specified by two
variables, so that the equilibrium surface is two dimensional in a space of
higher dimension. Suppose a system is moved away from equilibrium, into
a nonequilibrium state, say by giving S an increment 45 at constant U
and V| from its equilibrium value S(U, V). This can be done by a fluctua-
tion which transfers energy or volume between parts of the system (Callen,
1985, Sec. 8-1). It can also be done more generally by modifying the phase
space distribution f,, from its equilibrium value (see Egs. (7.4) — (7.6)). In
any case, a restoring force develops, which operates to drive the system to-
ward equilibrium. The restoring force expresses the property that entropy
is locally maximum on the equilibrium surface. This stability property is
present over the entire equilibrium surface, for single-phase and two-phase
regions alike.

Wherever a single phase is present, the stability conditions are those
expressed in Egs. (7.18). The same conditions hold on the equilibrium
surface where a single phase is metastable. Hence in Fig. 26.1b, the stability
conditions hold for the o phase where it is metastable at V' < V%, and for
the 3 phase where it is metastable at V > V7.
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In a two phase region, P and T are not independent variables, and this
changes the algebra, but not the property of thermodynamic stability. In
the two phase region at constant P and 7', shown in Fig. 26.1b, the system
is a mixture of a at V* and 3 at VP, and the system free energy is

—_ VB _ Vo
F(V,T) = <%> F(V*,T) + (%) FA(VA.T) . (26.7)
Hence anywhere in the two phase region, as illustrated in Fig. 26.2, the
system state is completely specified by the variables V and 7. The two
phase region is a two-dimensional surface. Thermodynamic stability in the
two phase region is examined in problems 26.7 and 26.8.

It is widely stated that a phase transition is the consequence of ther-
modynamic instability (e.g. Callen, 1985, p. 203). This view is based on
the fact that a smooth curve connecting F* and F?, within the interval
VB <V <V in Fig. 26.1b, exhibits a thermodynamically unstable seg-
ment at a finite distance above the two-phase free energy (Callen, 1985,
Fig. 8.2). The view is incorrect for a first order phase transition, because in
the transition process the system moves on a surface of stable equilibrium
states, where the system fluctuations see only positive restoring forces, and
the presence of a thermodynamic instability some distance away is irrele-
vant.

Theory and Experiment for Crystal-Crystal Transitions

Density functional theory is currently able to reproduce experimental ob-
servations of crystal-crystal transitions as function of pressure at low-tem-
peratures. Theory is done in the potential approximation, where F(V,T) is
replaced by the static lattice potential ®o(V'), and experiments are usually
at room temperature. Curves of ®(V') are calculated for a number of crys-
tal structures, and phase transitions are located from Helmholtz construc-
tions (Fig. 26.1b). The level of agreement between theory and experiment
is illustrated by the calculations in local density approximation of Yin and
Cohen (1982), for the pressure-induced transition from dia to bet in Si and
Ge (see Table 26.1). A further transition of Si from bet to simple hexagonal
was observed at 130-160 kbar, and calculations of Needs and Martin (1984)
verify this transition at 143 kbar. Additional comparisons of theory and
experiment are mentioned in the tabulation of phase diagrams by Young
(1991). The small theoretical contributions from nuclear vibrations can
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also be included when needed (Sec. 16).

Table 26.1. Theory and experiment for the dia—bct transition in Si and Ge (from
Yin and Cohen, 1982). Volumes are normalized to zero-pressure volumes, and
the most recent experimental transition pressures are given.

yaa Vet P(kbar)
Si calculation 0.928 0.718 99
experiment 0.918 0.710 120
Ge calculation 0.895 0.728 96
experiment 0.875 0.694 108

The equilibrium condition AG = 0 is resolved into
AU —TAS +PAV =0 . (26.8)

The presence of three terms makes the general analysis quite complicated.
When the phase boundary is steep, i.e. |dT/dP] is large, then TAS tends
to be unimportant, and the transition pressure is given by AU + PAV = 0.
This is the case discussed above for Si and Ge. When P =~ 0, and also
when the phase boundary has small slope, so that AV = 0, the transition
temperature is determined by AU — TAS =~ 0. Let us consider in more
detail the case P = 0. The equilibrium condition is AF = 0, where AF' is
the sum of five theoretical contributions,

AF = A®y + AF,p + AFu,, + AF + AF,, . (26.9)

Unlike the theory for F', we cannot neglect any term in AF without esti-
mating them all, since their sum is zero. While ®;, dominates F', and Fj,
dominates the thermal part of F', the terms A®qy and AF};, do not neces-
sarily dominate AF'. If the transition occurs at a temperature where the
nuclear motion is classical, AF), is very likely negligible. Each contribution
AF, is AU, — TAS,, and when AF, is important, then usually AU, and
TAS, are both important. The smaller is AS, the more difficult is the
theory. For a transition with negligible change in electronic structure, such
as metal to metal, AS is apt to be small compared to Nk. For a transition
with significant change in electronic structure, such as covalent to metal,
AS can be on the order of Nk.

Upon increasing temperature at zero pressure, tin transforms at 286K
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from « phase (covalent bonding, dia structure) to § phase (metallic bond-
ing, bet structure). This is the same physical transition as the pressure-
induced transition in Si and Ge, discussed in connection with Table 26.1.
Because of the significant change in electronic structure, AS is large, the
experimental value being 0.83Nk. The electronic entropy is zero for a-Sn,
and with the free electron model for 3-Sn, we find AS,; = 0.05Nk. Though
the effect of anharmonicity is unknown, we expect it to be small in both
phases. Pavone, Baroni, and Gironcoli (1998) used density functional the-
ory to calculate the static lattice potential and phonon dispersion curves,
and hence the Helmholtz free energy in the harmonic approximation, for Sn
in dia and bct structures at fixed lattice parameters. The phonon dispersion
curves are in good agreement with inelastic neutron scattering data, and
the a— ( transition occurs at 311K, in good agreement with the experimen-
tal transition at zero pressure. Including the free electron evaluation of the
electronic free energy would reduce the theoretical transition temperature
by around 10K.

Upon increasing temperature at zero pressure, metals in close packed
structures often transform to bcc before melting. This occurs at low tem-
peratures for Li and Na, and at higher temperatures for Be, Ca, Sr, and T1,
for several transition metals, and for most lanthanides and actinides. This
transformation occurs because bce has a low lying phonon branch, namely
the T} branch along [0,1, 1], which gives rise to a large phonon entropy in
bee. This mechanism was suggested by Zener (1947). The hep—bec transi-
tion in Ti and Zr has AS¢z,: = 0.43NE, and this is qualitatively understood
through our analysis in Eq. (19.26), and in Fig. 19.5. In some metals we
have studied, e.g. Li, Na, T1, and Fe, AS for this transition is extremely
small at around 0.1Nk.

Soft Phonons

Consider an N-particle system having two stable crystal valleys, say fcc
and bce, and suppose each valley is perfectly harmonic. Then each valley
is prescribed by a set of 3N — 3 parabolas in real space, each parabola
having positive curvature Mw?, and the two valleys intersect along ridges
where the system can pass from one valley to the other. Suppose fcc lies
lowest, and bce has lower frequencies on average. Then the fcc phase is
stable at low temperatures, bcc is stable at high temperatures, and a phase

transition occurs at some intermediate temperature.
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The transition is driven by supplying thermal energy. In the process the
system moves from the fcc valley to bee, where the bee valley is much larger
than fcc in the 3N-dimensional system space. In fact, after the transition,
the system presumably moves within both valleys, but it spends virtually
all its time in bce, because bece is so much larger. In this way, the system
in bee is thermodynamically stable, and the stabilizing factor is the larger
bece phase space, i.e. the larger bee entropy.

Notice in the situation described, mechanical stability of the bcc val-
ley is not required. Certainly Mw? must be positive for most of the bcc
phonons, so that bcec symmetry is present, but some negative values of
Mw? are allowed. Indeed this appears to be the actual case in the high
temperature bee phase of Ti, Zr, and Hf, which is reached by a transition
from the low temperature hep phase. Calculations in local density approx-
imation by the Ames group, summarized by Ho and Harmon (1990), for
hep and bee Zr, show that hcp has the lower potential ®g, and the bce
N-point T} phonon has w? < 0. Note this phonon is part of the bcc — hep
path. We can presume that all hcp phonons are stable, while a group of bce
phonons are unstable. Then hcp is mechanically stable, and is thermody-
namically stable at low temperatures, while bcc is mechanically unstable,
but is thermodynamically stable at high temperatures.

Notice the bce crystal still possesses a kind of mechanical stability, since
it is mechanically trapped within a certain region of configuration space.
Ultimately this kind of mechanical stabilization, in the presence of a quasi-
harmonic instability, is an anharmonic effect.

An unusually strong decrease in the frequencies of some phonons, in
response to a change in laboratory conditions, is called phonon softening.
Temperature dependent phonon softening is observed in inelastic neutron
scattering experiments on hcp and bee phases of Ti and Zr. The tempera-
ture dependence is contained in the renormalized phonon entropy S (V, 1),
as calculated from the neutron scattering data, and partly recorded in Ta-
ble 19.3. From S(V, T), we extracted the renormalized characteristic tem-
perature Oy (V,T), defined by

hl(k’(“)o) = <h’l hQn>BZ , (2610)
where Q,(V,T) are the measured phonon frequencies (see Eq. (16.22)). The

graphs of ©¢ vs T for Ti and Zr, Fig. 26.4, show softening as the transition
is approached from below, and also from above. The lines drawn for hcp
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Figure 26.4. Points are the experimental ©¢ vs T in hcp and bee Ti and Zr. Solid
lines in hcp show the variation in ©¢ in quasiharmonic theory, due to thermal
expansion. Og shows significant softening in both phases.

show the variation of ©y due to thermal expansion, i.e. the quasiharmonic
contribution to the temperature dependence. A similar weak decrease with
temperature is caused by thermal expansion in the bce phase. Hence the
softening of ©¢ in Ti and Zr is not a quasiharmonic effect.

Our presumption is that the phonon softening in Ti and Zr is due to
the mechanical instability of some of the bce phonons. Because of this in-
stability, fluctuations between the two valleys occur more often than usual,
especially in the vicinity of the transition temperature. Our experience
suggests that phonon softening is a negligible effect in most crystal-crystal
transitions, and in melting as well. When phonon softening is indeed small,
the indication is that the many-particle potential valleys remain nearly har-
monic up to their intersections.



THEORETICAL ANALYSIS OF PHASE TRANSITIONS 285

Compression Dependence of the Melting of Elements

The primary characteristic of melting of elements at zero pressure, which we
learned from our study of experimental data in Sec. 22, is that the melting
process always falls into one of two classes: (a) in normal melting there is
no significant change in electronic structure, and within small scatter, AS*
is a universal constant with value 0.80Nk, and (b) in anomalous melting
there is a significant change in electronic structure, and AS™* is much larger
than the normal value. From a study of experimental melting data for all
elements for which accurate data are available, we have verified that the
same properties hold for elements under compression (Wallace, 1992a).

Here is some lore on thermodynamic properties of normal melting el-
ements. The quantities By or Bg, Cy or Cp, «, and -, are each pretty
much the same for crystal and liquid at a point on the melt curve. For
crystal and liquid alike, in the vicinity of the melt curve, the bulk modulus
increases strongly with compression, but the quantity aBr = (8S/0V)r is
only weakly dependent on compression, and so are Cy and . The relative
change in volume on melting at constant pressure decreases strongly with
compression. The melting temperature T,, can be considered a function of
Pim, and by differentiating the normal melting rule one finds (see problem
26.9)

dIn T, (pim) N 2dln 05(pim,)
dIn pym dln pim

2
—-—— . 26.11
5 (26.11)

From this approximation, together with 6, ~ e'/36,, we find 6y /T}, de-
creases with compression, hence the temperature range where nuclear mo-
tion is classical becomes a larger fraction of T;,, as a crystal is compressed.
The Clapeyron equation applies to both normal and anomalous melting,
and since it relates dT,,/dP, AV, and AS, one of these quantities can be
determined from the other two (see problem 26.10). Of the three quantities
mentioned, AS is usually the most accurately measured at zero pressure.
Of the elements whose melting under compression was studied, four
have complete data to the high compression of around 30%. For Na and K,
AS* is in the normal range, and is remarkably constant up to the highest
compression we could study. For Ar, we are unable to evaluate AS™* at low
pressures, since 7 is very large, and the terms of higher order in Eq. (22.2)
are not negligible. However, n decreases under compression, so that AS*
can be evaluated, and the result reveals normal melting behavior for com-
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pressed Ar (see Table 3 of Wallace, 1992a). The fourth element studied to
high compression is Cs, discussed next.

While the melting curve has positive slope for normal melting, dT,,,/dP
is negative for anomalous melting (except for Sn, where the slope is positive
but small). In all cases of negative slope, and indeed for Sn as well, a triple
point appears on the melting curve at modest compression, beyond which
dT,,/dP is positive. An interesting case is Cs, for which AS* is graphed
in Fig. 26.5, along with the phase diagram. Cs is normal at 1 bar, and
AS* remains constant to around 15 kbar, then AS™ increases rapidly and
moves out of the normal range. Just as AS™ moves out of the normal range,
dT,,/dP passes through a maximum, so that Cs above say 20 kbar shows
anomalous melting, in both the negative slope of the melting curve and the
large value of AS*. Beyond the first triple point, Cs is briefly normal, then
is strongly anomalous up to the next triple point.

The physical process going on in compressed Cs was discussed by Ja-
yaraman et al. (1967), by Yamashita and Asano (1971), and by McWhan
et al. (1974). Compression of Cs drives the empty 5d band down with re-
spect to 6s, hence causes a 6s to 5d electronic structure change. The change
can proceed more or less continuously in the liquid, but it is hindered in
the solid by crystal symmetry, and can only proceed in steps, by means of
crystal-crystal transitions. In this way the electronic structure of crystal
and liquid can differ, giving rise to anomalous melting, especially in the
vicinity of a triple point.

Problems

26.1 Derive equations (26.1).

26.2 Draw the curves of G%(T) and G®(T) at a constant P, where there
is a phase transition at 7%?, and the stable phase is a at T < T*?. Show
SP > S at T8,

26.3 In detailed work, the transition direction must be specified in quan-
tities such as AV and AS. Let n®? measure the change in the transition
B — a, where % = (V® — V?)/VP. Find the relation between 7*” and
.

26.4 Derive the expansion (26.4).

26.5 Derive equation (26.5), identifying the small terms.

26.6 With approximations similar to those used in finding Eq. (26.6),
show that the major contributions to anomalous melting are given by
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Figure 26.5. Constant-density entropy of melting AS™ vs P for Cs, and the phase
diagram, showing AS*™ becomes anomalous as dT,,/dP becomes negative.

Eq. (22.12).

26.7 Show By = 0 and Cp = oo in the two phase region. Show the
thermodynamic stability conditions reduce to Cy > 0 and Bg > 0.

26.8 From Eq. (26.7), show G(P,T) = G*(P,T) = G®(P,T) in the
two phase region. Also show the stability conditions in problem 26.7 are
satisfied, where you may use that C{}(V,T') and C@(Vﬁ, T) are positive.

26.9 Use the normal melting rule in the form %lnL ~ constant to
write an approximation for Ty, (pim), in terms of 65(pim), and hence de-
rive Eq. (26.11).

26.10 Use the Clapeyron equation, and data for AS and AV from Ta-
bles 19.2, 19.3, and 21.1, to calculate dT,,/dP at zero pressure. Compare
with measurements of dT,,/dP, e.g. from Table 1 of Wallace (1992a). This
will give you an idea of the level of errors present in the experimental results.
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27 NONEQUILIBRIUM PROCESSES

Information Content of the Partition Function

In consideration of an ordinary element, one which is crystalline at low
temperatures, and whose entropy is zero at zero temperature, my colleague
once asked, “What is the entropy of the liquid at "= 0?” That question is
a driving force behind the theoretical development of this section. At the
outset, it is not difficult to conclude that equilibrium statistical mechan-
ics does not answer the question. But then, what is it that equilibrium
statistical mechanics does answer?

In equilibrium statistical mechanics, we consider a theoretical mechani-
cal system as representative of the experimental laboratory system, and we
evaluate average properties of the mechanical system by averaging, with a
distribution, over all its states of motion. The procedure is encapsulated in
the partition function, which is a generating functional for all the equilib-
rium average properties of the mechanical system. In quantum mechanics,
the system energy levels are E,,(V'), and the canonical partition function is
7Z = ¥, exp(—PE,), so that Z is a unique function of V- and T. The free
energy and all its derivatives are unique functions of V' and T, they are the
equilibrium properties of the system, and no other properties are defined
by the partition function. In particular, F%(V,T) and F?(V,T) for phases
a and [ are not defined.

Let us consider the mechanical system of a very large number N of
atoms in a volume V| interacting through the potential ®(ry,---,ry), and
let us consider the motion classical, since this helps in visualization. In
the partition function, the momentum integrals can be done, leaving the
configuration integral @, where one has to integrate exp(—(®) over all
possible configurations of the atoms. The potential energy surface contains
a vast number of many-particle valleys, crystalline valleys at the bottom,
then symmetric valleys and a host of random valleys, and at higher en-
ergies still and comprising the great majority of the many-particle space
are the gas configurations. Now with N and V fixed, the potential func-
tion ®(ry,---,ry) is fixed, and for every temperature we have to integrate
exp(—/pP) over exactly the same potential energy surface. But at any tem-
perature, virtually the entire contribution to @Q arises from the phase which
is absolutely stable at that temperature: it is the crystal at low temper-
atures, the liquid at intermediate temperatures, and the gas at high tem-
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peratures. At a temperature where say fcc crystal is absolutely stable, the
integral over all the remaining many-particle space, i.e. over states belong-
ing to the gas, the liquid, and to the amorphous solid and all other crystals,
adds up to virtually zero relative to the fcc contribution. Even in a two
phase region, for example the crystal plus liquid region, the entire con-
tribution to @ arises from just the correct percentage contributions from
crystal configurations and liquid configurations, while the integral over all
the remaining many-particle surface is negligible.

In this way, the partition function provides the equilibrium average
properties of the system, nothing more and nothing less. At every V and T,
the partition function represents the absolutely stable phase, and contains
no information about any metastable phase. Yet the partition function
does not tell us what the stable phase is. To find the stable phase, it would
be necessary to examine the contributions to the partition function, and to
find the configurations which dominate Q(V,T).

Extension to Metastable States

In practice, we never calculate the global partition function of statistical
mechanics. We always limit the quantum states which are summed over,
or the classical configurations which are integrated over, because we know
which states are the important ones for the problem at hand. The first
example of such a limitation is the statistical mechanics of a monatomic gas,
where Maxwell and Boltzmann considered a collection of particles having
only kinetic energy. In the opposite extreme of statistical mechanics of
crystals, Born considered only the collective harmonic-oscillator levels of a
system of atoms in a single crystalline potential valley. And the essential
point of our liquid statistical mechanics theory, Sec. 23, is that one can
start with the collective harmonic-oscillator levels of atoms in each separate
random valley, and one can correct from there. In each of these theories, gas,
crystal, and liquid, we apply the global technique of equilibrium statistical
mechanics to an individual phase, and we interpret the result as expressing
equilibrium properties of that phase only. Further, we do this without
asking whether or not that phase is absolutely stable. This procedure is so
useful in practice, it is worthwhile to set down some intuitive notions about
it.

In principle, under conditions where a given phase is absolutely sta-
ble, those quantum states which contribute significantly to the partition
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function constitute the states of that phase. In practice, this situation
does not help us to find those states. Instead, we use our imagination to
construct states which ought to belong to a given phase, and then we com-
pare statistical averages with thermodynamic experiments, to see how good
our construction is. Let us identify the best currently available construc-
tion of the states belonging to a phase «, and denote their energy levels
ES,n=1,2 - and let use define the canonical partition function of phase
a by

7%= exp(-BEy) . (27.1)

The states have to satisfy mechanical stability conditions, and the statisti-
cal averages have to satisfy the thermodynamic stability conditions (7.18).
Then « phase is at least metastable, and we can interpret Z*(V,T) as the
generating function for all the equilibrium properties of the o phase. The
interpretation is the same whether or not the « phase exists in nature.
With this interpretation applied to two separate phases, o and (3, we can
draw free energy curves for each phase, as in Fig. 26.1, and we can find
which phase is relatively stable, and where the equilibrium phase transition
occurs.

This theory is still an equilibrium statistical mechanics theory, and
therefore cannot provide any information about a nonequilibrium process.
Consider for example a nonequilibrium phase transition. Referring again
to Fig. 26.1a, suppose a laboratory system is brought to the metastable
state of being in phase a at P > P*3. Our equilibrium theory for the o
phase can be expected to correctly describe the macroscopic properties of
this metastable state. But now the laboratory system will spontaneously
transform to the  phase, by means of a dynamical process depending on
the microscopic initial condition, and controlled by the Hamiltonian and
the microscopic boundary conditions. The laboratory system moves along
a nonequilibrium path, where even its macroscopic properties cannot be
described by any equilibrium statistical mechanics theory.

Application to Supercooled Liquids

Here we are interested only in the ion motional degrees of freedom, and
in the simplest description which will exhibit metastability and eventual
nonequilibrium motion. When a liquid is cooled below its melting temper-
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ature, and when it does not crystallize, the system is metastable, and is
called a supercooled liquid. For a monatomic system, the potential surface
accessible at liquid temperatures is composed entirely of intersecting many-
particle valleys, hence nothing but the same surface is accessible at lower
temperatures. The stable liquid and the metastable liquid are therefore
governed by the same Hamiltonian. We shall omit crystal and symmetric
valleys, and shall neglect anharmonic and boundary corrections, and follow
Eq. (23.24) to write the free energy as F = U — T'S, where

1
U=+ hwh (m + 5) : (27.2)
A

S=Nklnw+k» [(Ax+1)In(ny +1) = nylnny] (27.3)
A

and where 7, is the thermal average boson occupation number,

1
AN = AT 1 (27.4)
The structural potential ®} and the frequencies {wy} correspond to a ran-
dom valley, and the internal energy arises from vibrations within one or
more random valleys, with no energy contribution from transits. The en-
tropy has two contributions, the first arising from the multiplicity of random
valleys, and the second from vibrations within a single random valley.
When the liquid is cooled through its melting temperature, the above
thermodynamic functions show no discontinuity, in agreement with super-
cooling experiments. In fact, those functions are continuous at all temper-
atures, they satisfy dUy = T'dSy, and the value of S at T'= 0 is NkInw.
But this is the equilibrium result, and it assumes the system moves rapidly
among the random valleys, even at 7' = 0. In reality, as temperature is
lowered in the supercooled liquid, the transit rate decreases strongly, until
the system can no longer maintain equilibrium among the random valleys.
At that temperature and below, equilibrium statistical mechanics fails, and
one has to use nonequilibrium statistical mechanics to describe the system
behavior.
The concepts just used, of “moving rapidly among valleys,” and of
“maintaining equilibrium among valleys,” are not defined, at least not yet,
but rest instead upon our intuition. The failure of equilibrium statistical

”

mechanics is something we know will happen. We know, for example, that
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the supercooled liquid will freeze into a single random valley at a suffi-
ciently low temperature, and will become an amorphous solid, for which
the entropy contribution NkInw is completely inappropriate. Better still,
experiments can always tell us when a laboratory system passes out of equi-
librium, through the appearance of relazation processes. Ultimately, then,
it is our responsibility to find out when equilibrium statistical mechanics
fails, and to extend our theory accordingly. Notice that nonequilibrium
statistical mechanics is always valid in principle, and will correctly repro-
duce equilibrium statistical mechanics results whenever a system moves
sufficiently close to equilibrium. In other words, equilibrium statistical me-
chanics is merely a limiting case of nonequilibrium statistical mechanics.

Let us now outline the physically realistic nonequilibrium theory for a
supercooled monatomic liquid. We shall continue to express the vibrational
motion within each random valley in the quasiharmonic approximation,
and will assume that phonon-phonon interactions are sufficient to keep this
motion in statistical equilibrium. Hence the total energy is still given by
equilibrium statistical mechanics, Eq. (27.2), and temperature is defined
through the average occupation numbers (27.4). The vibrational entropy is
also given by equilibrium statistical mechanics, in the second term on the
right of (27.3). But when the transit motion slows down, and equilibrium
among the random valleys is not maintained on the timescale of an ex-
periment, then the entropy contribution Nk Inw is invalid, and indeed the
entropy due to the multiplicity of valleys cannot be defined. Instead, one
has to introduce a kinetic equation for the transit rate, and this equation
couples into the equilibrium vibrational motion to produce a nonequilib-
rium statistical mechanics theory.

Glass Transition

We have developed an independent atom model, which yields simple ex-
pressions for the velocity autocorrelation function and the self-diffusion
coefficient (Wallace, 1998b). An atom oscillates classically with frequency
w in a three-dimensional well, and at each turning point it moves forward
into a new well with probability p, and moves back in the same well with
probability 1 — p. The self-diffusion coefficient D is given by

_ AKT &
D= <2_§> : (27.5)
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where M is the atomic mass, and £ = [1 + (cos6')]u. The trajectory
of an atom changes by angle 6’ at a transit, and (cosf’) is the average
over transits. We can set £ = %,u as a first approximation. Molecular
dynamics calculations of D(T) for pseuedopotential sodium can be fitted
with Eq. (27.5) by using a Vogel-Tamann-Fulcher (VTF) function for {(7'),

&(T) = exp ( T_T°T0> : (27.6)

with Ty = 121K. The fit is shown in Fig. 27.1. Hence the strong tem-
perature dependence of D(T') implies the strong temperature dependence
(27.6) of £(T), and also of u(T). In this model, Tj is the glass transition
temperature.

The independent atom model can be extended to represent a binary
system by letting each atom oscillate in two intersecting wells of slightly
different depth. Let us say the bottom of well 2 is at energy zero, the bottom
of well 1 is at energy A > 0, and each well has frequency w. Our system has
N atoms, with Ny (t) in well 1, Na(t) in well 2, and the occupation numbers
are defined by n; = N;/N and ny = No/N. At a turning point, an atom
in well 1 has probability p; of transiting to well 2, and an atom in well 2
has probability ps of transiting to well 1. Since the time between turning
points is 7/w, the rate per atom of transiting out of well 1is Ry = (w/m)pu1,
and the rate per atom of transiting out of well 2 is Ry = (w/m)u2. The
time rates of change of the occupation numbers are

n1 = —niRi+neRs

’fLQ = ’ﬂlRl - n2R2 5 (277)
or, eliminating no,

n1 = Ry —ny (Rl + RQ) . (278)

Following Eq. (27.6), let us model p; and pe with VTF functions, each
containing a single parameter in the form of a critical temperature,

w —T1
- = >
R, 71_exp(T_Tl>forTT1 ,
R1 = OfOI‘TSTl N
w —Tg
- = >
Ry 71_exp<TTQ>f01rT_T2 ,

R2 = OforT S T2 . (279)
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Figure 27.1. Points are values of £ from molecular dynamics calculations of D

for supercooled liquid sodium (Wallace and Clements, 1999), and the line is the
VTF function with Tp = 121K.

Since well 1 lies at potential above well 2, we expect T} < Tp. But T}
should be near Ty, so that R; and R slow down together, to achieve glass-
transition behavior.

The equilibrium condition is 77 = 0, and from Eq. (27.8) this gives

Ry

_— 27.10
Ry + R» ( )

ni(eq) =

This tells us that ny(eq) — 1 as T'— oo, and ny(eq) — 0 as T decreases to
T5. Let us calculate ni(T") under the condition that the system is placed
in equilibrium at a high temperature, and is then cooled at a constant rate



NONEQUILIBRIUM PROCESSES 295

v, defined by
T/ =—v . (27.11)

n1(T) is obtained by simultaneous integration of Egs. (27.11) and (27.8).
In the process, the system remains near equilibrium, and nq(T) follows
just above the equilibrium curve, down to a glass transition temperature
Ty, then the system passes out of equilibrium and freezes into a state with
nonzero ni. Representative curves are shown in Fig. 27.2, for a range of
cooling rates as expressed by the dimensionless variable v7, where 7 =
27 /w. These curves exhibit rate dependence of T, rate dependence of the
frozen-in value of ny, and sharpening of the glass transition as the cooling
rate is decreased. In all these properties, the present model shows the same
behavior as do large-scale computer simulations of binary Lennard-Jones
systems.

Relaxation of the system toward equilibrium can also be calculated, and
both exponential and nonexponential relaxation processes are exhibited.
The independent atom model of the glass transition is presented in detail,
and is compared with computer simulations, in Wallace (1999).
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Index

Acoustic sum rule, 120, 135
Acoustic waves, 134ff
see also Phonons; Sound waves
Adiabatic potential, definition, 26
Anharmonicity, 156-157
and mechanical stability, 283
anharmonic entropy, 172-175, 200ff
bece valley, 262
classical, 168-169
from computer simulations,
169-172, 172t
graph for Na, 170, 171
perturbation theory, 157-159,
168-169
failure of, 169-172
random valleys, 259-260
symmetric valleys, 264
see also Liquid
Anomalous melting, and liquid
entropy, 239-240
graph, 240
appearance for Cs, 286-287
liquid dynamics theory, 251-252
physical process, 233-234, 239ff
graph, 239
theory and experiment, 241,
286-287pr
Argon, melting is normal, 237-238,
285-286
Argon liquid, compressed, 7, 243

gas like nature, 7
specific heat, 243
Ashcroft pseudopotential, 38

Baker-Campbell-Hausdorf formula, 86
Binding, covalent, 7-8
metallic, 3—4
source of, 2-3
van der Waals, 5-7
Boltzmann entropy, 57
see also Entropy
Born-von Karman model, 119,
125-126, 146
Bose-Einstein statistics, 67ff
Boundary conditions, 51-53, 56,
110-112
see also Periodic
Brillouin zone, 128-129
sum over, 133, 148
Bulk modulus, adiabatic, 63
isothermal, 63
temperature dependence, 198-200
graph for Na, 200

Cesium, melting becomes anomalous,
286-287
Chemical potential, 68-69
reference structure electrons, 69-72
Chromium, entropy analysis, 204—205
Clapeyron equation, 277, 285, 287pr
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Classical statistical mechanics, 84ff
as quantum statistics limit, 84, 90,
93-94
canonical partition function, 88, 95
crystals, 167ff
liquids, 250-251
quantum corrections, 88-91
relations among distributions,
102-107
stress fluctuations, 99-102
errors in the literature, 102
stresses and elastic constants, 96-99
with electronic excitations, 91-93
Compliances, 79, 83pr
Compressibility, see Bulk modulus
Condensed matter, criterion, 89
Hamiltonian, 2, 25ff
nature of, 1ff
Configuration integral, 95
and stable phase, 288-289
strain dependence, 97-98
Correlation energy, see
Exchange-correlation
Correlation entropy, see Liquid
entropy
Correlation functions, 219ff
see also Liquid; Pair
Covalent bonds, 7-8
Crystal potential, anharmonic, 128
displacement expansion, 115ff
equilibrium conditions, 116-119
invariance conditions, 119-120
lattice symmetry conditions, 119
stability conditions, 121
with applied forces, 116ff

deBroglie wavelength, thermal, 91,
95, 224
Debye model, 125
inadequacy, 148-150, 214, 237-238
Debye temperature, exact, 163-165
experimental data, 153, 165
from sound waves, 163-165
from specific heat, 163-165

Index

quasiharmonic, 162-163
role in equation of state, 214
volume derivative, 192
Deformation parameters, 75
Density functional theory, 10ff
crystal-crystal transitions, 280-282
current status, 18-19, 160-162
elastic constants, 142-143
entropy from, 214, 272
exchange-correlation energy, 13
Hamiltonian, 11
Kohn-Sham formulation, 14ff
random structure, 268-269, 272
static lattice potential, 209-212
universal functionals, 14
Dielectric function, 35, 37, 39
Distribution, see Fermi; Phase space;
Phonon
Dulong-Petit rule, 125
Dynamical matrix, 129-131
long wavelength, 134
pseudopotential theory, 138
see also Phonons
Dynamical variable, 53
classical average, 95
fluctuation expansion, 103
in different distributions, 104-105
how to construct, 64
phase space average, 60, 66—67
time average, 53

Einstein model, 125

Elastic constants, definition, 77-78
in classical statistics, 96-99, 112
in potential approximation, 121-123
nonprimitive lattice, 123
pressure derivatives, 141
pseudopotential theory, 137-139
theory and experiment, 141-143
two ways to calculate, 99
Voigt symmetry, 78

Electronic excitation, 19ff
Hamiltonian, 23-24, 26-27
important in metals, 3, 19



Index

in liquids, 268-269
is adiabatic at high T, 93
reference structure electrons, 27-29,
69ff, 175F
with nuclear motion, 27ff, 91ff
see also Electron-phonon
Electronic groundstate, see Density
functional
Electron-ion interaction, bare, 31,
371, 45-47
screened, 39
graph for Al 46
Electron-phonon interaction, 179ff
adiabatic and nonadiabatic, 29-30,
93
common theoretical error, 30, 187
entropy at high T, 187188
entropy at low T, 186-187
free energy, 182-186
Hamiltonian, 181-182
nearly free electron metals, 184ff
theory and experiment, 188-189
uniqueness of, 29
Energy, see Internal energy
Energy-wavenumber characteristic, 41
Entropy, and accessible quantum
states, 110
anharmonic, 200ff
graph for Na, 174
table of data, 201, 203
theory and experiment, 172-175
Boltzmann, 57
Boltzmann-Gibbs equivalence, 109
classical entropy constant, 94
from density functional theory, 214,
272
has no dynamical variable, 55, 57
high T expansion, 167-168
ideal gas, 225, 230pr
magnetic, 202-205
graph for Ni, 203
phonon, 158
renormalized, 158-159, 166pr
quantum particles, 69
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reference structure electrons, 176
graph for Pd and Pt, 178
graph for Ti and Zr, 205
relative size of terms, 202, 213, 273
requires quantum statistics, 57-58,
109
stabilizes high T phase, 110,
277278, 282-283
T — 0 limit, 62
theory and experiment for Al,
270271
volume derivative, 168
when undefined, 292
see also Liquid entropy
Entropy of fusion, 230ff
and nuclear disordering, 233
and number of valleys, 251
anomalous, 251-252
at constant volume, 231-233
experimental data, 232
compression dependence, 285287
normal and anomalous, 233-234
Equation of state, 10, 207ff, 267{f
calibration from shock data, 214-217
compression calibration, 209-212
graph for Na, 210
graph for Th, 211, 212
crystal formulation, 207-209
liquid formulation, 271-273
thermal calibration, 212-214
Equilibrium, crystal structure,
116-119
Equilibrium state, fluctuations, 49ff,
279-280
see also Metastable
Exchange, nuclear, 2
symmetry, 66—67
when negligible, 67, 91
Exchange-correlation energy,
definition, 13
Kohn-Sham, 16-17
one-electron approximation, 21
pseudopotential theory, 31-32,
35-37
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Experimental data tables,

anharmonic entropy, 201, 203

crystal structure, 191-192

Debye temperature, 153

density, 191-192

electronic specific heat, 189

entropy of fusion, 232

expansion on melting, 220-221

Griineisen parameter, 191-192

liquid phonon moments, 252

liquid properties, 220-221

magnetic entropy, 203

melting temperature, 191-192, 237

phonon characteristic temperatures,
153, 252

valence type, 191-192

Fermi distribution, 70
Fermi energy, free electrons, 33-34,
176
reference structure electrons, 71
Fermi-Dirac statistics, 67ff
Finite-N effects, 54-55, 110-112
Fluctuation-dissipation theorem, 50
Fluctuations, 49ff, 64ff
and thermodynamic stability, 50,
279, 280
canonical, 65, 95-96 105-107
dynamical variable for, 53, 64
finite-N effect, 54-55, 6466, 73,
96, 108
in different distributions, 64-66,
102ff, 108-112
in molecular dynamics, 111-113
thermodynamic fluctuations, 102
Force constant model, 119, 125-126,
146
Form factor, graph for Al 46
pseudopotential, 39
Free electrons, density of states, 176
graph for Al 177
Fermi energy, 33-34, 176
Fermi wavevector, 34
Schrédinger equation, 33

Index

Free energy, see Helmholtz; Gibbs
Friedel oscillations, 4-5, 42-43

Generalized gradient approximation,
18, 161-162
Germanium, anomalous melting, 241
dia-bct transition, 280-281
Gibbs free energy, 68
and phase stability, 275
graph, 276
anomalous melting graph, 239
quantum particles, 68
Glass transition, 292ff
Green-Kubo formulation, 50
Griineisen parameter, change on
melting, 285
contributions nonadditive, 194,
206pr
Dugdale-McDonald approximation,
214
on Hugoniot, 216-217
phonon, 133
Slater approximation, 214
thermodynamic, 63, 193ff
and phonon moments, 195
experimental data, 191-192
high T, 194-195

Hamiltonian, as information

repository, 1-2

condensed matter, 2, 25ff

electron-phonon, 181-182

electrons, 11
electronic excitation, 23-24, 26-27
one-electron, 15, 22-23
pseudopotential theory, 32
reference structure electrons, 28,
69, 179

lattice dynamics, 128
anharmonic, 156
phonon, 132, 156

liquid dynamics, 247-249

never temperature dependent, 94pr

nuclear motion, 26-27, 219



Index

classical, 87, 94
total crystal, 181
Hard spheres,
failure as liquid model, 243
failure as melting model, 241pr
failure as solid model, 243
Harrison pseudopotential, 38
Heine-Abarenkov pseudopotential, 38
Helmholtz free energy, 63
anharmonic, 168-169
classical nuclear motion, 88ff
quantum corrections, 89-91
with electronic excitations, 92-93
electron-phonon, 182ff, 186ff
liquid, 250-251
low T, 162-165
perturbation expansion, 72-73, 74pr
phase transition graph, 276
phonon, 157ff, 167-169, 217pr
quantum particles, 69
reference structure electrons, 70, 71,
175
strain expansion, 77, 83pr
T=0, 159-162
total crystal, 208
two-phase region, 280
Hubbard exchange, 36

Infinite lattice model, 118-119, 128
Ton-ion potential, graph for Na, 5
pseudopotential theory, 42-43
Tonization, compression, 268, 273pr
thermal, 268, 273pr
Ionization energy, 25-26, 42
Internal energy, phonon, 158
high T expansion, 167-168
quantum and classical regimes,
195-197
graph for Na, 197
strain expansion, 77
volume correction, 195-197, 206pr

Kinetic energy, graph vs time, 54
Kinetic energy average,
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and temperature, 55, 95-96
Kohn anomalies, in Al, 45
Kohn-Sham formulation, 14ff

Landau-Lifshitz fluctuations, 102
Lattice dynamics, confirmation of,
126
nonprimitive lattice, 133-134, 135
phonon-phonon interactions, 155ff
quasiharmonic, 127ff
see also Phonon; Phonons
Lennard-Jones potential, 6, 265
Levy constrained search, 13-14
Lindemann melting rule, 235
graph, 238
Liquid, theoretical description, 245
Liquid dynamics, 242 ff
anharmonic and boundary effects,
272-273
at high temperatures, 267268
computer verification, 256ff
Hamiltonian, 247-249
partition function, 249-250
relevance of specific heat, 242-244
theory and experiment, 252ff
see also Transits
Liquid entropy, correlation expansion,
2241F
convergence of, 225, 228-229
from density functional theory, 272
higher-order correlation, 228-230
graph vs T, 229
physical meaning, 229-230
pair correlation, 225-228
graph for Pb, 226
graph vs T, 227
physical meaning, 228
size of contributions, 273
theory and experiment, 252ff
graph for elements, 255
graph for Hg, 254
Liquid free energy, 249ff
Liquid specific heat, anharmonic and
boundary effects, 272-273
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graph at melt, 243
graph vs T, 244
Liquid thermodynamic functions,
250, 271-272
from computer simulations, 269ff
Local density approximation, 17-18
Long waves and homogeneous
deformation, 135-136, 139142

Mechanical stability, 120-121,
124, 132
anharmonic, 283
see also Thermodynamic stability
Mechanical system, see System
Melting, role of entropy, 110
theory and experiment, 270
see also Anomalous; Normal
Melting rules, 234ff, 236ff
Metals, 3ff
electronic excited states, 19ff, 69ff,
91ff, 1754, 268-269
electron-phonon interactions, 179ff
see also Pseudopotential theory
Metastable states, 289ff
statistical mechanics, 290
thermodynamic stability, 279
Molecular dynamics, and
microcanonical distribution,
111-113
crystals, 172ff
entropy constant determination,
111, 269270
finite-N effects, 110-113
liquids, 269ff
system, 53ff, 110ff
Molecular dynamic states, 257258
graphs, 257, 258
see also Pair correlation function

Nearly free electron metals, 3—4
see also Pseudopotential theory
Neutron scattering experiments, 127,
136, 145-147
Nickel, entropy analysis, 202—-203

Index

Nonadiabatic effects, 29-30, 182ff,
187-189
negligible at high T, 93, 187-188,
269
require complete Hamiltonian, 20
Nonequilibrium process, 290, 291-292
Nonequilibrium theory, contains
equilibrium, 292
glass transition, 292-296
rate dependence, 293-296
relaxation, 292, 295
Normal density, definition, 9
Normal melting, compression
dependence, 285ff, 287pr
fundamental balance, 279
melting rule, 236-238
graph, 238
physical process, 233
Nuclear exchange, 2, 84ff
role of symmetry, 66—67
when negligible, 67, 91

One-electron approximation,
description, 20
excited states, 22-24
groundstate, 20-22
Hamiltonian, 22-23, 32
Kohn-Sham calibration, 24, 25pr
see also Electronic; Electron-phonon

Pair correlation entropy, 226ff
see also Liquid entropy
Pair correlation function, 221-223
bcc states graph, 263
random states graph, 262
random structures graph, 261
symmetric structures graph, 264
temperature dependence graph, 223
Partition function, classical
microcanonical, 57-58
classical nuclear motion, 94-95
expansion in quantum corrections,
86-88
for individual phase, 289-290



Index

information content, 288-289
liquid, 221, 249-250
normalization of classical,
57-58, 8889
and entropy constant, 94
quantum canonical, 61, 85-86
trace formulation, 66f
Pauli repulsion, 3, 6
and nuclear exchange, 91
in pseudopotential theory, 46-47
Periodic boundary condition,
description, 52
N dependence, 52, 56, 111
nuclear motion, 128
Phase diagram, generic, 9
Phase space average, 55ff
certain failures, 108—-109
in different distributions, 58ff, 102ff
relation to time average, 59—60, 108
Phase space distribution, 56
classical microcanonical, 57
equivalence of all, 58-59, 108
maximizes entropy, 61
quantum, 60
Phase transition, 275ff
changes at, 277ff, 286pr
graph, 278
crystal-crystal, 280ff
importance of fluctuations, 50
no thermodynamic instability, 280
on Hugoniot, 215, 217
role of entropy, 110, 277-283
Phonon characteristic temperatures,
accuracy, 151
and high T thermodynamics, 168
bce Na, 261
definition, 150-151
experimental data, 153
how to estimate, 207pr
physical significance, 149-151
random Na, 259
verification of liquid dynamics, 259,
261-262
volume derivatives, 195

309

Phonon dispersion curves, 145ff
Born-von Karman models, 146
elastic constants from, 147
first measurement, 127
slope at small k, 147
temperature and volume

dependence, 146-147
theory and experiment, 143-145
graph for Al 45
graph for K, 145
graph for Na, 144

Phonon distribution, 147ff
and Brillouin zone sum, 148
Debye model, 148

inadequacy of, 148-150
Einstein model, 148
random valleys graph, 260
Phonon frequencies, renormalized,
158-159, 283-284

Phonon Griineisen parameters, 133,

206pr

Phonon Hamiltonian, 132, 155-157

Phonon moments, 149ff
see also Phonon characteristic

temperatures

Phonon-phonon interactions, 155ff
see also Anharmonicity

Phonon softening, see Soft phonons

Phonons, 129ff
acoustic, 134ff

and sound waves, 135-136, 147
and mechanical stability, 132
coordinates and momenta, 131
dispersion effects, 126, 165-166, 194
mean square frequency, 133, 134pr,

144pr
optic, 134, 135
wavevectors, 128-129
Plane waves, 32-33
Potential, see Adiabatic; Crystal;
Electron-ion; Ion-ion;
Volume dependent
Potential approximation, definition,
121
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Potential energy valleys,
classification, 245
computer verification, 256-258
number of, 251
properties of, 259ff, 261{f
symmetric and random, 246
uniformity of random, 246, 259
graph, 260
Pressure, dynamical variable, 64, 101
when undefined, 79, 83pr
Pressure fluctuations, 102
errors in the literature, 102
Propagation matrix, 81-82
see also Wave propagation
Pseudopotential theory, 31{f
and volume dependent potentials,
139-141
bare ion pseudopotential, 31, 37ff
compression dependence, 45—-47
models, 38
calibration, 37, 44ff, 140
dependence on ion positions, 38-39
dielectric function, 35, 37, 39
effective ion-ion potential, 42—43
graph for Na, 5
electron density, 34
electronic excited states, 43-44
electron-phonon interactions, 184ff
exchange-correlation potential,
31-32, 35-37
form factor, 39
graph for Al 46
groundstate energy, 39-41, 47pr
Hamiltonian, 32
lattice dynamics, 137-139
dynamical matrix, 138
phonon dispersion curves, 45,
144, 145
long waves and homogeneous
deformation, 139-142
screening potential, 31-32, 35-37
stresses and elastic constants,
137-139
total adiabatic potential, 42-43

Index

versatility of, 31, 39, 44, 185
wavefunctions, 33

Quantum fluctuations, 50-51
Quantum statistical mechanics, 60ff
Bosons and Fermions, 67ff
canonical partition function, 61
crystals, 155fF
Helmholtz free energy, 63
perturbation expansions, 72-73,
T4pr

Random valley, see Potential energy
Rayleigh-Ritz principle, 13-14
Reference structure, definition, 27
Reference structure electrons, 27-29
density of states graph, 177
entropy graph, 178, 205
excitation, 27-29, 69ff, 175ff
liquid, 268-269
thermodynamic functions, 70-72,
175-176
low T, 71-72, 74pr
Rigid ion approximation, 2, 267268,
273pr
RO(N™1), definition, 52
Rotational invariance, 120

Shock compression, 214ff
contains nonequilibrium
information, 215
jump conditions, 215-216
provides equilibrium data, 215-217
Silicon, anomalous melting, 241
dia-bct transition, 280-281
Soft phonons, 282ff
in Ti and Zr, 283-284
Sommerfeld expansion, 71-72, 74pr,
175
Sound waves, and acoustic phonons,
135-136, 147
in potential approximation, 124
liquid shear waves, 83
low T thermodynamics, 162-165



Index

velocities on Hugoniot, 216-217
Specific heat, constant pressure, 63
constant volume, 63
electronic, 188
low T, 164-165, 192-193
see also Liquid
Stability, see Mechanical;
Thermodynamic
Static lattice potential, definition, 116
Statistical mechanics, as
nonequilibrium limit, 292
comparison with experiment, 56,
108
consistent with thermodynamics, 59
formulation, 55-56, 108
information content, 288-289
program of, 51
Strain parameters, 75
Stress-energy tensor, 100-101
Stresses, definition, 7677
from interior evaluation, 118
from surface forces, 118
in classical statistics, 96-99
in potential approximation, 121-122
Stress fluctuations, 99ff
in molecular dynamics, 111-113
isotropic, 102
in canonical distributions, 106-107
shear, 101
same in all distributions, 106
Stress-strain coefficients, 78-80
in potential approximation, 123
inverse matrix, 83pr
lack of Voigt symmetry, 79
under isotropic pressure, 79-80
Structure, definition, 115
Structure factor, 38
Sublattic displacements, 123, 135
Supercooled liquid, 290ff
glass transition, 292ff
vibrational thermodynamics, 291
Sutherland melting model, 234-235
Symmetric valleys, see Potential
energy
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System, laboratory, 51ff
molecular dynamics, 53ff, 110ff
quantum, 60
theoretical, 51ff

Temperature, and average kinetic
energy, 55, 95
in canonical distribution, 62
Theory and experiment, anharmonic
entropy, 172-175
anomalous melting, 241
bulk modulus vs, T, 198-200
crystal-crystal transitions, 280ff
elastic constants, 141-143
electron-phonon interactions,
188-189
entropy vs T, 270-271
internal energy, 195-197
liquid entropy, 252ff
long acoustic waves, 135-136
low T, 162-165
melting, 270
phonon dispersion curves, 45,
143-145
static lattice potential, 209-212
T=0, 159-162
volume vs T, 198-199
Thermal expansion, crystal to melt,
206pr
high T, 193
how to calculate, 192-193
low T, 192-193, 206pr
quantum and classical regimes,
198-199
graph for Na, 199
Thermal expansion coefficient, 63
change on melting, 285
Thermodynamic functions, change on
melting, 285
classical lattice dynamics, 217pr
dispersion regime, 165-166
from computer simulations, 172ff,
2691t
low T, 162-165
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quantum and classical regimes, 195ff
graph for Na, 197
quantum particles, 67-69
same for all distributions, 59
useful relations, 62—64
see also Liquid
Thermodynamic stability, 64, 2791f,
282284
metastable states, 279
thermoelastic, 82
two-phase region, 280, 287pr
see also Mechanical stability
Thermodynamics, consistent with
statistical mechanics, 59
Thermoelasticity, 74f
arbitrary initial stress, 74-75
for solid or liquid, 74
further studies, 82—-83
independent variables, 76
mass or volume based, 74
stability condition, 82
Thermoelastic state functions, 76
strain expansions, 77, 83pr
Time average, 53ff
relation to phase space average,
59-60, 108
Tin, o~ transition, 281-282
Titanium, entropy analysis, 203—-205
phonon softening, 283284
Transits, definition, 254
graph for Ar, 266
graph for Na, 267
model rate equations, 292-295
observation of, 265-267
properties of, 253-255
relation to specific heat, 255
slowing down, 292
Translational invariance, 119-120
Two-phase region, 276
graph, 277

Umklapp processes, 156

van der Waals forces, 5-7

Index

Vaporization, 9-10, 267
Virial, definition, 101
fluctuations, 102
Voigt notation, 78
Volume dependent potentials, 42fF,
1391t

Wave propagation coefficients, 80-82
and sound waves, 82
initial stress allowed, 80-81
in potential approximation, 121-124
Weight function, see Phase space
distribution

Zero point energy, 159-160

Zero sound-first sound, 135-136, 147

Zirconium, entropy analysis, 203—-205
phonon softening, 283-284





